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Why Lattice QCD ?

A systematically-improvable non-perturbative formulation of QCD
Well-defined theory with the la�ice a UV regulator

Arbitrary precision is in principle possible
of course algorithmic and field-theoretic “wrinkles” can make this
challenging!

Starts from first principles - i.e. from the QCD Lagrangian
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Why Hadron Spectroscopy?

Many recently discovered hadrons have unexpected properties: e.g.
X ,Y ,Z+

c
,Z+

b , . . . which do not fit the quark model picture.

Are there gluonic excitations in this spectrum?

Understand the hadron spectra to separate EW physics from
strong-interaction e�ects.

Techniques for non-perturbative physics useful for physics at LHC
energies.

Be�er techniques may help understand the nature of masses and
transitions.



Introduction La�ice QCD La�ice Spectroscopy New ideas Results Summary

A lattice QCD primer
Start from the QCD Lagrangian:

L = Ψ̄
�

iγμDμ − m
�

Ψ− 1
4 Ga

μν
Gμν

a

Gluon fields on links of a hypercube; quark fields on
sites. Derivatives→ finite di�erences Approaches to
fermion discretisation - Wilson, Staggered, Overlap.

Solve the QCD path integral on a finite la�ice with spacing a 6= 0
estimated stochastically by Monte Carlo. Can only be done e�ectively in a
Euclidean space-time metric (no useful importance sampling weight for
the theory in Minkowski space).

Observables determined from (Euclidean) path integrals of the QCD

action 〈O〉 = 1/Z

∫

DUDΨ̄DΨ O[U, Ψ̄,Ψ]e−S[U,Ψ̄,Ψ]



Compromises and their consequences
for

la�ice hadron spectroscopy



1. Working in a finite box at finite grid spacing

Identify a “scaling window” where
physics doesn’t change with a or V .
Recover continuum QCD by
extrapolation.

a0

a(fm)

V  inf.

L(fm)

A costly procedure but a regular feature in la�ice now

2. Simulating at physical light quark masses
Computational cost grows rapidly with decreasing quark mass→
simulations at mq = mπ costly. Care needed vis location of decay
thresholds and identification of resonances.

Be�er algorithms and/or chiral extrapolation



2. Breaking symmetry la�ice
−−−−−−−−−→

O(3) Oh

Lorentz symmetry broken at a 6= 0 so SO(4) rotation group broken to
discrete rotation group of a hypercube.
Classify states by irreps of Oh and relate by subduction to J values of
O3. Lots of degeneracies in subduction for J ≥ 2 and physical
near-degeneracies. Complicates spin identification.

Spin identification at finite la�ice spacing: 0707.4162, 1204.5425

3. Working in Euclidean time.

In

States

Out

States

Sca�ering matrix elements not directly accessible from Euclidean QFT
[Maiani-Testa theorem]. Sca�ering matrix elements: asymptotic
|in〉, |out〉 states: 〈out|eiĤt |in〉 → 〈out|e−Ĥt |in〉. Euclidean metric:
project onto ground state. Analytic continuation of numerical
correlators an ill-posed problem.

Lüscher and generalisations of: method for indirect access.



La�ice Spectroscopy

Complementary e�ort in 2 directions:
(i) Precision spectroscopy of single-hadron states

(ii) Exploratory spectroscopy of exotic and
sca�ering states



Introduction La�ice QCD La�ice Spectroscopy New ideas Results Summary

Objects of interest
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Calculating masses
Ground state energy from t →∞ limit of

Euclidean-time correlation function

C(t) = 〈0|ϕ(t) ϕ†(0)|0〉

=
∑

k,k′
〈0|ϕ|k〉〈k|e−Ĥt |k′〉〈k′|ϕ†|0〉

=
∑

k

|〈0|ϕ|k〉|2e−Ek t

⇒ lim
t→∞

C(t) = Ze−E0t

Variational idea: find ϕ to maximise C(t)/C(t0) from sum of basis
operators.

[C. Michael & I. Teasdale, NPB215 (1983)433]
[M. Lüscher & U. Wol�, NPB339 (1990) 222]
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Excitations
Create a basis of local and nonlocal operators
O = Ψ̄(x)ΓDiDj . . .Ψ(x)

Variational method

If we can measure Cij = 〈0|Oi(t)O†
j
(0)|0〉 and solve generalised eigenvalue

problem
C(t)v = λC(t0)v

then
lim

t−t0→∞
λk = e−Ek t

overlaps (of carefully constructed operators) to assign continuum spin

Need a “good” basis set that resembles the states of interest

All elements of the correlation matrix measured

Distillation (0905.2160) has enabled progress
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Spectroscopy of single hadron states

Below thresholds: characterised by

Using well-tried and tested and validated methods

High statistics and improved actions for precise results

Di�erent actions in agreement

Most/All systematic errors accounted for e.g. continuum
extrapolation, finite volume, physical light quark masses, Nf, EM
e�ects

Above thresholds: calculation of high spin & exotic states relatively new

Physics of molecular/multi hadron states needs relevant operators.

No continuum extrapolation

Relatively heavy pions← already changing

Improvements underway now that methods are proven
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Example: low-lying quarkonia spectroscopy

Charmonium, HPQCD 1411.1318
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Bo�omonium, HPQCD 1112.2590
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NRQCD - no continuum limit.
Nf=2+1+1.
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Example: A compendium of lattice results

A. Kronfeld, Ann.Rev.Nucl.Part.Sci. 62 (2012) 265-284
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Excited & exotic states
H
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Precision spectroscopy of hybrids: charmonium
C

ha
rm

on
iu

m

DDDD

DsDsDsDs
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�ark model: 1S, 1P, 2S, 1D, 2P, 1F , 2D, . . . all seen.

Not all fit quark model: spin-exotic (and non-exotic) hybrids seen

[HadSpec: Liu et.al. arXiv:1204.5425]
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Exploratory studies of scattering states

Characterised by
New methods (developed/applied in last 5 years)

algorithmic: distillation allows access to all elements of propagators and
construction of sophisticated basis of operators.
theoretical: spin-identification; construction of multi-hadron operators
and mesons in flight; sca�ering below inelastic thresholds;
coupled-channels (new in ’14).

Generally high statistics, improved actions etc - results can be very
precise.

Systematic errors not all controlled in exploratory studies: e.g. no
continuum extrapolation, relatively heavy pions ...

Rapid progress in the last 5 years!



Introduction La�ice QCD La�ice Spectroscopy New ideas Results Summary

Scattering in a euclidean theory

Recall, lose direct access to sca�ering in (Euclidean) la�ice calculations

Lüscher found a way to extract sca�ering information in the elastic region
from LQCD . [NPB354, 531-578 (1991)]

related la�ice energy levels in a finite volume to a decomposition of
the sca�ering amplitude in partial waves in infinite volume

det
�

cot δ(E∗
n

) + cotϕ(En, ~P, L)
�

= 0

and cotϕ a known function (containing a generalised zeta function).

To use this idea need energy levels at extraordinary precision. This is
why it has taken a while ...
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Using the idea
Now in use to determine resonance parameters

Many talks at La�ice 2015
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Tackling X,Y,Z: 2 examples @ early stages
X(3872)

Phase shi� analysis: DD bound state, from
interaction of χc1(2P) and DD∗.
[Lescovec, Prelovsek 1307.5172 & Lee et al 1411.1389]

Large finite vol. e�ects? Uncontrolled.
Location of thresholds?

Z+
c

Phase shi� for DD∗ extracted.
No candidate for Z+

c
near DD∗ thrh.

[CLQCD 1403.1318]

Early results with many
uncertainties and systematics not
accounted for yet.

See Prelovsek @ Charm2015 for more
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Recent progress

Generalised for: moving frames; non-identical particles; multiple
two-particle channels, particles with spin by many authors.

The precision and robustness of some numerical implementations is
now very impressive. [See talks at La�ice 2015]

First coupled-channel resonance in a la�ice calculation

πK → ηK by D. Wilson et al 1406.4158 and 1507.02599
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Summary

Precision la�ice calculations of the low-lying spectra and excited
single-hadron states available

(Most) systematic uncertainties controlled below thresholds

Numerical studies of resonances, including multiple two-particle
channels underway

Numerically precise but control of other systematics is a challenge

No general framework for extracting sca�ering amplitudes involving
more than two hadrons. Needed:

resonances decaying to more than 2 hadrons [ω(782)→ πππ]
two-particle sca�ering above three-particle thresholds
[πK → πK , ππK ]
weak decays and transitions [K → πππ]

Recent progress on three-body observables promising M. Hansen @
La�ice2015 but many di�iculties remain.
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