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Introduction

nonperturbative Hamiltonian approaches require
regularization, but dim reg inherently perturbative

Pauli-Villars (PV) regularization has proven useful
dressed electron in two-photon truncation
ssc and jrh, PRD 81, 074030 (2010)
nonperturbative LF-QED in arbitrary gauge
ssc and jrh, PRD 84, 034001 (2011)

ordinary PV regularization of non-Abelian theories fails
gauge invariance violated→ no BRST invariance
lack of BRST→ may not be renormalizable

repair gauge invariance

break gauge invariance with gauge-fixing term

add ghost fields to retain BRST invariance
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Failure & recovery of gauge invariance

PV gluon mass
mass OK for PV photons: Matthews, PR 76, 1254 (1949);
Salam, NP 18, 681 (1960); Kamefuchi, NP 18, 691 (1960).

PV-index changing currents for null interactions

non-degenerate PV quark masses

how to repair:
generate PV gluon mass and split PV quark masses
through interactions with auxiliary PV scalar
extend gauge transformation to include mixing PV
fields

choose arbitrary covariant gauge for Hamiltonian
test remaining ‘gauge invariance’ by studying
dependence on gauge parameter
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Outline

introduction

regularized Lagrangian
extended gauge transformation
the Lagrangian, term by term
BRST invariance

light-front quantization
arbitrary covariant gauge
light-front coupled-cluster method

ssc and jrh, PLB B 711, 417 (2012)
(hear new φ4 comparison on Thursday)

summary

For details, see ssc & jrh, arXiv:1506.0542.
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Regularized Lagrangian

L = Lmassless + Lgluon + Lquark + Lghost

Lmassless ←− gauge-invariant Lagrangian for massless
gluons and quarks with null interactions

Lgluon ←− mass and gauge fixing term for gluons and
auxiliary scalars

Lquark ←− mass term for quarks

Lghost ←− Faddeev-Popov ghosts
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Lmassless

−1

4

∑

k

rkF
µν
ak
Fakµν+

∑

i

siψ̄iiγ
µ∂µψi+g

∑

ijk

βiβjξkψ̄iγ
µTaAakµψj

Fµν
ak = ∂µAν

ak − ∂νA
µ
ak − rkξkgfabc

∑

lm

ξlξmA
µ
blA

ν
cm.

The gauge transformations of the fields are

Aµ
ak
−→ Aµ

ak
+ ∂µΛak + rkξkgfabcΛbA

µ
c ,

ψi −→ ψi + igsiβiTaΛaψ,

with Λa ≡
∑

k ξkΛak and [Ta, Tb] = ifabcTc.
Indices: k-PV gluon, i,j-PV quark, zero for physical field.
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Null combinations

To regulate, use null field combinations:
Aµ
a ≡

∑
k ξkA

µ
ak and ψ ≡

∑
i βiψi,

with
∑

k rkξ
2
k = 0,

∑
i siβ

2
i = 0.

rk and si equal ±1, eg (−1)k and (−1)i.
Aµ
a is Abelian, and ψ is gauge invariant.

Lmassless = −1

4

∑

k

rk(∂
µAν

ak − ∂νA
µ
ak
)2 + gfabc∂

µAν
aAbµAcν

+
∑

i

siψ̄iiγ
µ∂µψi + gψ̄γµTaAaµψ.

The free terms are for fields with metrics rk and si.
All couplings are between null fields.
Four-gluon interaction implicit in infinite-PV-mass limit.
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Why null?

null field combinations provide the necessary two PV
subtractions to regulate each loop.

for example, consider a loop with vertices from
interactions of the form gψ̄γµTaAaµψ

assume that there is one gluon contraction and one
quark contraction to form the loop

contraction of the kth gluon field yields the metric
signature rk and contraction of the ith quark field, si

the coupling coefficients are selected as ξk, ξ′k, βi, & β′i

the loop contribution then contains the factors
rkξkξ

′
k and siβiβ′i

these factors provide the two subtractions,
provided they sum to zero
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Lgluon

1

2

∑

k

rk
(
µkA

µ
ak − ∂

µφak
)2 − ζ

2

∑

k

rk

(
∂µA

µ
ak +

µk
ζ
φak

)2

First term is gauge-invariant, and the second, gauge-fixing.
The scalar fields φak obey the gauge transformation

φak −→ φak + µkΛak + µkrkξkgfabc
∫ x
dx′µΛb(x

′)Aµ
c (x

′).

The line integral allows the derivative to transform as
∂µφak −→ ∂µφak + µk∂

µΛak + µkrkξkgfabcΛbA
µ
c .

Lgluon →
1

2

∑

k

rkµ
2
k

(
Aµ
ak

)2 − ζ

2

∑

k

rk
(
∂µA

µ
ak

)2

+
1

2

∑

k

rk

[
(∂µφak)

2 − µ2k
ζ
φ2ak

]
.

→ gluon mass µk, scalar mass µk/
√
ζ and metric rk

(non-Abelian extension of a Stueckelberg mechanism)
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Lquark

−
∑

i

simi(ψ̄i + ig
siβi
µPV

φ̃aψ̄Ta)(ψi − ig
siβi
µPV

φ̃aTaψ),

with the combination φ̃a ≡
∑

k ξk
µPV

µk
φak made null by the

additional constraint
∑

k rk
ξ2k
µ2
k

= 0 and with µPV ≡ maxk µk.

The gauge transformation of the combination is Abelian:

φ̃a −→ φ̃a + µPVΛa.

To make all couplings null, we define ψ̃ =
∑

i βi
mi

mPV
ψi,

with mPV ≡ maximi and impose the constraints∑
i sim

2
iβ

2
i = 0 and

∑
i simiβ

2
i = 0. The second constraint

makes ψ̃ and ψ mutually null, to allow couplings between,
and cancels the quartic coupling term.

Lquark = −
∑

i

simiψ̄iψi − ig
mPV

µPV

[
ψ̄Taφ̃aψ̃ − ¯̃

ψTaφ̃aψ
]
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Lghost

∑

k

rk∂µc̄ak∂
µcak −

∑

k

rk
µ2k
ζ
c̄akcak

+gfabc

[
∂µc̄acbA

µ
c −

µ2PV
ζ

¯̃ca

∫ x

dx′µcb(x
′)Aµ

c (x
′)

]
,

for ghosts cak and anti-ghosts c̄ak,
with null combinations defined as
ca ≡

∑
k ξkcak, c̄a ≡

∑
k ξk c̄ak, and ¯̃ca ≡

∑
k ξk

µ2
k

µ2
PV
c̄ak.

For these to be (mutually) null, we require∑
k rkµ

2
kξ

2
k = 0 and

∑
k rkµ

4
kξ

2
k = 0.
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Summary of constraints

The following constraints need to be satisfied:

for adjoint fields:
∑

k rkξ
2
k = 0,

∑
k rk

ξ2k
µ2
k

= 0,
∑

k rkµ
2
kξ

2
k = 0, and

∑
k rkµ

4
kξ

2
k = 0.

for quark fields:
∑

i siβ
2
i = 0,∑

i sim
2
iβ

2
i = 0, and

∑
i simiβ

2
i = 0.

For PV masses to be independently chosen, these require
4 PV gluons, 4 PV ghosts and antighosts, 5 PV scalars, and
3 PV quarks.
For pure Yang–Mills theory, the number of PV scalars is 4,
with the k = 0 field dropped and µ0 = 0; the fields φa0 are
used only in splitting the masses of the PV quarks
−→ large computational load, in either case.
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BRST transformations

δAµ
ak

= ε∂µcak + εrkξkgfabccbA
µ
c ,

δψi = iεgsiβiTacaψ, δψ̄i = −iεgsiβiψ̄Taca,

δφak = εµkcak + εrkξkµkgfabc

∫ x

dx′µcb(x
′)Aµ

c (x
′),

δ∂µφak = εµk∂
µcak + εrkξkµkgfabccbA

µ
c ,

δc̄ak = −ζε
(
∂µA

µ
ak

+
µk
ζ
φak

)
, δcak =

1

2
εrkξkgfabccbcc.

For the various null combinations we then find

δAµ
a = ε∂µca, δφ̃a = εµPVca, δca = 0, δψ = 0, δψ̃ = 0.
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Massive vector quantization

For details, see ssc and jrh, PRD 84, 034001 (2011).

Lagrangian: L = −1
4F

2 + 1
2µA

2 − 1
2ζ(∂ · A)2

field equation: (�+ µ2)Aµ − (1− ζ)∂µ(∂ · A) = 0

light-front Hamiltonian density:
H = H|ζ=1 +

1
2(1− ζ)(∂ · A)(∂ · A− 2∂−A+ − 2∂⊥ · ~A⊥)

with H|ζ=1 =
1
2

∑3
µ=0 ε

µ
[
(∂⊥A

µ)2 + µ2(Aµ)2
]

and εµ = (−1, 1, 1, 1)
light-front Hamiltonian:

P− =
∫
dxH|x+=0 =

∫
dk

∑
λ ε

λ k2
⊥+µ(λ)2

k+ a(λ)†(k)a(λ)(k)

with µ(λ) = µ for λ = 1, 2, 3, but µ(0) = µ̃ ≡ µ/
√
ζ

nonzero commutator: [a(λ)(k), a(λ
′)†(k′)] = ελδλλ′δ(k − k′)
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Light-front Stueckelberg quantization

field: Aµ(x) =∫
dk√

16π2k+

{∑3
λ=1 e

(λ)
µ (k)

[
a(λ)(k)e−ik·x + a(λ)†(k)eik·x

]

+e
(0)
µ (k)

[
a(0)(k)e−ik̃·x + a(0)†(k)eik̃·x

]}

polarization vectors:

e(1,2)(k) = (0, 2ê1,2 · ~k⊥/k+, ê1,2)
e(3)(k) = 1

µ
((k2⊥ − µ2)/k+, k+, ~k⊥)

e(0)(k) = k̃/µ, with k̃ = k and k̃− = (k2⊥ + µ̃2)/k+

satisfy: k · e(λ) = 0 and e(λ) · e(λ′) = −δλλ′

for λ, λ′ = 1, 2, 3.

first term in Aµ satisfies (�+ µ2)Aµ = 0 and ∂ · A = 0.

λ = 0 term violates each, but field equation satisfied.
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Fermionic constraint

The nondynamical components of the fermion fields satisfy
the constraints

isi∂−ψi− + eA−βi
∑

j

ψj−

= (iγ0γ⊥)


si∂⊥ψi+ − ieA⊥βi

∑

j

ψj+


− simiγ

0ψi+.

Multiply by siβi and sum over i

i∂−ψ− = (iγ0γ⊥)∂⊥ψ+ − γ0
∑

i

βimiψi+,

same constraint as for free fermion field, in any gauge.
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Light-front coupled-cluster method
wish to solve P−|ψ〉 = M2+P 2

⊥

P+ |ψ〉.

write eigenstate as |ψ〉 =
√
ZeT |φ〉

Z controls normalization: 〈ψ′|ψ〉 = δ(P ′ − P ).
|φ〉 is the valence state, with 〈φ′|φ〉 = δ(P ′ − P ).
T contains terms that only increase particle number.
T conserves Jz, light-front momentum P , charge, . . .
p+ > 0⇒ T must include annihilation
and powers of T include contractions.

construct P− = e−TP−eT and let Pv project onto the
valence Fock sector. Then, have coupled system:

PvP−|φ〉 = M2+P 2
⊥

P+ |φ〉 and (1− Pv)P−|φ〉 = 0.

See ssc and jrh, PLB 711, 417 (2012).
LC2015 – 23 Sep 2015 – p. 17/21



LFCC approximation

still have infinite system of equations.

truncate T at a fixed increase in particle count.

but do not truncate the exponential of T .

truncate projection (1− Pv) to a consistent set of Fock
sectors above the valence sector.

now have finite system of nonlinear equations for the
functions in T and in the valence state.

and P− = e−TP−eT has a finite number of terms in B–H
expansion, P− = P− + [P−, T ] + · · ·
→ compute commutators of T and P−.
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LFCC applications

advantages of LFCC approach:
no Fock-space truncation.
no sector dependence or spectator dependence.
systematically improvable.

leading approximation of T for QCD:
quark→ quark + gluon
gluon→ quark + antiquark
gluon→ gluon + gluon

other applications
heavy-fermion model [PLB 711, 417 (2012)]
φ4 theory [PRD 90, 056003 (2014)]
QED [arXiv:1203.0250]
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φ41+1 lowest odd eigenstate
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A light-front assault on QCD

the time has come...

invoke PV regularization and light-front quantization

use covariant gauge with variable gauge parameter

apply numerical approximation to finite theory

avoid Fock-space truncation, e.g. LFCC method

start with simpler systems in quenched approximation
heavy-quark mesons
glueballs

computational load and effort comparable to lattice
large number of PV modes vs lattice size and
spacing
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