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Objectives

M compute the odd and even-parity massive eigenstate of ¢7,
theory.

% eigenvalue problem solved in the form of a Fock-state
expansion

" truncated to obtain a finite set of equations

" wave functions expanded in a new set of symmetric
multivariate polynomials [PRE 90, 063310 (2014)]

"I study convergence with respect to Fock-space truncation

"I compare results with those obtained with the light-front
coupled-cluster method. [PRD 90, 056003 (2014)]
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¢* theory
The Lagrangian for two-dimensional ¢* theory is
_ 1 2 1 2,2 A 4

where 1 is the mass of the boson and X is the coupling constant.
The light-front Hamiltonian density is

_122 )‘4
H=ouetr et

The mode expansion for the field at zero light-front time is

dp™ it - P
p {a(p+)e—lp+x /2+aT(p+)elP+X /2}7
4mpt

¢:/¢_

with the modes quantized such that

[a(p™),a'(p"")] = 6(pt — p'T).
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Hamiltonian

2

Pn = /dfﬁja*(i)*)a(p*),

B A dpidpt d .

o= 5 pi dps dps ot (o + bt + p)alp)a(p)a(pd),
4m/pipsps (P +p5 +p3)

B A dpi dpt d

Pao= 5 PLAD AP (5t ! (o )a () ali + i + 1),
4”\/P1 P2 Ps3 (Pl +P2 +p)

— dp; dp; dpi"dpy* + I+
Py = */ ! S(pr +ps —pi = py)
4 any/pipy ) Vpitpt
a'(p)a'(p3)a(pi")a(ps").
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Fock-state expansion

The eigenstate with momentum P is expanded as
1 m m
0P = (P [ TLdnd(=3" wbmly)lyiP s P,
m i i

with the individual Fock states defined by

m

1
PP my = — T af(y:P)0).
v, m) ng (yiP™)[0)

The sum over m is restricted to odd or even numbers.
The Hamiltonian does not mix the two cases, and we solve for the
lowest eigenstate in each case.
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Coupled equations

The light-front Hamiltonian eigenvalue problem

2
PIu(P)) = " u(P)

reduces to a coupled set of integral equations for the Fock-state
wave functions:

m g m(m—1) dxi dxo
—Um(yi) + = O(yr + y2 — x1 — x2)m(x1, X2, Y3, .-, ¥Ym
y1¢ (i) + 5 AT N (1 +y2 = x1 = x2)¥m(x1, %2, Y35 - -+, Yim)

+Emy/(m+2)(m+1) [ ?%7;26(}/1 —x1 = X2 — x3)¥mia(X1, %2, X3, Y2, - - .

g (m—2)4/m(m—1) _ M .
+5 \/}md}m*2(yl +y2t+y3, 4, ,}/m) = 2 wm(}’:)

with a dimensionless coupling
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Basis function expansion

Solve this coupled system by truncating at some maximum number
of constituents and expanding each wave function in a basis of

symmetric multivariate polynomials P,(,;n)

Vm(yi) = HYI Z P (L ym)

P,E;") are of order n and fully symmetric with respect to
interchange of momenta.

Subscript / differentiates the various possibilities at a given order n.
For m = 2 constituents there is only one possibility at each order,

but for m > 2 there can be more than one.

For example, Pg) = (y1y2y3)? and Pég) = (y1y2 + y1y3 + yoy3)3
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Momentum constraint

Number of linearly independent polynomials of a given order

restricted by the momentum-conservation constraint

Z}’izl
i

For example,

3
PP = yiyo + y1ys + yay3

is equivalent to y12 + y22 + yg, up to a constant,
when y3 is replaced by 1 — y; — y».



Symmetric polynomials

[ssc and jrh, PRE 90, 063310 (2014)]

"I can be written as a product of powers of simpler polynomials,
in the form

P = GG G,
with the powers restricted by n = ijnj.
"I each different way of decomposing n into a sum of integers
greater than 1 yields a different polynomial.
I« the Cp, are sums of simple monomials HJN yjmj
% mjis0or1and ZJ’.ij:m

" the sum ranges over all possible choices for the m;, making
each C,, fully symmetric.
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Sample monomials

X given N momentum variables:
=N N
 Gis Yo, (.ijk>jyk)
N
" CN—l 1S Zj Hk;éjyk
o Cyis yiys - yn
X in particular, for N=3

G =y1yo + y1ys + yoys
T G = yyys

Y4 the first-order polynomial C; = ijj does not appear
because the momentum constraint reduces it to a constant.
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Matrix equations

(7 + ]+ £V

n’i’
(mm-2) (m—1) (m) (m)
+gz Vm nit Carit - ? Z Bni,n’i’cn’i’ ’
n’i’

kinetic-energy matrix:

Tnl n’/’ _m/ dej 6(1_2}0) Hyj P( ) ,(,/,/)(yj)a
J
basis-function overlap matrix:

et = [ (L | o050 | 1L | A2007120)
J J
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Potential-energy matrices

vimn) = %m(m - 1)/ (H dy,-> 6(1— Zyj)

x [ dxadad(yi +y2 — x — x2) (H,-"Ls YJ) P ()P (51, 0, 3, - Yim),

Vi = g \/m+2)m+1/<deJ>5(1 Zy,

X f dxidxodxsd(y1 — x1 — x2 — x3) (Hj:Z yj) P( )(yJ)P (xl,xz,X3,y27 ..

v = §m- 2t [ (o) 0~ S

X (Hj’l4yl) Pni (yj)P,,/,-T (.yl +.y2 +y3v.y4a e 7ym),

All of the integrals can be done analytically in terms of a
generalized beta function.
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Generalized eigenvalue problem

need to solve problem of the form H¢ = (M?/u?)B¢.
standard approach: factorize B and convert to ordinary
eigenvalue problem.
factorization can fail in practice due to round-off errors

e implicit orthogonalization of the basis
reliable factorization is a singular-value decomposition (SVD)
B=UDUT

o columns of the matrix U are the eigenvectors of B

e D is a diagonal matrix of the eigenvalues of B

solve H'¢' = (M?/u?)c’
o H' =D Y2UTHUD /2 and &' = DY/2UT¢

u]
o)
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Odd number of constituents
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LFCC method: Phys Lett B 711, 417 (2012)

To solve the light-front eigenvalue problem

M2 4 P3
Pl = S )

without making a Fock-space truncation,
build eigenstate as

W) = VZeT|o)

from valence state |¢)
and operator T that increases particle number:

e_TM2+Pi T

e "Pel|o) = pr e 19)

— new effective Hamiltonian P— = e~ TP~ e’.
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M+P

P-le) = ~[)

PP o) = L), (1- PP |g) =0.

Second (auxiliary) equation determines T.

P =P + [P, T+ 3P, T, T]+...

No spectator dependence and no uncanceled divergences!
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Even number of constituents
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Odd-case Fock-sector probabilities
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Estimate of critical coupling

P 1 Il Il

] -o— odd I

] -o-- even C

i - 4*odd r

00 05 10 15 20 25 3.0
g




Comparison of critical coupling values

From Rychkov and Vitale, PRD 91, 085011 (2015), with g = Eg:

Method Zc Reported by
LF Symmetric Polys 1.1 this talk
DLCQ 1.38 Harindranath & Vary
Quasi-sparse eigenvector 2.5 Lee & Salwen
Density matrix ren. gp 2.4954(4) Sugihara

: +0.025 . .
Lattice Monte Carlo 2.70{ 0.013 Schaich & Loinaz
Uniform matrix product 2.766(5) Milsted et al.
Ren. Hamiltonian truncation 2.97(14) Rychkov & Vitale

Implies systematic difference between equal-time and light-front
values.

1 C 2015



1 C 2015

Summary

"I have developed a high-order method for 1+1 LF theories
distinct from DLCQ
" based on fully symmetric multivariate polynomials that respect
the momentum conservation constraint
& allows separate tuning of resolutions in each Fock sector
% could be combined with transverse discretization or basis
functions for 341 theories
X applied to ¢, ;
" computed lowest mass eigenvalues
" extracted estimate of critical coupling for +p2
I identified systematic difference with ET quantization
% can immediately extend to — 2
"I compared lowest-order LFCC with high-order Fock space
truncation
& LFCC shows promise for rapid convergence

[m] = =

N



Special thanks to “Viscacha”

A 32-core machine that handled all numerical work,
from support of DoE ARRA grant!
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