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OUTLINE   
 

•  Nakanishi PTIR for 3+1  bound states 
 
•   Minkowski ßà Euclidean: Nakanishi link? 

•  ill-posed problem in Euclidean space and LF projection 

•  Nakanishi inverse problem in a solvable model 
 
•  Outlook 
 



Perturbation Theory Integral Representation (PTIR) 
 
Nakanishi PTIR: ”Parametric representation of 
any Feynman diagram for interacting bosons, with a denominator 
carrying the overall analytic behavior in Minkowski space.” (PR 127, 
1380 (1962); PR 130, 1230 (1963); PR 133, B214 (1964); PR 135, 
B1224 (1964).) 
 
Uniqueness theorem for the PTIR multi-leg transition amplitudes for 
bosonic systems - ”Graph Theory and Feynman Integrals” (Gordon and 
Breach, NY, 1971). 
 
Solution of the Bethe-Salpeter equation in Minkowski space with 
Nakanishi PTIR for bound-state bosons Kusaka and collaborators 95’,97’  

 
Euclidean BSE and Lattice… many results… 

        HOW TO GO TO MINKOWSKI ??? 

Introduction 



Remind: Nakanishi method for 3+1 bound states 

WðpÞ ¼ VðpÞ þ VðpÞ!0ðpÞWðpÞ

¼ VðpÞ
X1

N¼0

½!0ðpÞVðpÞ&N; (38)

where the !0ðpÞ insertions bring information on the inter-
mediate particle propagations. A corresponding analysis
can be performed for the LF effective interactionwðpÞ, and
it is physically quite transparent, since it can be carried out
within a LF-time ordered framework. In particular, wðpÞ
contains all possible LF-time ordered exchanges, corre-
sponding to a sum over diagrams with any number of
intermediate particles: this happens even for the ladder
BSE. It should be pointed out that the ladder approxima-
tion of the LF eigenequation, Eq. (29), where wðpÞ is
approximated by the first term in the power expansion in
Eq. (38), does not account for the full complexity of the 4D
ladder BSE. The physical reason lies in the fact that the
iterations of the 4D ladder kernel and the 3D LF ladder
kernel (time-ordered graphs) generate different intermedi-
ate states. The LF ladder kernel and its iterations contain
only one exchanged particle (at a given global LF-time) in
the intermediate state, whereas the iterations of the ladder
4D kernel contain also many-body states, with increasing
number of exchanged particles (stretched boxes, see e.g.
[36]). This leads to a difference in the binding energies,
which is however small [24,37,38]. In principle, for any 4D
kernel given by a finite set of irreducible graphs, both BS
(27) and LF equation, Eq. (29), gives the same eigenvalue,
once wðpÞ comes from the solution of (38).

In the Quasi-potential framework the interacting LF
reverse projection operator (see Ref. [28])

"ðpÞ ¼ ½1þ!0ðpÞWðpÞ&"0ðpÞ (39)

leads to the following relations between the 3D valence
component and the 4D BS amplitude

j#i ¼ "ðpÞj!LFi (40)

‘ # j#i ¼ j!LFi: (41)

The 3D valence wave-function, !LF, has been already
introduced in Eq. (25). The analogous relations for the
free case read

j#0i ¼ "0ðpÞjc 0i (42)

‘ # j#0i ¼ jc 0i: (43)

It turns out that the full complexity of the Fock space in
the 4D BS amplitude appears, not only through the effec-
tive interaction that determines the valence wave function,
but also through the interacting reverse projection operator,
"ðpÞ.
Finally, let us remind the 3D integral equations that

follow from the eigenequation (29), for both the bound
and the scattering states, viz

!b
LFð";k?Þ ¼ hkþ;k?jg0ðpÞwðpÞj!b

LFi;

!ðþÞ
LF ð";k?Þ ¼ hkþ;k?j1þ gðpÞwðpÞjc 0i;

(44)

with g'1
0 ðpÞjc 0i ¼ 0.

III. INTEGRAL EQUATION FOR THE NAKANISHI
WEIGHT FUNCTION FOR BOUND AND

SCATTERING STATES

In this section, we illustrate how to obtain an integral
equation for the Nakanishi weight functions for scattering
states, starting from a BS equation for a system composed
by two massive scalars, exchanging a scalar particle. The
kernel is composed by the infinite sum of two-particle
irreducible diagrams [35,39], and the self-energy contribu-
tion to the massive two-particle propagation are discarded,
at the present stage.
In order to have a suitable introduction to the scattering

case, we first briefly discuss the S-wave bound-state case,
within our LF approach. The same integral equation for the
Nakanishi weight function has been devised by Carbonell
and Karmanov [11,12], but within the explicitly covariant
LF approach [23].

A. The bound states

In this subsection the S-wave bound-state integral equa-
tion for determining the Nakanishi weight function is
presented by using the LF language introduced in the
previous section (namely a non explicitly covariant formal-
ism). The BS amplitude is written in terms of the Nakanishi
PTIR [2,10,11], gbð#0; z0;$2Þ, as follows

$bðk; pÞ ¼ 'i
Z 1

'1
dz0

Z 1

0
d#0 gbð#0; z0;$2Þ

½#0 þm2 ' 1
4p

2 ' k2 ' p ( kz0 ' i%&2þn

¼ ið'1Þn
Z 1

'1
dz0

Z 1

0
d#0 gbð#0; z0;$2Þ

½k2 þ p ( kz0 ' #0 ' $2 þ i%&2þn (45)

where p2 ¼ M2 is the invariant mass of the interacting system and
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(2011).

[30] R. E. Cutkosky, Phys. Rev. 96, 1135 (1954).
[31] S. J. Brodsky, H. C. Pauli, and S. S. Pinsky, Phys. Rep.

301, 299 (1998).
[32] S. J. Brodsky, C. D. Roberts, R. Shrock, and P. C. Tandy,

Phys. Rev. C 82, 022201 (2010).
[33] P. A.M. Dirac, Rev. Mod. Phys. 21, 392 (1949).
[34] R.M. Woloshyn and A.D. Jackson, Nucl. Phys. B64, 269

(1973).
[35] C. Itzykson and J. B. Zuber, Quantum Field Theory (Dover

Publications, New York, 2006).
[36] B. L. G. Bakker, J. K. Boomsma, and C.-R. Ji, Phys. Rev.

D 75, 065010 (2007).
[37] J. R. Cooke, G. A. Miller, and D. R. Phillips, Phys. Rev. C

61, 064005 (2000).
[38] M. Mangin-Brinet and J. Carbonell, Phys. Lett. B 474, 237

(2000).
[39] F. Gross, Relativistic Quantum Mechanics and Field

Theory (John Wiley and Sons, New-York, 1993).
[40] N. E. Ligterink and B. L. G. Bakker, Phys. Rev. D 52, 5954

(1995).
[41] M. Sawicki, Phys. Rev. D 32, 2666 (1985); 33, 1103

(1986).
[42] A. Castro Neto, F. Guinea, N.M. R. Peres, K. Novoselov,

and A. Geim, Rev. Mod. Phys. 81, 109 (2009).
[43] N.M.R. Peres, Rev. Mod. Phys. 82, 2673

(2010).

TWO-BODY SCATTERING STATES IN MINKOWSKI SPACE . . . PHYSICAL REVIEW D 85, 036009 (2012)

036009-33

[1] E. E. Salpeter and H.A. Bethe, Phys. Rev. 84, 1232
(1951).

[2] N. Nakanishi, Prog. Theor. Phys. Suppl. 43, 1 (1969); 95,
1 (1988).

[3] G. C. Wick, Phys. Rev. 96, 1124 (1954).
[4] S.M. Dorkin, L. P. Kaptari, C. Ciofi degli Atti, and B.
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•  Uniqueness of the weight function: perturbation theory 

Solution of the bound state for bosons (ladder): 

•  Sophisticated algebraic manipulations. 

•  Simplification with Light-Front projection:  Karmanov, Carbonell, EPJA 27, 1 (2006) 
 
•  Scattering: Frederico, Salme ̀, Viviani, PRD 85, 036009 (2012), EPJC 75, 398 (2015)  
                 Salme!\Viviani  talk   
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2.4 A representação de Nakanishi

Na seção 2.3 utilizamos as regras de Feynman no espaço de configurações para cons-

truir a EBS, e então tomamos a transformada de Fourier para construir a EBS no espaço

dos momentos. Nesta seção, utilizaremos desde o início a representação gráfica e suas

respectivas regras de Feynman no espaço dos momentos para construirmos a EBS. Uti-

lizaremos o conceito de equação para o vértice, e a partir de um dado caso particular

construiremos a ideia da representação de Nakanishi para a amplitude de BS. As regras

de Feynman, em 2+1 dimensões, para o estado ligado de dois bósons escalares são:

• propagadores: i
p2−m2 ;

• conservação de energia-momento nos vértices: (2π)3δ(p1 + p2 + ...+ pn);

• Integração sobre todos os momentos internos: d3k
(2π)3 .

Chamamos de vértice Γ, o objeto representado graficamente por A representação gráfica

FIGURA 2.10 – Vértice

para a EBS é dada por Utilizando as regras de Feynman temos a seguinte EBS para o

vértice

Γ(p1, p2; p
′
1, p

′
2) =

∫

d3p̄1
(2π)3

d3p̄2
(2π)3

(2π)3δ(p̄1 + p̄2 − p′1 − p′2)K(p̄1, p̄2; p
′
1, p

′
2)

×
i

p̄22 −m2
Γ(p1, p2; p̄1, p̄2)

i

p̄12 −m2
. (2.46)
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FIGURA 2.11 – EBS para o estado ligado

No caso específico onde a conservação de momento-energia é dada pelas relações

p̄1 =
p

2
+ k′; p′1 =

p

2
+ k (2.47)

p̄2 =
p

2
− k′; p′1 =

p

2
− k′, (2.48)

A equação para o vértice é

Γ(p, k) =

∫

d3k′

(2π)3
K(k, k′)

i
(

p
2 − k′

)2 −m2
Γ(p, k′)

i
(

p
2 + k′

)2 −m2
. (2.49)

A relação entre a amplitude de BS e o vértice é dada por

Φb(k, p) =
i

(

k + p
2

)2 −m2 + iϵ
Γ

i
(

k − p
2

)2 −m2 + iϵ
. (2.50)

Substituindo (2.50) em (2.49), temos

Φb(k, p) =
i

(

k + p
2

)2 −m2 + iϵ

i
(

k − p
2

)2 −m2 + iϵ

×
∫

d3k
′

(2π)3
K(k, k′)Φb(k

′

, p), (2.51)

exatamente a equação (2.45).

APÊNDICE A. DERIVAÇÃO DA RELAÇÃO DE RECORRÊNCIA DE GN COM
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inferior 0 inserindo a função de Heaviside:

= (n+ 2)

∫ +1

−1

dz

∫ ∞

0

dγ′′gn(γ
′′, z)

∫ ∞

0

dγ
θ(γ − γ′′)

(γ + A)n+1
(A.3)

que finalmente pode ser escrita da mesma forma como a integral original

=
1

n

∫ +1

−1

dz

∫ ∞

0

dγ

∫ γ

0 dγ′′gn(γ′′, z)

(γ + A)n+3

=

∫ +1

−1

dz

∫ ∞

0

dγ
gn+1(γ, z)

(γ + A)n+3
. (A.4)

Assim, usando a unicidade da RIPT de Nakanishi, a sseguinte relação de recorrência

entre as funções do numerador é obtida:

gn+1(γ, z) = (n + 2)

∫ γ

0

dγ′gn(γ
′, z). (A.5)

Esta identidade pode ser escrita na forma diferencial como

∂

∂γ
gn+1(γ, z) = (n + 2)gn(γ, z). (A.6)

Talvez seja desnecessário dizer, que esta derivação assume, além das limitações citadas

acima, que as funções gn(γ, z) são bem comportadas em γ = 0 e no limite γ → ∞.



   Example - Minkowskià Euclidean in 2+1 

n=1  ladder  

2

suitable for numerical appplications.
The work is organized as follows. In sect. II, we deÞne

our notation by giving the homogeneous Bethe-Salpeter
equation in 2+1 dimensions and PTIR of the BS ampli-
tude. In sect. IV, we show the main steps in deriving the
equation fullÞled by the Nakanishi weight function, rely-
ing on the LF projection, and we show the explicit form
of this equation for the Wick-Cutkosky model [8, 19]. In
sect. V, the conjecture of uniqueness for nonperturbative
problems is applied for the bound state, and we found an
alternative form of the integral equation for the Nakan-
ishi weight function, which turns to be quite sensible for
the Wick-Cutkosky model. Our Þndings are summarized
in sect. VII.

II. THE BETHE-SALPETER EQUATION IN 2+1
DIMENSIONS AND PTIR

The Bethe-Salpeter equation in 2 +1 dimensions for
two interacting bosons of massm, total momentum p,
exchanging a boson massµ in the ladder approximation,
is given by

! (k, p) =
i

!
k + p

2

"2
! m2 + i !

i
!
k ! p

2

"2
! m2 + i !

" (ig)2
#

d3k!

(2" )3

i

(k! ! k)2 ! µ2 + i !
! (k!, p). (1)

The representation of the BS amplitude for a S-wave state
within PTIR is given by

! (k, p) = ! i
# 1

" 1
dz

!
# #

0
d#!

"
g(n )

B (#
!
, z

!
; $2)

$
#! + m2 ! p2

4 ! k2 ! p ákz! ! i !
%n +2 , (2)

where g(n )
B is the Nakanishi weight function. The bound

state massM =
&

p2 is introduced by means of

$2 = m2 !
p2

4
(> 0 for the bound state). (3)

The steps to derive an equation forg(n )
B follows after sub-

stituting (2) on both sides of the BSE (1). In the work
[10], the kernel is manipulated to expose a denominator
identical to the one found in the PTIR of the BS ampli-
tude, and then by the applying the conjecture of unique-
ness eliminate the denominators with one integral over
#!. Di" erently, the method of [11] is based on the projec-
tion onto the light-front (LF) of (1) by integrating over
k" = k0 + k3 on both sides of the BSE. The technique
introduced in [12], takes proÞt of the equation derived
on the basis of the LF projection and in the sequence
manipulates the kernel and use the conjecture of unique-
ness to simplify the integral equation. In the following
we write down the Euclidian form of the BS amplitude

within the Nakanishi representation, which is useful to
compare with results from solving the BS equation in
the Euclidian space. After that, we will show how to use
of the LF projection and then uniqueness to derive the
equations for the weight function.

III. EUCLIDIAN BS AMPLITUDE AND PTIR

The Euclidian representation is found from turning
k0 # õk0

E in (2) and in the rest frame, one gets that:

! (kE , p) = ! i
# 1

" 1
dz

!
# #

0
d#!

"
g(n )

B (#
!
, z

!
; $2)

!
#! + m2 ! M 2

4 + k2
E ! õM k0

E z!
"n +2 , (4)

where k2
E =

!
k0

E

"2
+

$
%k

%2
. The symmetry property of

the Nakanishi weight function, namely g(n )
B (#, z; $2) =

g(n )
B (#, ! z; $2) leads to:

! (kE , p) = ! i
# 1

" 1
dz

!
# #

0
d#!g(n )

B (#
!
, z

!
; $2)

"$

'
1

!
#! + m2 ! M 2

4 + k2
E ! õM k0

E z!
"n +2

(

(5)

A. Euclidian BS equation

The BS equation in the Eclidian space is obtained by
the Wick-rotation of the MInkowski form as it is written
as:

! (kE , p) = (6)

After the partial wave projection to L = 0 one gets that:

! (kE , p) = (7)

which will be solved numerically by Gaussian-Legendre
quadrature discretization and solution of the eigenvalue
equation to obtain g2 for a given binding energy.
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The work is organized as follows. In sect. II, we deÞne

our notation by giving the homogeneous Bethe-Salpeter
equation in 2+1 dimensions and PTIR of the BS ampli-
tude. In sect. IV, we show the main steps in deriving the
equation fullÞled by the Nakanishi weight function, rely-
ing on the LF projection, and we show the explicit form
of this equation for the Wick-Cutkosky model [8, 19]. In
sect. V, the conjecture of uniqueness for nonperturbative
problems is applied for the bound state, and we found an
alternative form of the integral equation for the Nakan-
ishi weight function, which turns to be quite sensible for
the Wick-Cutkosky model. Our Þndings are summarized
in sect. VII.
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The steps to derive an equation forg(n)
B follows after sub-
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we write down the Euclidian form of the BS amplitude

within the Nakanishi representation, which is useful to
compare with results from solving the BS equation in
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PROBLEM  

1 Aim

The aim of the work is to study the inversion of the Nakanishi representation, that is to compute the Nakanishi
weight function g(! , z) either from the Euclidean Bethe-Salpeter amplitudeΦE via a two dimensional integral
equation denoted symbolically

ΦE = Ng (1)

or/and from the Light Front wave function Ψ via a one dimensional integral equation denoted

Ψ = Lg (2)

The interest of doing so is that once this quantiy g is computed either from Ψ or from ΦE , all the Minkowski
quantities and consequent observables could be obtained byquadratures.

The inversion of equations (1) and (2) will be done by discretizing the problem, by using one of several of the
standard methods

• Trapezes

• Gauss

• Splines

This results into a Þnite linear algebra systemAx = b which will be solved by direct methods or Ð to account
fro the very small eigenvalues Ð by eigenvector expansion.

An educated methodology suggests starting with the simplest case of inverting the relation betweenΨ and g
from the equation (2) and then try to do the same with (1)
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fro the very small eigenvalues – by eigenvector expansion.
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from the equation (2) and then try to do the same with (1)
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Obtain Nakanishi weight function               from the Euclidean BSA 
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Euclidean à Minkowski: Nakanishi link? 

Nakanishi weight function from Euclidian and Light-Front amplitudes

J. Carbonella and T. Fredericob,
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The extraction of the weight function of the Nakanishi perturbative integral representation of the
Bethe-Salpeter amplitude in three-dimensions (3+1) is investigated. In order to obtain the weight
function two methods are checked. In the first one Nakanishi kernel in the Euclidian space is shifted
by the identity operator times an small parameter (✏) is inverted and from a given Euclidian Bethe-
Salpeter amplitude model the weight function is extracted. The weight function is unstable against
variation of ✏ and also the light-front valence wave function. The second method the Nakanishi
weight function is extracted from the valence wave function in Minkowski space, which is stable
against variation of the small parameter ✏. This numerical exploration is performed for a composite
system of two scalars. Our results shows the method of extracting the Nakanishi weight function
from an Euclidian amplitude, without further assumptions is unstable.

PACS numbers: 11.10.St,11.80.-m,03.65.Pm,03.65.Ge

I. INTRODUCTION

The Bethe-Salpeter equation is the standard method
to formulate the non-perturbative bound and scattering
problems in field theory []

work of Karmanov and Carbonell [5] made suitable for
numerical applications the Nakanishi Perturbative Inte-
gral Representation (PTIR) in the solution of the Bethe-
salpeter equation, for bound and scattering states [? ] by
introducing the projection of the Bethe-Salpeter equation
onto the light-front.

The Nakanishi PTIR is used to study the problem of
the relativistic two-particle bound state in 3+1 dimen-
sions in the Minkowski space versus Euclidian space ap-
proach. In our investigation of the BSE in 3+1 dimen-
sions, we will address the following points:

1. Check that the Nakanishi weight function extracted
with Minkowski approach builds the Euclidean BS
amplitude;

2. Direct extraction of the Nakanishi weight function
from the Euclidean BS amplitude using di↵erent
numerical methods;

3. Comparison of the light-front wave functions built
with the Nakanishi weight function fromMinkowski
and Euclidean solutions.

Our aim is to extract the Nakanishi weight function
from the either the Euclidian Bethe-Salpeter (BS) ampli-
tude and the light front wave function for a bound state.
For that purpose idealised forms of the BS amplitude and
light-front wave function will be used.

The work is organized as follows. In sect. II, we define
our notation by giving the homogeneous Bethe-Salpeter
equation in 2+1 dimensions and PTIR of the BS ampli-
tude. In sect. IV, In sect. V, the conjecture of unique-
ness of the Nakanishi weight function for nonperturba-
tive problems is checked by extracting the weight func-

tion from Euclidian BS amplitude and valence ight-front
wave function. Our findings are summarized in sect. VI.

II. THE BETHE-SALPETER AMPLITUDE IN
3+1 DIMENSIONS AND PTIR

The representation of the BS amplitude for a S-wave
state within PTIR is given by
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(> 0 for the bound state). (2)

III. EUCLIDIAN BS AMPLITUDE AND PTIR

The Euclidian representation is found from turning
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with an implicit dependence on the parameters m and
M or .

IV. PTIR AND THE LF PROJECTION

The projection onto the light-front of the BS amplitude
gives the valence wave function as [? ]
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where we introduced � = k2? and z = �2k+/M , in the
rest frame of the bound system.

The valence LF wave function is obtained by using the
same procedure as given in [5] and [? ], and in the rest
frame it reads:
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and c = 2/(M(n+1)). The dependence of the light-front
kernel on m and  is not explicitly depicted.

V. NUMERICAL RESULTS

A. Euclidian method

Two methods of extracting the Nakanishi weight func-
tion is checked numerically against the small parameter
", taking values, 10�2, 10�4 and 10�6, which is intro-
duced to cut the small eigenvalues of the kernels (5) and
(8) as suggested in [5], and allow the inversion of the
associated matrices after discretisation by choosing two
di↵erent numerical methods, namely, Gaussian-Legendre
quadratures and splines.

To be precise using the Euclidian BS amplitude, we
make the following inversion for computing the weight
function:

K(1)
E

[g
E

]� ı " g
E

= �
E

, (9)

where we drop the upper index of g
E

and the kernel is
given by Eq. (5). We adopt the following mapping for
the variables:

k0
E

= mz/(1� z2) and |~k| = p
� . (10)
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We choose an idealised model for the Euclidian BS am-
plitude given by a Gaussian form:

�(k
E

, p) = �ı e�k

2
E , (11)

with m = 1 and M = 1. The choice of the factor �ı
above in the Euclidian BS amplitude is made for our
convenience, in order to get as the solution of Eq. (9) a
real weight function.
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3

Our results for the numerical solution of the discretised
Eq. (9) are shown in Figs. 1-4, with! taking the values of
10! 2, 10! 4 and 10! 6. Calculations were performed with
Gaussian-Legendre quadratures and splines, in order to
verify the numerical stability of our procedure. In addi-
tion, we used the range 0< " < " max , with " max = 10.

We made one check by computinggE in the integra-
tion range 0 ! " < " with Gaussian-Legendre quadra-
ture for ! = 10! 2, and in Fig. 1 we show the results for
gE (" = 0 , z). The calculations are compared with the
solution of (9) obtained by splines discretization. The
cut-o! parameter # make both methods for obtaining
the numerical solution stable. in addition " max = 10
is enough for our purposes, and are used in our study. In
Fig. 2, the dependence ofgE on " is presented and the
results show agreement for both methods.

The evolution of gE with # is checked in Fig. 3 by
solving (9) with ! = 10! 4. The value of gE (0, 0) clearly
exhibit a huge increase, when! decrease from 10! 2 to
10! 4, pointing to the singularity of the inversion pro-
cedure due to the presence of small eigenvalues of the
kernel. In addition, from the comparison of Figs. 1-2
with Fig. 3, one observes that the number of zeros of
gE (" , z) increases for! # 0, suggesting the presence of
zero modes of the integral equation. These features are
independent of the numerical method employed by us.

In order to further study the problem of the stabil-
ity in the extraction procedure, of the Nakanishi weight
function, we compute the light-front wave function as:

" LF (" , z) =
! "

0
d" #K (1)

LF (" , " #, z) gE (" #, z,$2), (12)

where the kernel is given by (8). We compute the valence
light-front wave function from gE obtained with ! values
of 10! 2, 10! 4 and 10! 6. The results are shown in Fig.
4 with the arbitrary normalisation " LF (0, 0) = 1. The
wiggles of the wave function with z (Fig. 4 top) are
clearly not showing any sign of convergence by decreasing
! . The indication that the small eigenvalues of the kernel
are contributing considerably to gE and to " LF .

The above Þndings shown in Fig. 4 should be con-
trasted with the numerical solution in Minkowski space
of the BS equation after the projection to the light-front,
where uniqueness of the Nakanishi weight function was
shown to work, and further the light-front wave func-
tion was stable within the numerical accuracy presented
in Ref. [12], as already pointed out in [5]. The conver-
gence in the light-front wave-function by decreasing! is
much faster than in the Nakanishi weight function, when
solving the BS equation, this property is clearly missed
by solving the Euclidian equation (9). Our present cal-
culation shows that the Minkowski space solution is a
key point which should not be neglected, if one wants to
develop a numerical method starting with the BS am-
plitude to extract the weight function, without further
assumptions.
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B. Light-front method

The Nakanishi weight function can be extracted from
the valence light-front wave function, as a solution of the
following integral equation

K (2)
LF [gLF ] + ! gLF = " LF , (13)

where we drop the upper index ofgLF and the kernel
of the equation above is given by Eq. (8), with m = 1
and M = 1. The small parameter ! is introduced to
regulate (13), i.e., to cut the small eigenvalues. The sta-
bility of gLF against the decrease of! for the values of
10! 2, 10! 4 and 10! 6 will be studied below. For that
purpose, we choose an idealised model for the light-front
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FIG. 4. Light-front wave function computed with the Nakan-
ishi weight function obtained from the Euclidian BS ampli-
tude. Regularization parameter ! with values of 10! 2, 10! 4
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Legendre mesh points and the wave function is normalised to
unity for " = z = 0.

wave function given by a Gaussian form:

! LF (! , z) = e! M 2
0 , (14)

where M 2
0 = ( ! + m2)/ (1 ! z2) is the free mass squared

of the two-particle system. The Gaussian model was
very popular for applications in hadron phenomenology,
mainly to compute form factors (see e.g. [20]).

VI. SUMMARY

The Nakanishi integral representation was successfully
extended to solve the problem of the relativistic two-
particle bound state in two spatial dimensions in the
Minkowski space. In our study we used the Bethe-
Salpeter equation in 3+1 dimensions in the ladder ap-
proximation for two interacting bosons by the exchange
of a massive bosons (Yukawa model).

The bound-state Bethe-Salpeter amplitude, solution of
the homogeneous equation, was written in the Nakanishi
integral representation in 2+1 dimensions, and the in-
tegral equation for the weight function deduced. The
derivation of performed with a method based on the pro-
jection of the Bethe-Salpeter equation onto the light-
front, as recently done for 3+1 dimensions[5? ]. The
essential about the method is to recognize that the ef-
fective dynamics of the light-front valence wave function
is able to describe the complexity of the Bethe-Salpeter
equation projected onto the light-front.
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 ill-posed problem  

1 Aim

The aim of the work is to study the inversion of the Nakanishi representation, that is to compute the Nakanishi
weight function g(! , z) either from the Euclidean Bethe-Salpeter amplitudeΦE via a two dimensional integral
equation denoted symbolically

ΦE = Ng (1)

or/and from the Light Front wave function Ψ via a one dimensional integral equation denoted

Ψ = Lg (2)

The interest of doing so is that once this quantiy g is computed either from Ψ or from ΦE , all the Minkowski
quantities and consequent observables could be obtained byquadratures.

The inversion of equations (1) and (2) will be done by discretizing the problem, by using one of several of the
standard methods

• Trapezes

• Gauss

• Splines

This results into a Þnite linear algebra systemAx = b which will be solved by direct methods or Ð to account
fro the very small eigenvalues Ð by eigenvector expansion.

An educated methodology suggests starting with the simplest case of inverting the relation betweenΨ and g
from the equation (2) and then try to do the same with (1)

2

3.3 Computing g from ΦE

We will consider the gaussian discretization of

ΦE (! , z) =
∫ ∞

0
d! ′

∫ +1

0
dz′ NE (! , z, ! ′, z′) g(! ′, z′) (13)

¥ The kernel is not hermitian

¥ The direct solution of the linear system will be done always using a mapping on! and we will include
hereafter the Gauss weigths as well as the Jacobian on A

With a mapping [0,∞] → [0, 1] given by ! (x)

Φ(! (x), z) =
∫ 1

0
dx′

∫ 1

0
dz′ J(x′) N (! (x), z, ! (x′), z′) g(! (x′), z′)

on obtains
Φn = Ann ′gn ′

with
Ann ′ ≡ Nij,i ′j ′ Ji ′wi ′wj ′

where n = n(i, j) is a bijection to a single index

¥ The matrix A obtained by discretizing the kernel is not hermitian and there is no way to symetriz it what
makes difficult to study its spectral properties

¥ Instead of solving the original systemAx = b we can alternatively solve the so called Ónormal equationsÓ

A†Ax = A†b

A†A is trivially hermitian and, less trivially, deÞnite positi ve, so its spectral decomposition can be used.

The prize for that is that the matrix A†A is less well contidioned thanA itself, since the eigenvalues are
roughly squared !

6

3.3 Computing g from ΦE

We will consider the gaussian discretization of

ΦE(γ, z) =
∫ ∞

0
dγ′

∫ +1

0
dz′ NE(γ, z, γ′, z′) g(γ′, z′) (13)

• The kernel is not hermitian

• The direct solution of the linear system will be done always using a mapping on γ and we will include
hereafter the Gauss weigths as well as the Jacobian on A

With a mapping [0,∞] → [0, 1] given by γ(x)

Φ(γ(x), z) =
∫ 1

0
dx′

∫ 1

0
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3.4 Spectral properties of the Nakanishi kernel

3.4.1 Eigenvalues

The matrix A†A is badly conditioned.
For n1=n2=N=8 one has already ! = 1020 and for N=16 ! = 1023

50 100 150 200 250
n

10
-21

10
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10
-15

10
-12

10
-9

10
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10
-3

10
0

10
3

|λn|
N1=N2=8
N1=N2=16

Spectrum of Nakanishi Kernel (normal equation A
+
A)

m=1 M=1.9 

Below are the Þrst 30 eigenvalues for N=8

# m= 1.000 M= 1.900
# ng1= 8 ng2= 8
# epsilon_R= 0.0000E+00
#

1 0.284859D+03 0.284859D+03
2 0.384176D+02 0.384176D+02
3 0.249565D+01 0.249565D+01
4 0.224554D+01 0.224554D+01
5 0.273738D+00 0.273738D+00
6 0.572997D-01 0.572997D-01
7 0.427409D-01 0.427409D-01
8 0.214020D-01 0.214020D-01
9 0.401746D-02 0.401746D-02

10 0.110412D-02 0.110412D-02
11 0.764800D-03 0.764800D-03
12 0.193434D-03 0.193434D-03
13 0.867011D-04 0.867011D-04
14 0.529415D-04 0.529415D-04
15 0.205533D-04 0.205533D-04
16 0.126657D-04 0.126657D-04
17 0.233373D-05 0.233373D-05
18 0.195408D-05 0.195408D-05
19 0.677199D-06 0.677199D-06
20 0.387612D-06 0.387612D-06
21 0.155672D-06 0.155672D-06
22 0.572005D-07 0.572005D-07
23 0.242783D-07 0.242783D-07
24 0.108603D-07 0.108603D-07
25 0.651200D-08 0.651200D-08
26 0.127204D-08 0.127204D-08
27 0.559294D-09 0.559294D-09
28 0.846134D-10 0.846134D-10
29 0.525273D-10 0.525273D-10
30 0.246653D-10 0.246653D-10
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2 Some linear algebra

We consider a linear system
A | X > = | b > (3)

with A hermitic.

¥ A relevant quantity characterizing the spectrum of a matrix A in view of its inversion poperties is the
condition number ! , that is the ratio between the largest and the smallest eigenvalue

! (A) =
| " max (A) |
| " min (A) |

(4)

If the condition number is very large, then the matrix is said to be ill-conditioned.

Practically, such a matrix is almost singular, and the computation of its inverse, or solution of a linear
system of equations is entached with large numerical errors.

When ! is larger than the numerical accuracy of a computer Ð say 12/1 4 digits Ð we cannot
trust the results.

A matrix that is not invertible has condition number equal to inÞnity.

We denote by | n > an orthonormal ensemble of eigenvector ofA

A | n > = " n | n > < n | m > = #mn

We denote by | ei > the orthonormal Ócanonical basisÓ in which our original linear systems (16), (17) and (18)
were writen.

We will denote as well:

¥ X !
n the components of| X > in the e.v. basis{| n > }

X !
n = < n | X >

and also

b!
n = < n | b >

g!
n = < n | g >

¥ X i the components of| X > in the Ócanonical basisÓ| ei >

X i = < ei | X >

¥ ni the eigenvectors in the canonical basis| ei >

ni = < ei | n >

The solution of (3) can be obtained as an expansion over the complet set of eigenvectors| n >

| X > = A" 1 | n > =
N!

n=1

b!
n

" n
| n > =

N!

n=1

X !
n | n >

with:

b!
n = < n | b >

X !
n =

b!
n

" n

The solution of (17) can thus be written in the form

X #
i =

N!

n=1

b!
n

" n
ni =

N!

n=1

X !
n ni

and so

X i =
X #

i

wi
=

N!

n=1

"
b!

n

" n

# "
ni

wi

#
=

N!

n=1

X !
n

"
ni

wi

#
(5)
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Light-Front Time Evolution 

~! ðx; pÞ ¼
Z d4k

ð2! Þ4 eik$x! ðk; pÞ (19)

where

p" ¼ p"
1 þ p"

2 k" ¼ p"
1 & p"

2

2
(20)

with p2
i ! m2 (see Eq. (1)). The amplitude! ðk; pÞ satisÞes

the homogeneous, (4), or the inhomogeneous, (1), BS
equation depending if one is considering bound or scatter-
ing states.

For X" ¼ 0, one has

~! ðx; pÞ ¼ h0jTfÕH ðx" =2ÞÕH ð&x" =2Þgjpi

¼ #ðxþÞh0jÕð~x=2Þe&iP&xþ=2Õð&~x=2Þjpieip &xþ=4 þ #ð&xþÞh0jÕð&~x=2ÞeiP&xþ=2Õð~x=2Þjpie&ip &xþ=4

¼ #ðxþÞ
X

n;n0

eip &xþ=4h0jÕð~x=2Þjn0ihn0je&iP&xþ=2jnihnjÕð&~x=2Þjpi þ #ð&xþÞ

'
X

n;n0

e&ip &xþ=4h0jÕð&~x=2Þjn0ihn0jeiP&xþ=2jnihnjÕð~x=2Þjpi (21)

where jni and jn0i are states of the Fock basis used in
Eq. (11). It is easily realized that the matrix elements
hn0je&iP&xþ=2jni are not diagonal in the Fock space, apart
the casexþ ¼ 0, since the operatorP& contains the inter-
action in its full glory. Therefore, all the Fock components
are acting in BS amplitude of the composite system.

C. The BS amplitude and the valence wave-function

The interesting casexþ ¼ 0 leads straightforwardly to
the relation between the valence component,c n¼2=p, and
the BS amplitude (see also [23]). In particular, one has

lim
xþ! 0þ

~! ðx; pÞ ¼ h0jÕð~x=2ÞÕð&~x=2Þjpi (22)

If we perform the 4D Fourier transform of the quantity
~! ðx; pÞ$ðxþÞ (i.e restricting the reduced amplitude
to the LF hypersurface, or equal LF-times case (xþ ¼
xþ1 & xþ2 ¼ 0)), one can extract the valence wave function
c n¼2=pð%; k ? Þ. As a matter of fact, on one hand, one can
write

Z
d3~xe&i ~q$~x ~! ð~x; xþ ¼ 0; pÞ

¼ 1
2

Z dk&

2!

Z d3~k
ð2! Þ3 ! ðk; pÞ

Z
d3~xei ð~k&~qÞ$~x

¼
Z 1

&1

dk&

2!
! ðk; pÞ: (23)

On the other hand, one has

Z
d3~xe&i ~k$~x ~! ð~x;xþ¼0þ;pÞ¼

Z
d3~xe&i ~k$~xh0jÕð~x=2ÞÕð&~x=2Þjpi

¼
Z d3 ~p1!!!!!!!!!

2pþ
1

q
Z d3~p2!!!!!!!!!

2pþ
2

q 2$3
"

~k& ~p1& ~p2

2

#Z d3~q1

2qþ
1 ð2! Þ3

Z d3~q2

2qþ
2 ð2! Þ32pþð2! Þ3'$3ð~p& ~q1& ~q2Þ

' 1
!!!
2

p c n¼2=pð%;k ? Þ
!!!!!!!!!
2qþ

1

q !!!!!!!!!
2qþ

2

q
ð2! Þ3h0jað~p1Það~p2Þay ð~q1Þay ð~q2Þj0i

¼ pþ !!!
2

p

ðp2þkÞþðp2&kÞþ c n¼2=pð%;k ? Þ (24)

Summarizing, the valence component is given by the
Fourier transform of ~! ð~x; xþ ¼ 0þ; pÞ, and it reads
(cf [23])

c n¼2=pð%;k ? Þ ¼
pþ

!!!
2

p %ð1& %Þ
Z 1

&1

dk&

2!
! ðk; pÞ

¼ pþ
!!!
2

p %ð1& %Þ&LFð%; k ? Þ (25)

where %¼ %1 and we have introduced the notation
&LFð%; k ? Þ for future purpose (see the next subsection).

The expression (25) can be considered as a Þrst bridge
between the Fock state decomposition of a composite-
system state, Eq. (11), and the BS amplitude. In particular,
the integration overk& projects the BS amplitude! ðk; pÞ
onto the LF-hyper-plane, i.e.xþ ¼ 0, and it leads to the
valence wave-function.

The LF projection can be directly applied to both the
homogeneous and inhomogeneous BSE (see Refs. [11,12]
for the LF covariant approach for the bound state case). For
instance, from Eq. (4) one has for the bound state
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2
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X
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X
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Summarizing, the valence component is given by the
Fourier transform of ~! !~x; x% # 0%; p", and it reads
(cf [23])
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& 1
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#
p%
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2
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where %# %1 and we have introduced the notation
&LF!%; k ? " for future purpose (see the next subsection).

The expression (25) can be considered as a Þrst bridge
between the Fock state decomposition of a composite-
system state, Eq. (11), and the BS amplitude. In particular,
the integration overk& projects the BS amplitude! !k; p"
onto the LF-hyper-plane, i.e.x% # 0, and it leads to the
valence wave-function.

The LF projection can be directly applied to both the
homogeneous and inhomogeneous BSE (see Refs. [11,12]
for the LF covariant approach for the bound state case). For
instance, from Eq. (4) one has for the bound state
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with p2
i ! m2 (see Eq. (1)). The amplitude! !k; p" satisÞes

the homogeneous, (4), or the inhomogeneous, (1), BS
equation depending if one is considering bound or scatter-
ing states.
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where jni and jn0i are states of the Fock basis used in
Eq. (11). It is easily realized that the matrix elements
hn0je& iP& x%=2jni are not diagonal in the Fock space, apart
the casex% # 0, since the operatorP& contains the inter-
action in its full glory. Therefore, all the Fock components
are acting in BS amplitude of the composite system.

C. The BS amplitude and the valence wave-function

The interesting casex% # 0 leads straightforwardly to
the relation between the valence component,c n# 2=p, and
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where %# %1 and we have introduced the notation
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The expression (25) can be considered as a Þrst bridge
between the Fock state decomposition of a composite-
system state, Eq. (11), and the BS amplitude. In particular,
the integration overk& projects the BS amplitude! !k; p"
onto the LF-hyper-plane, i.e.x% # 0, and it leads to the
valence wave-function.

The LF projection can be directly applied to both the
homogeneous and inhomogeneous BSE (see Refs. [11,12]
for the LF covariant approach for the bound state case). For
instance, from Eq. (4) one has for the bound state
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x+ = 0 only valence state remains! How to rebuilt the full BS amplitude? 

  Iterated Resolvents: Brodsky, Pauli, and Pinsky, Phys. Rep. 301, 299 (1998) 
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 ill-posed problem  

1 Aim

The aim of the work is to study the inversion of the Nakanishi representation, that is to compute the Nakanishi
weight function g(γ, z) either from the Euclidean Bethe-Salpeter amplitude ! E via a two dimensional integral
equation denoted symbolically

! E = Ng (1)

or/and from the Light Front wave function " via a one dimensional integral equation denoted

" = Lg (2)

The interest of doing so is that once this quantiy g is computed either from " or from ! E , all the Minkowski
quantities and consequent observables could be obtained by quadratures.

The inversion of equations (1) and (2) will be done by discretizing the problem, by using one of several of the
standard methods

¥ Trapezes

¥ Gauss

¥ Splines

This results into a finite linear algebra system Ax = b which will be solved by direct methods or – to account
fro the very small eigenvalues – by eigenvector expansion.

An educated methodology suggests starting with the simplest case of inverting the relation between " and g
from the equation (2) and then try to do the same with (1)

2

Nakanishi PTIR for Bound State 3+1 
Karmanov, Carbonell, Eur. Phys. J. A 27, 1 (2006)  

! n! 2=p""; k! # !
p$

!!!
2

p ""1 " "#
Z

dk"

2#
! b"k; p# !

1
!!!
2

p ""1 " "#
Z

!

0
d$0 gb"$0; 1 " 2"; %2#

%$0$ k2
! $ %2 $ " 2" " 1#2 M2

4 " i&&2
; (16)

where the integration overk" leads to fix the value of the variablez0in Eq.(3) to 1 " 2". The factor1=
!!!
2

p
comes from the

normalization of the Fock state withn ! 2, given the statistics property.
From Eq.(16)and the physically motivated request that the density in the transverse variableb! , conjugated tok ! , be

finite for jb! j ! 0, one can deduce thatgb"$0; 1 " 2"; %2# must vanish for$0 ! ! . As a matter of fact, one has

~! n! 2=p""; b! # !
Z

dk !

"2##2 eik ! áb! ! n! 2=p""; k! # (17)

and

~! n! 2=p""; b! ! 0# ! #
1
!!!
2

p ""1 " "#
Z

!

0

dk2
!

"2##2

Z
!

0
d$0 gb"$0; 1 " 2"; %2#

%$0$ k2
! $ %2 $ " 2" " 1#2 M2

4 " i&&2

!
1

4#
!!!
2

p ""1 " "#
Z

!

0
d$0 gb"$0; 1 " 2"; %2#

%$0$ %2 $ " 2" " 1#2 M2

4 " i&&
: (18)

If the transverse density at the origin, i.e.,
j ~! n! 2=p""; b! ! 0#j2, is finite, one can immediately realize
the needed falloff ofgb"$0; 1 " 2"; %2#. Notice that the
denominator is always positive for a bound state. By intro-
ducing the variables"$; z#, as in Ref.[6],

$ ! k2
! 1 " z ! 1 " 2" " " 1; (19)

one can rewrite the valence wave function as follows:

! n! 2=p"z;$# !
"1" z2#

4
!!!
2

p

!
Z

!

0
d$0 gb"$0;z;%2#

%$0$ $$ z2m2 $ " 1" z2#%2 " i&&2
:

(20)

The announced integral equation for the Nakanishi
weight function gb"$; z; %2# is obtained by inserting
Eq. (3) in both sides of the LF-projected BS equation
(see, also, Refs.[19Ð23]), viz.,
Z

dk"

2#
! b"k; p# !

Z
dk"

2#
G"12#

0 "k; p#

!
Z

d4k0

"2##4 iK"k; k0; p#! b"k0; p#: (21)

Then, one gets[18] (see Ref.[6] for the corresponding elab-
oration within the explicitly covariant LF framework)

Z
!

0
d$0 gb"$0; z; %2#

%$0$ $$ z2m2 $ " 1 " z2#%2 " i&&2

!
Z

!

0
d$0

Z
1

" 1
dz0VLF

b "$; z; $0; z0#gb"$0; z0; %2#; (22)

where the new kernelVLF
b , that we call the Nakanishi kernel

for the sake of brevity, is related to the BS kerneliK in
Eq. (1), as follows:

VLF
b "$;z;$0;z0# ! ip $

Z
!

" !

dk"

2#
G"12#

0 "k;p#

!
Z

d4k0

"2##4

iK"k;k0;p#
%k02 $ p ák0z0" $0" %2 $ i&&3

:

(23)

Still starting from the LF-projected BSE(21), a different
equation forgb"$; z; %2# can be obtained, if one takes into
account (i) the uniqueness of the Nakanishi weight func-
tion, as ensured by a theorem in Ref.[12] and (ii) the
PTIR expressions for both the BS amplitude and the BS
kernel, i.e., a four-leg transition amplitude (see, e.g.,
Refs.[3,18] for the actual PTIR of the off-shell T matrix).
Then, in place of Eq.(22), one could write the following
eigenequation (see Refs.[2Ð5,18,27,28] for the ladder
case):

gb"$; z; %2# !
Z

!

0
d$0

Z
1

" 1
dz0Vb"$; z; $0; z0; %2#gb"$0; z0; %2#:

(24)

Within the PTIR framework, it is very important to notice
that both Eqs.(22)and(24)are equivalent to the initial BSE
(1) if the uniqueness theorem holds. Once the weight func-
tion gb"$0; z; %2# is known, then one can fully reconstruct
in Minkowski space [see Eq.(3)] the BS amplitudethat
belongs to the class of physically acceptable solutions
(with positive norm and suitable for an investigation within
an S-matrix framework). Moreover, it is not surprising that
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account (i) the uniqueness of the Nakanishi weight func-
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Within the PTIR framework, it is very important to notice
that both Eqs.(22)and(24)are equivalent to the initial BSE
(1) if the uniqueness theorem holds. Once the weight func-
tion gb"$0; z; %2# is known, then one can fully reconstruct
in Minkowski space [see Eq.(3)] the BS amplitudethat
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ψn! 2=p"ξ; k⊥# !
p$

!!!
2

p ξ"1 − ξ#
Z

dk−

2π
Φb"k; p# !

1
!!!
2

p ξ"1 − ξ#
Z

∞

0
dγ0 gb"γ0; 1 − 2ξ; κ2#

%γ0$ k2⊥ $ κ2 $ " 2ξ − 1#2 M2

4 − iϵ&2
; (16)

where the integration over k− leads to fix the value of the variable z0 in Eq. (3) to 1 − 2ξ. The factor 1=
!!!
2

p
comes from the

normalization of the Fock state with n ! 2, given the statistics property.
From Eq. (16) and the physically motivated request that the density in the transverse variable b⊥, conjugated to k⊥, be

finite for jb⊥j ! 0, one can deduce that gb"γ0; 1 − 2ξ; κ2#must vanish for γ0 ! ∞. As a matter of fact, one has

~ψn! 2=p"ξ; b⊥# !
Z

dk⊥
"2π#2

eik⊥·b⊥ψn! 2=p"ξ; k⊥# (17)

and

~ψn! 2=p"ξ; b⊥ ! 0# ! π
1
!!!
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Z

∞
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4 − iϵ&
: (18)

If the transverse density at the origin, i.e.,
j ~ψn! 2=p"ξ; b⊥ ! 0#j2, is finite, one can immediately realize
the needed falloff of gb"γ0; 1 − 2ξ; κ2#. Notice that the
denominator is always positive for a bound state. By intro-
ducing the variables "γ; z#, as in Ref. [6],

γ ! k2⊥ 1 ≥ z ! 1 − 2ξ ≥ −1; (19)

one can rewrite the valence wave function as follows:
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!!!
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Z

∞
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:

(20)

The announced integral equation for the Nakanishi
weight function gb"γ; z; κ2# is obtained by inserting
Eq. (3) in both sides of the LF-projected BS equation
(see, also, Refs. [19–23]), viz.,
Z

dk−

2π
Φb"k; p# !

Z
dk−

2π
G"12#

0 "k; p#

×
Z

d4k0

"2π#4
iK"k; k0; p#Φb"k0; p#: (21)

Then, one gets [18] (see Ref. [6] for the corresponding elab-
oration within the explicitly covariant LF framework)
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0
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b "γ; z; γ0; z0#gb"γ0; z0; κ2#; (22)

where the new kernel VLF
b , that we call the Nakanishi kernel

for the sake of brevity, is related to the BS kernel iK in
Eq. (1), as follows:
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Still starting from the LF-projected BSE (21), a different
equation for gb"γ; z; κ2# can be obtained, if one takes into
account (i) the uniqueness of the Nakanishi weight func-
tion, as ensured by a theorem in Ref. [12] and (ii) the
PTIR expressions for both the BS amplitude and the BS
kernel, i.e., a four-leg transition amplitude (see, e.g.,
Refs. [3,18] for the actual PTIR of the off-shell T matrix).
Then, in place of Eq. (22), one could write the following
eigenequation (see Refs. [2–5,18,27,28] for the ladder
case):
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Z

∞

0
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Z
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dz0Vb"γ; z; γ0; z0; κ2#gb"γ0; z0; κ2#:

(24)

Within the PTIR framework, it is very important to notice
that both Eqs. (22) and (24) are equivalent to the initial BSE
(1) if the uniqueness theorem holds. Once the weight func-
tion gb"γ0; z; κ2# is known, then one can fully reconstruct
in Minkowski space [see Eq. (3)] the BS amplitude that
belongs to the class of physically acceptable solutions
(with positive norm and suitable for an investigation within
an S-matrix framework). Moreover, it is not surprising that
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where the integration overk" leads to fix the value of the variablez0in Eq.(3) to 1 " 2". The factor1=
!!!
2

p
comes from the

normalization of the Fock state withn ! 2, given the statistics property.
From Eq.(16)and the physically motivated request that the density in the transverse variableb! , conjugated tok ! , be

finite for jb! j ! 0, one can deduce thatgb"$0; 1 " 2"; %2# must vanish for$0 ! ! . As a matter of fact, one has

~! n! 2=p""; b! # !
Z

dk !

"2##2 eik ! áb! ! n! 2=p""; k! # (17)

and

~! n! 2=p""; b! ! 0# ! #
1
!!!
2

p ""1 " "#
Z

!

0

dk2
!

"2##2

Z
!

0
d$0 gb"$0; 1 " 2"; %2#

%$0$ k2
! $ %2 $ " 2" " 1#2 M2

4 " i&&2

!
1

4#
!!!
2

p ""1 " "#
Z

!

0
d$0 gb"$0; 1 " 2"; %2#

%$0$ %2 $ " 2" " 1#2 M2

4 " i&&
: (18)

If the transverse density at the origin, i.e.,
j ~! n! 2=p""; b! ! 0#j2, is finite, one can immediately realize
the needed falloff ofgb"$0; 1 " 2"; %2#. Notice that the
denominator is always positive for a bound state. By intro-
ducing the variables"$; z#, as in Ref.[6],

$ ! k2
! 1 " z ! 1 " 2" " " 1; (19)

one can rewrite the valence wave function as follows:
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The announced integral equation for the Nakanishi
weight function gb"$; z; %2# is obtained by inserting
Eq. (3) in both sides of the LF-projected BS equation
(see, also, Refs.[19Ð23]), viz.,
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Then, one gets[18] (see Ref.[6] for the corresponding elab-
oration within the explicitly covariant LF framework)
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where the new kernelVLF
b , that we call the Nakanishi kernel

for the sake of brevity, is related to the BS kerneliK in
Eq. (1), as follows:
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Still starting from the LF-projected BSE(21), a different
equation forgb"$; z; %2# can be obtained, if one takes into
account (i) the uniqueness of the Nakanishi weight func-
tion, as ensured by a theorem in Ref.[12] and (ii) the
PTIR expressions for both the BS amplitude and the BS
kernel, i.e., a four-leg transition amplitude (see, e.g.,
Refs.[3,18] for the actual PTIR of the off-shell T matrix).
Then, in place of Eq.(22), one could write the following
eigenequation (see Refs.[2Ð5,18,27,28] for the ladder
case):
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(24)

Within the PTIR framework, it is very important to notice
that both Eqs.(22)and(24)are equivalent to the initial BSE
(1) if the uniqueness theorem holds. Once the weight func-
tion gb"$0; z; %2# is known, then one can fully reconstruct
in Minkowski space [see Eq.(3)] the BS amplitudethat
belongs to the class of physically acceptable solutions
(with positive norm and suitable for an investigation within
an S-matrix framework). Moreover, it is not surprising that
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where the integration overk" leads to fix the value of the variablez0in Eq.(3) to 1 " 2". The factor1=
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2
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comes from the

normalization of the Fock state withn ! 2, given the statistics property.
From Eq.(16)and the physically motivated request that the density in the transverse variableb! , conjugated tok ! , be

finite for jb! j ! 0, one can deduce thatgb"$0; 1 " 2"; %2# must vanish for$0 ! ! . As a matter of fact, one has
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If the transverse density at the origin, i.e.,
j ~! n! 2=p""; b! ! 0#j2, is finite, one can immediately realize
the needed falloff ofgb"$0; 1 " 2"; %2#. Notice that the
denominator is always positive for a bound state. By intro-
ducing the variables"$; z#, as in Ref.[6],

$ ! k2
! 1 " z ! 1 " 2" " " 1; (19)

one can rewrite the valence wave function as follows:
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The announced integral equation for the Nakanishi
weight function gb"$; z; %2# is obtained by inserting
Eq. (3) in both sides of the LF-projected BS equation
(see, also, Refs.[19Ð23]), viz.,
Z

dk"
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Z
dk"
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G"12#
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Then, one gets[18] (see Ref.[6] for the corresponding elab-
oration within the explicitly covariant LF framework)
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where the new kernelVLF
b , that we call the Nakanishi kernel

for the sake of brevity, is related to the BS kerneliK in
Eq. (1), as follows:
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Still starting from the LF-projected BSE(21), a different
equation forgb"$; z; %2# can be obtained, if one takes into
account (i) the uniqueness of the Nakanishi weight func-
tion, as ensured by a theorem in Ref.[12] and (ii) the
PTIR expressions for both the BS amplitude and the BS
kernel, i.e., a four-leg transition amplitude (see, e.g.,
Refs.[3,18] for the actual PTIR of the off-shell T matrix).
Then, in place of Eq.(22), one could write the following
eigenequation (see Refs.[2Ð5,18,27,28] for the ladder
case):

gb"$; z; %2# !
Z
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0
d$0

Z
1

" 1
dz0Vb"$; z; $0; z0; %2#gb"$0; z0; %2#:

(24)

Within the PTIR framework, it is very important to notice
that both Eqs.(22)and(24)are equivalent to the initial BSE
(1) if the uniqueness theorem holds. Once the weight func-
tion gb"$0; z; %2# is known, then one can fully reconstruct
in Minkowski space [see Eq.(3)] the BS amplitudethat
belongs to the class of physically acceptable solutions
(with positive norm and suitable for an investigation within
an S-matrix framework). Moreover, it is not surprising that
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where the integration overk" leads to fix the value of the variablez0in Eq.(3) to 1 " 2". The factor1=
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2

p
comes from the

normalization of the Fock state withn ! 2, given the statistics property.
From Eq.(16)and the physically motivated request that the density in the transverse variableb! , conjugated tok ! , be

finite for jb! j ! 0, one can deduce thatgb"$0; 1 " 2"; %2# must vanish for$0 ! ! . As a matter of fact, one has
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If the transverse density at the origin, i.e.,
j ~! n! 2=p""; b! ! 0#j2, is finite, one can immediately realize
the needed falloff ofgb"$0; 1 " 2"; %2#. Notice that the
denominator is always positive for a bound state. By intro-
ducing the variables"$; z#, as in Ref.[6],

$ ! k2
! 1 " z ! 1 " 2" " " 1; (19)

one can rewrite the valence wave function as follows:
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The announced integral equation for the Nakanishi
weight function gb"$; z; %2# is obtained by inserting
Eq. (3) in both sides of the LF-projected BS equation
(see, also, Refs.[19Ð23]), viz.,
Z

dk"
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Z
dk"
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G"12#
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Then, one gets[18] (see Ref.[6] for the corresponding elab-
oration within the explicitly covariant LF framework)

Z
!

0
d$0 gb"$0; z; %2#

%$0$ $$ z2m2 $ " 1 " z2#%2 " i&&2

!
Z

!

0
d$0

Z
1

" 1
dz0VLF

b "$; z; $0; z0#gb"$0; z0; %2#; (22)

where the new kernelVLF
b , that we call the Nakanishi kernel

for the sake of brevity, is related to the BS kerneliK in
Eq. (1), as follows:

VLF
b "$;z;$0;z0# ! ip $

Z
!

" !

dk"

2#
G"12#

0 "k;p#

!
Z

d4k0

"2##4

iK"k;k0;p#
%k02 $ p ák0z0" $0" %2 $ i&&3

:

(23)

Still starting from the LF-projected BSE(21), a different
equation forgb"$; z; %2# can be obtained, if one takes into
account (i) the uniqueness of the Nakanishi weight func-
tion, as ensured by a theorem in Ref.[12] and (ii) the
PTIR expressions for both the BS amplitude and the BS
kernel, i.e., a four-leg transition amplitude (see, e.g.,
Refs.[3,18] for the actual PTIR of the off-shell T matrix).
Then, in place of Eq.(22), one could write the following
eigenequation (see Refs.[2Ð5,18,27,28] for the ladder
case):

gb"$; z; %2# !
Z

!

0
d$0

Z
1

" 1
dz0Vb"$; z; $0; z0; %2#gb"$0; z0; %2#:

(24)

Within the PTIR framework, it is very important to notice
that both Eqs.(22)and(24)are equivalent to the initial BSE
(1) if the uniqueness theorem holds. Once the weight func-
tion gb"$0; z; %2# is known, then one can fully reconstruct
in Minkowski space [see Eq.(3)] the BS amplitudethat
belongs to the class of physically acceptable solutions
(with positive norm and suitable for an investigation within
an S-matrix framework). Moreover, it is not surprising that
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where the integration overk" leads to fix the value of the variablez0in Eq.(3) to 1 " 2". The factor1=
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comes from the

normalization of the Fock state withn ! 2, given the statistics property.
From Eq.(16)and the physically motivated request that the density in the transverse variableb! , conjugated tok ! , be
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If the transverse density at the origin, i.e.,
j ~! n! 2=p""; b! ! 0#j2, is finite, one can immediately realize
the needed falloff ofgb"$0; 1 " 2"; %2#. Notice that the
denominator is always positive for a bound state. By intro-
ducing the variables"$; z#, as in Ref.[6],
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! 1 " z ! 1 " 2" " " 1; (19)

one can rewrite the valence wave function as follows:
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The announced integral equation for the Nakanishi
weight function gb"$; z; %2# is obtained by inserting
Eq. (3) in both sides of the LF-projected BS equation
(see, also, Refs.[19Ð23]), viz.,
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Then, one gets[18] (see Ref.[6] for the corresponding elab-
oration within the explicitly covariant LF framework)
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where the new kernelVLF
b , that we call the Nakanishi kernel
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Eq. (1), as follows:
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Still starting from the LF-projected BSE(21), a different
equation forgb"$; z; %2# can be obtained, if one takes into
account (i) the uniqueness of the Nakanishi weight func-
tion, as ensured by a theorem in Ref.[12] and (ii) the
PTIR expressions for both the BS amplitude and the BS
kernel, i.e., a four-leg transition amplitude (see, e.g.,
Refs.[3,18] for the actual PTIR of the off-shell T matrix).
Then, in place of Eq.(22), one could write the following
eigenequation (see Refs.[2Ð5,18,27,28] for the ladder
case):
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(24)

Within the PTIR framework, it is very important to notice
that both Eqs.(22)and(24)are equivalent to the initial BSE
(1) if the uniqueness theorem holds. Once the weight func-
tion gb"$0; z; %2# is known, then one can fully reconstruct
in Minkowski space [see Eq.(3)] the BS amplitudethat
belongs to the class of physically acceptable solutions
(with positive norm and suitable for an investigation within
an S-matrix framework). Moreover, it is not surprising that

QUANTITATIVE STUDIES OF THE HOMOGENEOUSÉ PHYSICAL REVIEW D 89, 016010 (2014)

016010-5

!  Applying Uniqueness !  

Pole dislocation method: de Melo et al Nucl.Phys. A631 (1998) 574C 

! 2 =
M 2

4
! m2

! !

4 Nakanishi representation of the Light-Front wave functio n !

By projecting into the Light-Front the Nakanishi relation o ne obtains the LF wavefunction ! in terms of g:

! (! , z) =
1 ! z2

4

! !

0

g(! ", z)d! "

[! + m2z2 + (1 ! z2)" 2 + ! "] 2

In variabes (k# , x)

z = 1 ! 2x
k2

# = !

! (k# , x) =
1 ! z2

4

! !

0

g(! ", 1 ! 2x)d! "
"
k2

# + m2(1 ! 2x)2 + 4x(1 ! x)" 2 + ! "
#

2

4.1 Computing g from ! .

Let us considerz as an external parameter

! z(! ) =
! !

0
d! " L z(! , ! ")gz(! ") (14)

with the kernel

L z(! , ! ") =
1 ! z2

4
1

[! + m2z2 + (1 ! z2)" 2 + ! "] 2 (15)

We aim to determine g by assuming known the left hand side! z(! ) and inverting the integral relation (14) .

Using ng Gauss quadrature points { xi , wi } in the interval ! " [0, ! max ], equation (14) results into a linear
system, writen in the generic form

Aij wj X j = bi i, j = 1 , 2, . . . , ng (16)

where

bi # ! i = ! z(! = xi )
Aij # L ij = L (! = xi , ! " = xj )
X i # gi = g(! = xi )

There are two ways for making the sytem (16) symmetric, and taking thus beneÞt from the spectral properties
(and algorithms) of hermitian matrices

1. Keep unchanged initial matrix A and inhomogeneous term b but modify the solution X

That is:
Aij X "

j = bi X "
i = wj X j (17)

or
AX " = b X" = " X " = diag( w1, w2, . . . , wN )

2. Keep unchanged the solution but modify the inital matrix and the inhomogeneous term.

That is:
A"

ij X j = b"
i A"

ij = wi Aij wj b"
i = wi bi (18)

or
A"X = b" A" = " A" b" = " b
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4.2 Spectral properties of the Light Front kernel

Some remarks:

¥ The continuous operator L deÞned in (15) is inversible except forz = 1, so the eigenvalues cannot vanish

¥ A and A! are hermitian and deÞnite positive, so the corresponding eigenvalues are! ! R +

¥ N denotes the number of discretization Gauss points andL " " max the boundary of the integration
domain.

4.2.1 Eigenvalues

1. The matrix A and A! have very small eigenvalues (see Figure left) which behaveslike

! n # e" ! n

For n # 20 they fall in a Óchaotic regionÓ (below 10" 15) where they can be even negative !
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L=10  N=100
L=500 N=200
L=10  N=32
L=100 N=100

Spectrum of Nakanishi Lighf-Front Kernel 

m=1 M=1 z=0

The numerical values for some particular cases are below.

Sp(A) m=1,M=1,z=0 m=1,M=1,z=0 m=1,M=1.90,z=0 m=1,M=1.99,z=0 m=1,M=1.9,z=0.3 m=1,M=1.99,z=0.3
L=10 N=100 Mapping N=20 Mapping N=20 Mapping N=20 Mapping N=20 Mapping N=20

1 0.390578D+01 0.216198D+01 0.469496D+02 0.959924D+03 0.175555D+02 0.417412D+02
2 0.309099D+00 0.994995D-01 0.316276D+01 0.608945D+02 0.109158D+01 0.280680D+01
3 0.585738D-01 0.109579D-01 0.451360D+00 0.754152D+01 0.145638D+00 0.399926D+00
4 0.114348D-01 0.174128D-02 0.856347D-01 0.121693D+01 0.262413D-01 0.757814D-01
5 0.186610D-02 0.346131D-03 0.192567D-01 0.228256D+00 0.568722D-02 0.170266D-01
6 0.279280D-03 0.804602D-04 0.488354D-02 0.475820D-01 0. 140713D-02 0.431612D-02
7 0.401896D-04 0.210675D-04 0.135707D-02 0.108127D-01 0. 385583D-03 0.119940D-02
8 0.564992D-05 0.607695D-05 0.405141D-03 0.264985D-02 0. 114700D-03 0.358245D-03
9 0.781179D-06 0.181266D-05 0.128043D-03 0.694736D-03 0. 365257D-04 0.113333D-03

10 0.106632D-06 0.543994D-06 0.423759D-04 0.193525D-03 0.123422D-04 0.375605D-04
11 0.144065D-07 0.300116D-06 0.145903D-04 0.569333D-04 0.438304D-05 0.129553D-04
12 0.192997D-08 0.782301D-07 0.519592D-05 0.176193D-04 0.156306D-05 0.462142D-05
13 0.256722D-09 0.126004D-07 0.183890D-05 0.571784D-05 0.548696D-06 0.163619D-05
14 0.339431D-10 0.159429D-08 0.626039D-06 0.186114D-05 0.308194D-06 0.558827D-06
15 0.446461D-11 0.160357D-09 0.342234D-06 0.585461D-06 0.117167D-06 0.308527D-06
16 0.584572D-12 0.126120D-10 0.125084D-06 0.323330D-06 0.280277D-07 0.111076D-06
17 0.762265D-13 0.747650D-12 0.262414D-07 0.959057D-07 0.544275D-08 0.232562D-07
18 0.992257D-14 0.312751D-13 0.409703D-08 0.157378D-07 0.833603D-09 0.362954D-08
19 0.128774D-14 0.848238D-15 0.442767D-09 0.172084D-08 0.908461D-10 0.392272D-09
20 0.371325D-15 0.932207D-16 0.255588D-10 0.988289D-10 0.537567D-11 0.226513D-10

The condition number (4) for N=100 Ð left column Ð is# > 1020 (table stops at n=20)

For N=20 (when using mapping) veries from # = 1012 to # = 1017

The corresponding linear system is ill-conditioned

We cannot trust the results when # is larger than the accuracy of the computer (say 1012)

10

Eigenvalues 

2. A! has smaller eigenvalues thanA althought the condition number is practically the same.

We prefered hereafter to work with A.

3. For a given L, the spectrum is not dramatically sensible toN (see red and black curves on Figure right)

4. However the spectrum is strongly Ópushed upÓ (eigenvalues increased) when L increases.

Using L large would allow to exploit a larger number of eigenvectors (say n ! 30) before entering into
ÓnoiseÓ

This suggests to use a mapping [0, 1] " [0, # ] for the integration in variable !
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The corresponding linear system is ill-conditioned

We cannot trust the results when # is larger than the accuracy of the computer (say 1012)
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4.2 Spectral properties of the Light Front kernel

Some remarks:

¥ The continuous operator L deÞned in (15) is inversible except forz = 1, so the eigenvalues cannot vanish

¥ A and A! are hermitian and deÞnite positive, so the corresponding eigenvalues are! ! R +

¥ N denotes the number of discretization Gauss points andL " " max the boundary of the integration
domain.

4.2.1 Eigenvalues
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The condition number (4) for N=100 Ð left column Ð is# > 1020 (table stops at n=20)
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The corresponding linear system is ill-conditioned
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4.2.2 Eigenvectors

1. The Þrst eigenvectors are regular but then some chaotic behaviour appears

This makes ilusory to obtain a solution involving chaotic eigenvectors: hence the idea of making an
eigenvalue expansion and retain the eigenvectors corresponding to larger eigenvalues
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Or, alternatively, work with a very limited number of points and mapping.

See Þgure below for a mapping with N=24 in a linear (left) and logarithmic (right) scale.

Notice that to compute observables we are interested in a domain of γ relatively small, say up to L ∼ 10.
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High n eigenvectors à Log-periodic behavior ! 

à Use low n in practical problems, if possible… 



Nakanishi weight function                   Valence wave function 

isadopted(with thisvalue fora, theconvergenceof theeigen-
vectors is not satisfactory forNg ! 28).

Table II shows the comparison with the results from
Ref. [3]. It should be pointed out that in Ref.[3], only
the value! =m! 0.50 was considered, and the coupling
constant contained an extra factor" with respect to the def-
inition adopted in the present paper and in Ref.[6]. It is

important to remind that the eigenvalues shown in
Ref. [3] compared very favorably with the ones obtained
in Ref.[33], where the BS equation in ladder approximation
was solved in Euclidean space. Moreover, one can find in
Refs. [34,35] more evaluations both within the LF
Hamiltonian dynamics and in Euclidean space, which appear
in nice agreement with our calculations.

Finally, it should be pointed that all the digits of our
results presented in the tables are stable, and the numerical
uncertainties affect only the digit beyond the ones shown, at
the level of a few units.

In Figs. 1 and 2, the comparison between the weight
functions obtained from Eqs.(29)) and(31) is shown for
! =m! 0.50 and B=m! 0.2, 0.5, 1.0. Few-percent
differences appear for small values of# and are bigger
for small values of the binding energy. In this case,
the characteristic momentum associated with the weak-
binding energy is much smaller than the mass scale of
the system, and, therefore, to appropriately describe the
Nakanishi weight function, one should use a larger basis
which accurately spans both the small and large momentum
regions. This demands more numerical efforts that
can be postponed, since our present aim is to validate the
Nakanishi approach over the largest range of dynamical
regimes, which can be covered by the basis we have chosen
(see, e.g., TableI and B=m! 0.01 and ! =m! 0.15).
Notably, the above-mentioned differences do not have
any sizable effect on the LF distributions (see the next
subsection).

As a further check, we evaluated the solution of Eq.(29)
corresponding to! =m! 0.50andB=m! 1.0, by introduc-
ing a small parameter as in Ref.[6]. In particular, we
adopted$ ! 10! 4 for comparing with the weight function
presented in Figs. 2 and 3 in Ref.[6], and we obtained the
same results. It is worth noting that also by adopting the
small parameter$ ! 10! 4, we did not find any sizable
effects on the LF distributions.

B. Valence probability and LF distributions

After determining the expansion coefficients of the
Nakanishi weight function, as given in Eq.(38), and
imposing the normalization condition on the BS ampli-
tude, Eq.(B14)), one can calculate the valence compo-
nent of the interacting system, Eq.(16). Then, very
interesting (in particular, from the phenomenological
point of view) quantities can be evaluated. First of
all, the valence probability Eq.(33) can be obtained.
The results are shown in TableIII for ! =m! 0.05,
! =m! 0.15, and! =m! 0.5. Several values ofB=mhave
been chosen for covering the interval0 < B=m ! 2.
It should be recalled that the asymptotic valuePval ! 1
reached for B=m! 0 is more and more closely
approached for smaller and smaller values ofB=m (or
equivalently smaller values of%) when ! =m decreases.
Since in Table III there are also the results for
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3+1 n=1 

points was 80 for each variable ing!Ld"]. As for Eq.(32), one
has been able to get rid of the numerical inversion of the
matrix,since,defacto, ithasbeenmathematicallyperformed.
Finally, it is important noticing that for both equations, the
involved matrices are real but not symmetric, and, therefore,
pairs of complex eigenvalues can appear.

In order to achieve a very good convergence for both
eigenvalues and eigenvectors [in particular, for Eq.(32)],
the numerical studies with the basis in Eqs.(38)Ð(40)
has been extended up toNz # 18 and Ng # 32, for all
the values ofB=m, except forB=m# 0.01 where we
extendNg up to 48. Indeed, forB=m! 0.1 a nice stability
of the eigenvalues can be reached already forNz # 8 and
Ng > 24. In general, the stability of the eigenvalues settles
well before that the convergence of the eigenvectors.

In TableI, the results for the coupling constant! corre-
sponding to Eqs.(29) and(32) for " =m# 0.15, 0.50 and
a set of binding energiesB=m are shown. In particular, in

the second column, the results obtained in Ref.[6] by using
the spline basis are reported, while our results corresponding
to both Eqs.(29)and(32)are presented in the third column
and the fourthone, respectively. It is important tonote that for
B=m# 0.01and" =m# 0.15, the stability of the eigenvalue
obtained through Eq.(32) is reached withNg ! 46, when
a # 6 is chosen, whileNg # 28 is enough whena # 12
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FIG. 3. The longitudinal LF distribution#!$" for the
valence component Eq.(34) vs the longitudinal-momentum
fraction $ for " =m# 0.05, 0.15, 0.50. Dash-double-dotted
line: B=m# 0.20. Dotted line: B=m# 0.50. Solid line:
B=m# 1.0. Dashed line:B=m# 2.0. Recall that
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Pval (cf. TableIII ).

TABLE III. Values of Pval Eq. (33) evaluated by using the
weight functiong!Ld"

b !%; z; &2" corresponding to Eq.(32) (i.e.,
with the application of the uniqueness theorem) are shown for
three values of" =m and varying the binding energy,B=m.
Notice that forB=m# 0.001, the valuesNz # 16, Ng # 48,
and a # 12 have been adopted in Eqs.(38) and (40) for
obtaining a better convergence.

" =m# 0.05

B/m ! Pval
0.001 0.1685 0.94
0.01 0.3521 0.89
0.10 1.191 0.75
0.20 1.850 0.72
0.50 3.358 0.68
1.00 5.056 0.66
2.00 6.336 0.65

" =m# 0.15

B=m ! Pval
0.001 0.3667 0.97
0.01 0.5716 0.94
0.10 1.437 0.80
0.20 2.099 0.75
0.50 3.611 0.70
1.00 5.314 0.67
2.00 6.598 0.66

" =m# 0.50

B=m ! Pval
0.001 1.167 0.98
0.01 1.440 0.96
0.10 2.498 0.87
0.20 3.251 0.83
0.50 4.900 0.77
1.00 6.711 0.74
2.00 8.061 0.72
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points was 80 for each variable ing!Ld"]. As for Eq.(32), one
has been able to get rid of the numerical inversion of the
matrix,since,defacto, ithasbeenmathematicallyperformed.
Finally, it is important noticing that for both equations, the
involved matrices are real but not symmetric, and, therefore,
pairs of complex eigenvalues can appear.

In order to achieve a very good convergence for both
eigenvalues and eigenvectors [in particular, for Eq.(32)],
the numerical studies with the basis in Eqs.(38)Ð(40)
has been extended up toNz # 18 and Ng # 32, for all
the values ofB=m, except forB=m# 0.01 where we
extendNg up to 48. Indeed, forB=m! 0.1 a nice stability
of the eigenvalues can be reached already forNz # 8 and
Ng > 24. In general, the stability of the eigenvalues settles
well before that the convergence of the eigenvectors.

In TableI, the results for the coupling constant! corre-
sponding to Eqs.(29) and(32) for " =m# 0.15, 0.50 and
a set of binding energiesB=m are shown. In particular, in

the second column, the results obtained in Ref.[6] by using
the spline basis are reported, while our results corresponding
to both Eqs.(29)and(32)are presented in the third column
and the fourthone, respectively. It is important tonote that for
B=m# 0.01and" =m# 0.15, the stability of the eigenvalue
obtained through Eq.(32) is reached withNg ! 46, when
a # 6 is chosen, whileNg # 28 is enough whena # 12
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TABLE III. Values of Pval Eq. (33) evaluated by using the
weight functiong!Ld"

b !%; z; &2" corresponding to Eq.(32) (i.e.,
with the application of the uniqueness theorem) are shown for
three values of" =m and varying the binding energy,B=m.
Notice that forB=m# 0.001, the valuesNz # 16, Ng # 48,
and a # 12 have been adopted in Eqs.(38) and (40) for
obtaining a better convergence.

" =m# 0.05

B/m ! Pval
0.001 0.1685 0.94
0.01 0.3521 0.89
0.10 1.191 0.75
0.20 1.850 0.72
0.50 3.358 0.68
1.00 5.056 0.66
2.00 6.336 0.65

" =m# 0.15

B=m ! Pval
0.001 0.3667 0.97
0.01 0.5716 0.94
0.10 1.437 0.80
0.20 2.099 0.75
0.50 3.611 0.70
1.00 5.314 0.67
2.00 6.598 0.66

" =m# 0.50

B=m ! Pval
0.001 1.167 0.98
0.01 1.440 0.96
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0.20 3.251 0.83
0.50 4.900 0.77
1.00 6.711 0.74
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dependence upon the massM of the interacting system, but a
linear dependence upon the coupling constant! , given the
adopted ladder approximation. Therefore, it is customary
(i) first to choose avalue for the binding energy in the interval

0 !
B
m

! 2 !
M
m

! 2;

and(ii) thento look for theminimalvalueof thecouplingcon-
stant that allows such a binding energy. A comment on the
range of the usually chosen interval is in order. As is well
known (see Ref.[31]), all the" 3 models do not show any

TABLE I. Values of! ! g2="16#m2# obtained by solving the
eigenequations(29) and (32) (i.e., the eigenequation with the
application of the uniqueness theorem). Results correspond to
$=m! 0.15, 0.50 varying the binding energies,B=m. The
second column contains the results obtained in Ref.[6] by
using the spline basis and Eq.(29); the third column shows
our results obtained from Eq.(29) by using our basis
[Eqs. (38)Ð(40)] with Nz ! 18, Ng ! 32, and a ! 6 in
Eq. (40); the fourth column contains our results obtained from
the eigenequation(32) and our basis.

$=m! 0.15

B=m ! [6] ! Eq. (29) ! Eq. (32)
0.01 0.5716 0.5716 0.5716a

0.10 1.437 1.437 1.437
0.20 2.100 2.099 2.099
0.50 3.611 3.610 3.611
1.00 5.315 5.313 5.314

$=m! 0.50

B=m ! [6] ! Eq. (29) ! Eq. (32)
0.01 1.440 1.440 1.440
0.10 2.498 2.498 2.498
0.20 3.251 3.251 3.251
0.50 4.901 4.901 4.901
1.00 6.712 6.711 6.711
aFor $=m! 0.15 and B=m! 0.01, the stability of the
coupling constant (! < 1) is reached forNg " 46.

TABLE II. Values of! ! g2="16#m2#obtained by solving the
eigenequations(32) (i.e., with the application of the uniqueness
theorem) and(29). Results correspond to$=m! 0.50varying the
binding energies,B=m. The second column shows the values
obtained in Ref. [3], where the uniqueness theorem was
exploited and an iterative method was adopted; the third
column corresponds to the solution of Eq.(32) by using our
basis [cf. Eqs.(38)Ð(40)]; the fourth column contains our
results from Eq.(29).

$=m! 0.50

B=m ! [3] ! Eq. (32) ! Eq. (29)
0.002 1.211 1.216 1.216
0.02 1.624 1.623 1.623
0.20 3.252 3.251 3.251
0.40 4.416 4.415 4.416
0.80 6.096 6.094 6.094
1.20 7.206 7.204 7.204
1.60 7.850 7.849 7.849
2.00 8.062 8.061 8.061
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FIG. 1. The Nakanishi weight functiong"Ld#
b "%; z; &2# for

$=m! 0.5 and B=m! 0.2, 0.5, 1.0 (from the top) vs%=m2

and two values ofz. Thick lines refer toz ! 0 and thin lines
to z ! 0.4, as indicated by the inset. Solid lines: results from
Eq. (32). Dotted lines: results from Eq.(29).
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ground state; nonetheless, they are widely adopted for
illustrative purposes and for gaining insights into the effec-
tiveness of theoretical tools. Here, we also adhere to this gen-
eralattitude(seeRef.[32]forsomedetailsonhowandtowhat
extent it is possible to reconcile the general features of the! 3

modelsandtheactualcalculations).After introducingabasis,
it should be noticed that in the case of Eq.(29), one has a
generalized eigenvalue problem (cf. Ref.[6]) that in a sym-
bolic form reads

1
"

B!M"g!Ld" # A!Ld"!M"g!Ld"; (42)

while for Eq.(32), one has a genuine eigenvalue problem,
viz.,

1
"

g # D!Ld"!M"g!Ld": (43)

The possibility to reduce the first problem to the second one
relies on the existence of the inverse of the integral operator
B!M" and the numerical feasibility of such inversion with
enough accuracy. In particular, in Ref.[6], where the spline
basis was adopted, a small parameter was added to the matrix
B!M" in order to achieve a good stability. We have investi-
gated if adopting our basis, which includes the expected
falloff of the weight function for large values of#, one has
to similarly introduce a small parameter. Fortunately, with
our basis, the small quantity to beadded to the diagonal terms
of A!Ld"!M" is $ # 10! 9 [the largest number of Gaussian
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Nakanishi inverse problem  
in a solvable model 

8 Model III (Analytic VAK)

1. Weight function

g(! , z) =
1 ! z2

(! + µ2)2

with µ arbitray (we take µ = m)

2. Light-Front wave function

! (! , z) = (1 ! z2)2
Q2 ! µ4 ! 2µ2Q log Q

µ2

4µ2Q(Q ! µ2)3

with
Q = ! + (1 ! z2)" 2 + m2z2

3. Euclidean Bethe-Salpeter amplitude

" = !
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+
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with
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4
Z± = k2
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SOME CONTROL VALUES
z gamma Psi
0.0 2.0 1.694049273500532E-002
0.5 2.0 9.182296109099172E-003
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  Results for   
•  Without mapping                   solution for     bad 
•   With mapping                     solution for      good 
                                      difference C† few % for N ~ 10  
•  not so small eigenvalues                  

•    

1 Aim

The aim of the work is to study the inversion of the Nakanishi representation, that is to compute the Nakanishi
weight function g(γ, z) either from the Euclidean Bethe-Salpeter amplitude ! E via a two dimensional integral
equation denoted symbolically

! E = Ng (1)

or/and from the Light Front wave function " via a one dimensional integral equation denoted

" = Lg (2)

The interest of doing so is that once this quantiy g is computed either from " or from ! E , all the Minkowski
quantities and consequent observables could be obtained by quadratures.

The inversion of equations (1) and (2) will be done by discretizing the problem, by using one of several of the
standard methods

¥ Trapezes

¥ Gauss

¥ Splines

This results into a finite linear algebra system Ax = b which will be solved by direct methods or – to account
fro the very small eigenvalues – by eigenvector expansion.

An educated methodology suggests starting with the simplest case of inverting the relation between " and g
from the equation (2) and then try to do the same with (1)

2

0 ! ! ! L g
! ! [0, " ] g

! ! 106

In any case, as Volodia noticed, this niceagreement disappears when N increases .
This is already sensible for N=16:

# Mapping one pole
# m= 1.000 M= 1.900 z= 3.0000E-01 mu= 0.500
# N= 16
# epsilon_R= 0.0000E+00
# gamma g g_analytic

5.327767E-03 1.395511E+01 1.395871E+01
2.850236E-02 1.173867E+01 1.173231E+01
7.202324E-02 8.765453E+00 8.775401E+00
1.393386E-01 6.017519E+00 6.003251E+00
2.361885E-01 3.831714E+00 3.849746E+00
3.717263E-01 2.373383E+00 2.354197E+00
5.605450E-01 1.368670E+00 1.385119E+00
8.264632E-01 7.961129E-01 7.853135E-01
1.209975E+00 4.219581E-01 4.269238E-01
1.783978E+00 2.211501E-01 2.199626E-01
2.690151E+00 1.055200E-01 1.052694E-01
4.233906E+00 4.488057E-02 4.526143E-02
7.176762E+00 1.668402E-02 1.649842E-02
1.388441E+01 4.500861E-03 4.554977E-03
3.508481E+01 7.379924E-04 7.288460E-04
1.876959E+02 2.575496E-05 2.576177E-05

Here we start having some di! erences with Volodia Tab A1 (and among us) due to the solver we used.
Apparently mine is more robust ... but not for a longtime !
This tell us of how an ill-conditioned system behaves: here! = 1010 .... only
The same conclusion concerning the z-dependence of the accuracy holds here.
The condition number increases 4 orders when moving from z=0to z=1.

As one can see in the Þgure below the solutions start being crazy for N=12 (left) and N=24 (right).
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Figure 1: Convergence using mapping

The N=24 results of the right case correspond to Tab. A2 of Volodia but are totally di ! erent from them !
Here ! = 1014
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   Stability study 

•  The procedure works well up to                       
                       and N C† 36 

•  Practical but yet not clear if general and works   
         beyond the model… 

(L + ! I) g = !

! ! 10! 10



Eigenvector expansion 8.1.2 Eigenvector expansion

IÕve computedX i by cuting the eigenvector expansion (5) to somenmax < N

X i =
X !

i

wi
=

nmax!

n=1

b"
n

! n

"
ni

wi

#
=

nmax!

n=1

X "
n

"
ni

wi

#
(20)

and Ð in order to have the same scale Ð eventually divide the results by the analytic solution ga(" , z)

The results converge well as a function ofnmax provided the eigenvalues involved remain larger than! 10# 10

For instance L=500 and N=200 are plotted below in two di! erent representations (on right it is divided by the
analytic result ga)
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L=500 N=200

m=1 M=1 z=0 µ=1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Nmax

0.8

0.9

1

1.1

1.2

1.3

1.4

Xi

xg=0.0180
xg=0.0947
xg=0.2328
xg=0.4322
xg=0.6929
xg=3.5389
xg=4.2258
xg=4.9731
xg=5.7805
xg=6.6478

L=500 N=200

# N=200
# xg= 0.0180 0.0947 0.2328 0.4322 0.6929 1.0147 1.3977 1.841 8 2.3467 2.9125 3.5389 4.2258 4.9731
# nmax

1 0.2853D+01 0.1205D+01 0.7493D+00 0.5380D+00 0.4181D+00 0.3422D+00 0.2902D+00 0.2526D+00 0.2242D+00 0.2019D+00 0.1840D+00 0.1692D+00 0.1568D+00
2 0.1307D+01 0.8977D+00 0.9056D+00 0.9596D+00 0.1009D+01 0.1044D+01 0.1066D+01 0.1077D+01 0.1079D+01 0.1075D+01 0.1065D+01 0.1052D+01 0.1036D+01
3 0.1217D+01 0.8989D+00 0.9358D+00 0.9951D+00 0.1035D+01 0.1054D+01 0.1055D+01 0.1044D+01 0.1024D+01 0.9980D+00 0.9689D+00 0.9379D+00 0.9061D+00
4 0.1116D+01 0.9205D+00 0.9818D+00 0.1024D+01 0.1032D+01 0.1018D+01 0.9967D+00 0.9774D+00 0.9639D+00 0.9577D+00 0.9587D+00 0.9658D+00 0.9778D+00
5 0.1078D+01 0.9353D+00 0.9993D+00 0.1026D+01 0.1018D+01 0.9971D+00 0.9799D+00 0.9727D+00 0.9757D+00 0.9867D+00 0.1002D+01 0.1019D+01 0.1036D+01
6 0.1051D+01 0.9506D+00 0.1010D+01 0.1021D+01 0.1003D+01 0.9860D+00 0.9812D+00 0.9882D+00 0.1001D+01 0.1015D+01 0.1026D+01 0.1031D+01 0.1030D+01
7 0.1035D+01 0.9623D+00 0.1015D+01 0.1014D+01 0.9945D+00 0.9853D+00 0.9905D+00 0.1003D+01 0.1014D+01 0.1020D+01 0.1018D+01 0.1010D+01 0.9982D+00
8 0.1023D+01 0.9720D+00 0.1016D+01 0.1007D+01 0.9905D+00 0.9898D+00 0.1000D+01 0.1011D+01 0.1014D+01 0.1010D+01 0.1000D+01 0.9891D+00 0.9802D+00
9 0.1015D+01 0.9805D+00 0.1015D+01 0.1001D+01 0.9905D+00 0.9964D+00 0.1007D+01 0.1010D+01 0.1005D+01 0.9964D+00 0.9883D+00 0.9846D+00 0.9864D+00

10 0.1009D+01 0.9872D+00 0.1012D+01 0.9969D+00 0.9931D+00 0.1002D+01 0.1007D+01 0.1004D+01 0.9966D+00 0.9908D+00 0.9904D+00 0.9954D+00 0.1003D+01
11 0.1005D+01 0.9919D+00 0.1009D+01 0.9952D+00 0.9966D+00 0.1004D+01 0.1005D+01 0.9985D+00 0.9936D+00 0.9941D+00 0.9992D+00 0.1006D+01 0.1010D+01
12 0.1003D+01 0.9955D+00 0.1006D+01 0.9952D+00 0.9998D+00 0.1004D+01 0.1001D+01 0.9959D+00 0.9962D+00 0.1001D+01 0.1005D+01 0.1007D+01 0.1004D+01
13 0.1001D+01 0.9974D+00 0.1004D+01 0.9960D+00 0.1001D+01 0.1003D+01 0.9985D+00 0.9966D+00 0.9995D+00 0.1003D+01 0.1004D+01 0.1002D+01 0.9976D+00
14 0.1001D+01 0.9990D+00 0.1002D+01 0.9976D+00 0.1002D+01 0.1000D+01 0.9978D+00 0.9995D+00 0.1002D+01 0.1002D+01 0.9995D+00 0.9968D+00 0.9963D+00
15 0.1000D+01 0.9993D+00 0.1001D+01 0.9981D+00 0.1002D+01 0.9999D+00 0.9981D+00 0.1000D+01 0.1002D+01 0.1001D+01 0.9986D+00 0.9969D+00 0.9977D+00

The convergence is not uniform and two remarks in order

1. At small " the convergence is slow, quite di" cult below " = 0 .01. This may be due to the non uniform
gauss points distribution and could be cured by splines or even trapezes

2. The convergence breaks at the end of the integration domain L, where the solution starts increasing
instead of decreasing.

If one wants to ensure an accurate solution in a certain domain, one has to take L much larger than this
domain.

Why this happens, is probably related with the boundary conditions of the EV equation.

In any case it is not understtod (by me!). One should maybe consider a simpliÞed model, e.g. Model 0
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This last point is illustrated by the Þgure below (left) whic h is the same than the previous one (left) but in log
scale and with ! ! [0, 500]
By taking L=500 the solutions are reliable up to ! " 100
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If on takes L=10 the same problem arise in the vicinity of L and the solutions are reliable only for ! " 2

When introducing a mapping the conclusions are similar but the convergence is much better, including the two
remarks, at much smaller numerical costband with the advantage that L is pushed to +# .
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The conclusion from this section (valid only in Model III ?) a re

1. One can extract g from the Light-Front wave function by expanding it on the lar gest few
eigenvectors ( N $ 15).

2. No need of any regulator since this is naturally done by cut ting the ev expanson.

3. The stability is greatly improved and some boundary condi tions problems avoided when
using a mapping.
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0 ! ! ! L



Eigenvector expansion  ! ! [0, " ]

This last point is illustrated by the Þgure below (left) whic h is the same than the previous one (left) but in log
scale and with ! ! [0, 500]
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•  Low nmax~ 15  
 
•  Practical -  is it general and works beyond the model? 



 Results for    (N + ! I ) g = ! E

This can be seen in the corresponding plots of R for N=8 and N=24
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It is maybe more illustrative to compare the computed g to the analytic one as a function of ! at Þxed z and
as a function of z at Þxed ! and this for several values of"R
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As one can see Ð and apart fromg(! ) in the region ! ! [0, 1] Ðthe strong" dependence makes the results not
exploitable.
It is in particular frustrating that we cannot reproduce suc h a trivial z-dependence, specially the value a z= 0
This conclusion is similar to the one obtained last november Ð by Tobias using Gauss and by
myself using splines Ð with the Gaussian ! E model, althought the " dependence semms to be
much smaller, probably due to the regularizations of normal equations
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•  Analytical model for g agrees with conclusion found for 
                    the Gaussian model no convergence for g … 

•  eigenvector expansion does not give meaningful results. 



OUTLOOK 

•  Euclidean BS amplitude not promising to extract the  
                                                   Nakanishi weight function, 
•  Nakanishi PTIR can be useful for representing the 

       LF wave function, 
•  The solution for seems  for 

                             seems possible, 
•  Eigenvector expansion reasonable with n ~ 30  

•  Build Minkowski BS amplitude from the LF valence wf. 
                                                        
 

(L + ! I) g = !
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