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OUTLINE

Nakanishi PTIR for 3+1 bound states
Minkowski < -2 Euclidean: Nakanishi link?
ill-posed problem in Euclidean space and LF projection

Nakanishi inverse problem in a solvable model

Outlook



Introduction

Perturbation Theory Integral Representation (PTIR)

Nakanishi PTIR: "Parametric representation of

any Feynman diagram for interacting bosons, with a denominator
carrying the overall analytic behavior in Minkowski space.” (PR 127,
1380 (1962); PR 130, 1230 (1963); PR 133, B214 (1964); PR 135,
B1224 (1964).)

Uniqueness theorem for the PTIR multi-leg transition amplitudes for
bosonic systems - "Graph Theory and Feynman Integrals” (Gordon and
Breach, NY, 1971).

Solution of the Bethe-Salpeter equation in Minkowski space with
Nakanishi PTIR for bound-state bosons Kusaka and collaborators 95,97’

Euclidean BSE and Lattice... many results...
HOW TO GO TO MINKOWSKI ?22?



Remind: Nakanishi method for 3+1 bound states
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k2 Solution of the bound state for bosons (ladder):
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- e e Rev. D 56, 5071 (1997).

» Sophisticated algebraic manipulations.
« Simplification with Light-Front projection: Karmanov, Carbonell, EPJA 27, 1 (2006)

- Scattering: Frederico, Salme, Viviani, PRD 85, 036009 (2012), EPJC 75, 398 (2015)
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Example - Minkowski-> Euclidean in 2+1

V. Gigante, TF, C. Guitierrez, L. Tomio, FBS 56 (2015) 375
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Nakanishi PTIR extended to Euclidean space matches the Euclidian BS solution.



PROBLEM

Obtain Nakanishi weight functiag(! , Zz)  from the Euclidean E

b, = N 0
or/and from the Light Front wave function

11 — Lg

From g all Minkowski observables can be computedE



Euclidean 2 Minkowski: Nakanishi link?
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Nakanishi weight from Euclidean
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Other methods to get the Nakanishi weight functin from Euclidean BS amplitudes ?7?




ill-posed problem &5 = Ng
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With a mapping [0, 00] — [0, 1] given by ()
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®, = Apn gn!
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L solve the so called Onormal equations A AX = A b}

A A is trivially hermitian and, less trivially, debPnite positi ve,
So its spectral decomposition can be use



Spectral properties of the Nakanishi kernel

Eigenvalues
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The matrix A A is badly conditioned.
For n1=n2=N=8 one has already ! = 102° and for N=16 ! =10%°
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Light-Front Time Evolution
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— O only valence state remains! How to rebuilt the full BS amplitude?

lterated Resolvents: Brodsky, Pauli, and Pinsky, Phys. Rep. 301, 299 (1998)



BS amplitude from the valence LF wave function: sketch
@ Quasi-Potential approach for the LF projection (3D equations);

@ Derivation of an effective Mass-squared operator acting on the
valence wave function;

@ The effective interaction is expanded perturbatively in
correspondence with the Fock-content of the intermediate states;

@ ! (p) reverse LF-time operator: computed perturbatively

Reverse operation: valence wave function | BS amplitude

= () I

Sales, et al. PRC61, 044003 (2000); PRC63, 064003 (2001); Frederico et al. NPA737,
260c (2004); Marinho et al., PRD 76, 096001 (2007); Marinho et al. PRD77, 116010

(2008); Frederico and Salme, FBS49, 163 (2011).



ill-posed problem " = Lg

le dku
— 1 "k | |
oH b K: p# | .

(1) = 'O dLo(!, ! )g(!)

Caoane 1 2° 1
(1)= 75 [+ m2z2+ (11 z2)"2+ 172

NUMERICAL SOLUTION BY DISCRETIZATION



DISCRETIZATION: LF PROBLEM

ng Gauss quadrature points{Xj,w;} In the interval ! " [0,! max]
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Eigenvalues The corresponding linear system is ill-conditioned
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Spectrum of Nakanishi Lighf-Front Kernel
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1. The matrix A and A' have very small eigenvalues (see Figure left) which behavdike | , # e 'n

2. A' has smaller eigenvalues tharA althought the condition number is practically the same.

We prefered hereafter to work with A.
3. For a given L, the spectrum is not dramatically sensible toN (see red and black curves on Figure right)

4. However the spectrum is strongly Opushed upO (eigenvatuecreased) when L increases.
Using L large would allow to exploit a larger number of eigenectors (sayn ! 30) before entering into
OnoiseO
This suggests to use a mapping [A]" [0,# ] for the integration in variable !



Eigenvectors A kernel

osE m=1 M=1 Mapping N=24 — n=t _

High n eigenvectors = Log-periodic behavior !

- Use low n in practical problems, if possible...



Building a solvable model...

Nakanishi weight function Valence wave function
3+1 n=1 LADDER KERNEL 3+1 n=1

10; E
§ wm= 0.50 ]
o
) -
S &
=3 =
< Neé
=
0.0017\\‘\\\\\\\\\‘\\\\\\\\\‘\\‘\\\
0 0.5 1 15 2 25 3
I /m?
5
4; —
15 T T T T T T T T T T T T T T T T T T :
I i pw/m= 0.50
§37 ]
S
o = |
S 1 = 2k ]
<) : i
N [
9 L
o r ]
N 0.5 2 I
= = | = E L .
@Q 1_..Om % .
~ |

FIG. 3. The longitudinal LF distribution#!$' for the
‘galence component Eq34) vs the longitudinal-momentur

Karmanov, Carbonell, EPJA 27, 1 (2006) e 2 ot e oo oo e
Frederico, Salmé, Viviani PRD89, 016010 (2014) e ed IneB=m# 20. Recall that g dS#5' #



Nakanishi inverse problem
In a solvable model
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Results for "' — Lg

*  Without mappingQ! | | L solution forY bad

«  With mapping ! ! [0," ] solution fory good
difference Cfew % for N ~ 10

» not so small eigenvalues ! | 10°
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Stability study (L+ 1 I)g = |

» The procedure works wellupto | | 10 *°
and N C86

* Practical but yet not clear if general and works
beyond the model...



Eigenvector expansion 0! !'! L
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Results for (N +11)g = !¢
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 Analytical model for g agrees with conclusion found for
the Gaussian model no convergence for g ...

 eigenvector expansion does not give meaningful results.



OUTLOOK

Euclidean BS amplitude not promising to extract the
Nakanishi weight funct
Nakanishi PTIR can be useful for representing the
LF wave function,
The solution for seems fOL + ! I) g = |
seems possibl
Eigenvector expansion reasonable with n ~ 30

Build Minkowski BS amplitude from the LF valenod.
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