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Partial transpose of the free fermion

Entanglement negativity at finite temperature
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Mutual Information & Entanglement Negativity

[0 Ground state p = |W)(¥| and
bipartite system H = Hao ® Hp
Reduced Rényi
: : [,OA = TerJ entroples

density matrix

(T 0
Entanglement g, = —Tr(palog pa) = lim og TPA]_ ~ lim
entropy - n—1\ 1-—n n—1 0On

O Sa4 = Sp for pure states ;

O Trepartite system H = Ha, @ Ha, ® Hp (PA1UA2 1S mixed)

(Entanglement between A1 and AQ?J

O Sa,ua,: entanglement between A; U Ay and B
The mutual information S4, +S4, — Sa,uA4,

gives an upper bound

O A computable measure of the entanglement
is the logarithmic negativity



Why disjoint intervals?

[0 One interval on the infinite line at 7" =0 [ c ¢ ]
Sq =
3

[Holzhey, Larsen, Wilczek, (1994)] p log — + const
[Calabrese, Cardy, (2004)] a

O Two intervals Ay and As: Trp’ 4, for small intervals

w.r.t. to other characteristc lengths of the system [Headrick, (2010)]
[Calabrese, Cardy, E.T., (2011)]

Trp’; for disjoint intervals contains all the data of the CF'T

(conformal dimensions and OPE coefficients)

[0 Generalization to higher dimensions [Cardy, (2013)]



Holographic entanglement entropy in AdS(4)

[l Constant time slice in AdS,. 4 Area(q.) ) [Ryu, Takayanagi, (2006)]
Surfaces v4 s.t. 0ya = 0A Sa = L@+
Find the minimal area surface ¥4 \{ N J

[ Holographic dual of Wilson loops [Maldacena, (1998)] [Rey, Yee, (1998)]

[ For arbitrary shapes of 0A and AdS; we employ a numerical method
based on Surface Evolver (by Ken Brakke) [Fonda, Giomi, Salvio, E.T., (2014)]

/' %
&)
DO TR
X ‘
N\

il

Z/;i\\\\\\y/ {

L




, Salvio, E.T., (2014)]

X ‘E“ 0470% SN
S
SN OO
2z

N YRR

10mi
NN
U

5
N
;

/]
il
S
Wy

%
N
VA

[Fonda, G

71‘
JAVAY

T
N

<17
a4y
A

V'V
o

\vAra

<

e

PR
R
R N K aes
AR e
Sl

o
e
23
o
o

2
=
>

Iy
S
=
~
2

XXX

o

Sovivavaty
52

el
5

=
o

<X

o
oo
e

1011S

t reg
A U Ay)

| area surfaces
ith non smooth 0A

o1n

also w

(
1S]
(A

inima
[0 Pathwise connected domains

O D

M




HEE in AdS(4). From the disk to the infinite strip

8
& ﬁ A :1 Ro=2 Ry=1 .
R, | . circle . + ecllipse y Superellipses:
7".‘ o -« superellipse n =3 n n
'll superellipse n =4 | 3 |33‘ + |y| —
) superellipse n =6 R? Rg
superellipse n =8

J  squircles: R; = Ry
spherocylinder




HEE in AdS(4) & Willmore energy

[ Willmore energy of a closed [Willmore, (1965)]

smooth surface X, C R? W(E,] = 1/ (TrK)2 dA
5

(extrinsic curvature K, )

[ Minimal area surface 44 C H® has TrK =0
Consider 44 C R?

’ — 2 _ 1 — = 2,(d)
[Babich, Bobenko, (1993)] Fa=W [VA] - AA 2 dA = 9 w [WA ]
[Alexakis, Mazzeo, (2010)]

umbilic line

O Since W|[X,| > 4n (saturated only by round spheres) [Willmore, (1965)
HEE is maximised by the disk for a given perimeter Py



HEE in asymptotically AdS(4) static spacetimes

[Fonda, Giomi, Seminara, Tonni, to appear]

B

Take ds?|i—const = Gy dztdx” with g, = e2? Guv and p = —log(z) + ...

The metric g, is asymptotically flat
O A4 extremal area surface ((Tr[? )2 — 4(75}\ O ¢)2J

~ o~

1 - - y
Fu = / [§(TrK)2 + V2p — ¥ — akpY Vuvygp] dA
,3/

The unit vector 7# is normal to the surface 44 C R3

AdS,: the previous formula with the Willmore energy is recovered

1 2
+ de)

Asymptotically AdS, black holes ds? =
f(z)=1— Mz + Q2"

o= [ A( D) e s - L 1]

2/2

5 dz
(—f(z)dt +f(z)

Also time dependent backgrounds (e.g. Vaidya) have been studied



HEE in asymptotically AdS(4) black holes. Ellipses

[ Domains A delimited

by ellipses
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Holographic mutual information in AdS(4). Squircles

[Fonda, Giomi, Salvio, E.T., (2014)]
IAl,A2 — FAlUA2 - FAl - FAz T 0(1)

IAl,Az

IA1,A2 = SAl T SA2 o SA1UA2 = m

[ Beyond a critical distance Z4, 4, = 0 and the disconnected configuration
is the minimal one

IAl,Az

15¢

v v squircles n =8
. squircles n =6

10l squircles n =4

. squircles n =3

circles




Entanglement between disjoint regions: Negativity

O p = pa,uAa, is a mixed state

is the partial transpose of p w

1 2 5 2 1 2 1 2
(V@157 eDe®) = (€D plePe®) ]| vt

[Peres, (1996)] [Zyczkowski, Horodecki, Sanpera, Lewenstein, (1998)] [Eisert, (2001)] [Plenio, (2005)]
[Vidal, Werner, (2002)]

. Ts
O Trace norm { 1pT2|| = Tr|pT2| = Z Nl=1-2>" X\ J Aj eigenvalues of p

i <0 Trp' =1

Logarithmic negativity (5A2 — IHHPTQH = In Tr’pTQ‘J

[ Bipartite system H = H; @ Ha in any state p =~ =—>p & = &,



Replica approach to Negativity

[Calabrese, Cardy, E.T., (2012)]

Tr(p'2)me = Z)\?e — Z A" + Z |\
0 A parity effect for i A;>0 X <0
Tl"(,OT2>nO _ Z)\:&o _ Z |)\Z|no . Z P\z‘no

') A; >0 A; <0

Ne

[0 Analytic continuation on the even sequence Tr(p'2)"™ (make 1 an even number)

[ E = lim log [Tr(pTQ)ne}] lim Tl“(pT2)n° — TrpT2 —

Ne—1 no—1

] [Pure States] p = |UY(U| and bipartite system (H = H1 ® Ho)

1 ( Tr p° . N Schmidt
To\n L2 =" odd decomposition
Tr(p™2)" = <

2\ 2
(Tr pg/ ) n=mne even
\\ . y,

[ Taking n. — 1 we have [5 = 2log Trp%m] (Renyi entropy 1/2)




2D CFT: Renyi entropies as correlation functions

[ One interval (N = 1): the Renyi entropies can be written as

a two point function of twist fields on the sphere [Calabrese, Cardy, (2004)]

U (V)

[Holzhey, Larsen, Wilczek, (1994)]

14
SAzglog——l-Cll
3 €

[0 Twist fields have been largely studied in the 1980s

[Zamolodchikov, (1987)] [Dixon, Friedan, Martinec, Shenker, (1987)]
[Knizhnik, (1987)] [Bershadsky, Radul, (1987)]

] Integrable field theories [Cardy, Castro-Alvaredo, Doyon, (2008)] [Doyon, (2008)]



2D CFT: Renyi entropies for many disjoint intervals

[0 N disjoint intervals — 2N point function of twist fields

Ay Ay An_q AN
_ uy U1 U2 U2 UnN—1 UN-1 un UN o
T T Tn  Th Tn
0 im_ ®y w3 wayeg TNl 1 00
N
Troh = 2o = (I ) Talw) = e | ===
’Lzl 1,7

0 Zn ., partition function of Ry, a particular

Riemann surface of genus g = (N —1)(n — 1)

obtained through replication




N intervals: free compactified boson & Ising model

N N-1 n—1
' n =(N—-1)(n—-1
RN’n L H (Z - x27_2> [ H (z - :U27_1)] gﬂnOIS(ki Grav21<72/2003>?

Partition function for a generic Riemann surface studied long ago in string theory
|Zamolodchikov, (1987)] [Alvarez-Gaume, Moore, Vafa, (1986)] [Dijkgraaf, Verlinde, Verlinde, (1988)]

Riemann theta function Ole](0|Q) = Z exp [ir(m +¢€)'- Q- (m +¢e) + 2ri(m +¢€)* - J]
with characteristic

m € ZP

Free CompaCtiﬁed boson (77 X RZ) [Coser, Tagliacozzo, E.T., (2013)]

[ R4+11 A

O(0|T}) inZ R T=RT1
FN,n(CU) — L 1, = ( . period matrix
q ©(0]|7)[? ! R iI/n (g % 9)
( -
Ising model Fleme(g) = 2_e |1©e](0[7)]
. | N,n 29 |©(0|7)| Nasty n dependence

Two intervals case: [Caraglio, Gliozzi, (2008)] [Furukawa, Pasquier, Shiraishi, (2009)]
[Calabrese, Cardy, E.T., (2009), (2011)]
[Fagotti, Calabrese, (2010)] [Alba, Tagliacozzo, Calabrese, (2010), (2011)]



Two disjoint intervals

[l Mutual information in XXZ7 model

(exact diagonalization) [Furukawa, Pasquier, Shiraishi, (2009)]

04— Rational interpolation:
oas L 11 an example
— 62 — G
03 (2,2) (1,1) 0.5[T T T e T T T
. T
”55555555?: ..... ST
0.4 e s
0.25 :
0.3
0.2 w
0.2
0.15 |t/ \ &
‘ N e TR 0.1
\ \ (118) log (4/3) ~ _
0.1 LW | 0 1 1 N

0 0.2 0.4 0.6 08 I 1 0.2 0.4 0.6 0.8 7’] 1 0

[ Mutual information in critical Ising chain
(Tree Tensor Network) [Alba, Tagliacozzo, Calabrese, (2010)]

0.25 T T T T T y T
] e """"\\\ | 1 O Rational interpolation:
2 ra ]
A N [De Nobili, Coser, E.T., (2015)]
[ _—w oz W (g = G Fal@n + -+ ap(z)n”
0.15 (1,1 Ogi ?6 4 (p?q) bo (a’;) —|— b]_ (:B)n —I— .« o e —I— bq(x)nq
- (2,1 -
<0 =32
0.0 il Method first employed for Riemann theta functions
in 2+ 1 dimensions [Agén, Headrick, Jafferis, Kasko, (2014)]
()() I ()I.Z I ()I.4 al,; ()!() I (){8 ‘ 1



Partial transposition: two disjoint intervals

| O The partial transposition
exchanges 7,, and 7,

[Calabrese, Cardy, E.T., (2012)]



Partial Transpose in 2D CFT: two disjoint intervals

[Tr(p£21uA2)” = ¢ [t102(1 —y)] g(ni)gn(y)]

O Tr (p%lu A2)” is obtained from Trp'; 4, by exchanging two twist fields

Guly) = (1—9)*" ) F, (y)

y—1
r N

u £() = Jim, 6o, = tim |7 (1)

Ne—1 Ne—1
. J

M Two adjacent intervals: Tr(p’2)™ = (Tr(—£1)T,2(0) Tr (£2))



Two disjoint intervals: periodic harmonic chains

[0 Previous numerical results for &: [Wichterich, Molina-Vilaplana, Bose, (2009)]
Ising (DMRG) and harmonic chains [Marcovitch, Retzker, Plenio, Reznik, (2009)]

[l Non compact free boson [Calabrese, Cardy, E.T., (2012)]

4 ™ 5, 1 1
no_ Tr(p'2)" R — (1—2)s = [T, 1F§(_=’17> Fr(l—a)|"
" T p'y k—lRe< Fi(3%5) Fr(15))
K J n n
| I ] ! ] |
R, I
0.9_— -
0-8:‘ L=1000, 5000, 10000 CFT 7
I n=3 X A o) —
07-_ n=4 X A — ) ]
[ n=>5 X A \\
- n=6 X A o) — "
0.6 ARG
[ 1 L L N | L L N | N L N | 1 1 1 | 1 ’ <O
0 0.2 0.4 0.6 0.8 1.0

[De Nobili, Coser, E.T., (2015)]



Two disjoint intervals: periodic harmonic chains

0.6

0.4 : v L=5000
[ : O L=10000

0O L =20000

, : : - 1
Analytic continuation for x ~ 1 £=—"log

[Calabrese, Cardy, E.T., (2012)] A (1 _ 'CU) + log K(Qj) + cnst

@ Analytic continuation n, — 1 for 0 < z < 1 not known

@ &(x) for x ~ 0 vanishes faster than any power

Numerical extrapolations (rational interpolation method) [De Nobili, Coser, E.T., (2015)]




Two disjoint intervals: Ising model

[Alba, (2013)] [Calabrese, Tagliacozzo, E.T., (2013)]

M CFT

(1— y)(n—l/n)/6

2. 19el(0l7(;57))

~\

_ n—1
2T By (52511

J

[l Tree tensor network:

2.57
@) 1 =2
] 1 =14
< or O x 1 =28
(@) . 1 =16
+
+++ + + + 1l = 32
" w o
e 1 =64
15] % -
. 2 » xXXX X <> 1l = 128
; m
moo o O CFT
@O0 Wo ) extrapolation
1 ‘ ‘ | |
0 0.2 0.4 0.6 0.8

D<y<l1

[Calabrese, Tagliacozzo, E.T., (2013)]

0.03r 1 - s -
. L 16 |
¢ 1 =128
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XY spin chain: two disjoint blocks

O XY spin chain oo — 1ZL: L+ & L= 4 4
with periodic b.c.

Ising model in a transverse field for v = 1, XX spin chain for v =0

Y —10% ot +10%
[l Jordan-Wigner transformation Cj = ( H 0%) ’ ’ C} = < H ‘75@) ’ 9 ’

m<j m<j

then introduce Majorana fermions as; = ¢; + c;r- and ag;j_1 =1i(c; — c;f)

0 Two disjoint blocks B- Aq By Ao B

+ The string Pp, = Hj€B1 (iag;_1a2;) enters in a crucial way
[Alba, Tagliacozzo, Calabrese, (2010)] [Igloi, Peschel, (2010)] [Fagotti, Calabrese, (2010)]

Rényi entropies can be written through 4 fermionic Gaussian operators
[Fagotti, Calabrese, (2010)]

L 4+ Py ptP
Trpy = Tr (pA il 32pA 22 | (Pp,

> pgl - PA210§1PA2 By _ Trp (PB1’\IJ><\IJ|)
2 Pa = <PB1>



XY spin chain: partial transpose of two disjoint blocks

[ Free fermion: p% is a sum of 2 fermionic Gaussian operators [Eisler, Zimboras, 1502.01369]

[0 XY spin chain: Tr (p%)n can be written in terms of 4 fermionic Gaussian operators
[Coser, E.T., Calabrese, 1503.09114]

:5}1 T PAzﬁ}lPAz 4+
2

~B ~B
> pa — Pa,py' Pa,

To\" _
Tr(pAQ) = Ir o

O CFT predlctlons have been checked for Ising chain and XX chain
(e.g. Tr(p'2)™/ Trpy for n = 4) / \

1.00f 1.00 s g
[ 0.95[ .
0.95] [ ]
0.90F .
0.90 i ]
[ 0.85} ]
[ e (=16 O . ]
0.85} 0.80F = (=32 o (=9 .
L [ €:64 O €=27 L
¢ (=288  x extrapolation . 0.75F ¢ £=128 » (=81 x extrapolation o ]
0.0k 7 (=320 — CFT ] [ v =256 © =243 — CFT ’ ]
[ . A B R 1 T 0 70' T R R R R
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0

X X



Free fermion: partial transpose of two disjoint intervals

[ CFT expression:

[Coser, E.T., Calabrese, 1508.00811]

r 2A,, 2 )
n ]. — n—1 ¢ @ e %
Tr(p%) = = g COS 1+ g 221:7? 0 i
014 2n/ o(7)
g J
~ : .. 0
where 7 = 7(x/(z — 1)) and the sum is over the characteristics e = ( 5)
[0 Same result for the compact boson at selfdual radius
[0 The lattice counterpart of each term in the sum can be found
5-— e (=16 o £=9 x extrapolation - ] e /=16 o ¢=9 x extrapolation ]
[ W =32 (=27 — CFT » (=32 ¢=27 — CFT
[ (=64 ~ £=81 | /=64 ~ £=81
4_— e (=128 =243 1 3 ¢ =128 £=243 -
o v (=256 v v =256 v
= < ¢
<G
0
e 1 -
0 0.2 04 0.6 0.8 10 0 0.2 04 0.6 08 10



Partial Transposition for bipartite systems: pure states

H=Ha @Ha,
B A B A B
] lim - 2 )
B—0 Uy U1 U V2
Tn Tn T, «<—> Ty,
_ Partial _ exchange
(TI‘(,O£2 )n = <7:12 (u2)7;2(v2)>] ( Transposition ~ two twist ﬁelds}

[ 7, connects the j-th sheet with the (j + 2)-th one

Even n = n. — decoupling
([ -

Te(p2)" = (Tr, (us) T, (v2)) = Tr g
\ \ /

[ Two dimensional CFT's ‘) n :4
— /'\

C 1 c (n 2 C
2 = — _— — = 2 = — —6 R = — 1
ATno 12 (no n0> AT”O [ATne 6 ( 2 Ne )] [5 2 nt+ COHS’CJ

@MMMQT

S
I
ot




One interval at finite temperature: a naive approach

[Calabrese, Cardy, E.T., (2014)]

[0 Logarithmic negativity £ of one interval at finite T'=1/8

[ A naive approach: compute (7,2(u)7,?(v))s through the conformal map

relating the cylinder to the complex plane

c 6 ../
Ennive = 5 In (% sinh E) +21Incy 9

Problems:

=20 The Rényi entropy n = 1/2 is not an entanglement measure at finite T

+ Enaive 1S an increasing function of 7', linearly divergent at high T’

Entanglement should decrease as the system becomes classical



One interval at finite temperature in the infinite line

(connection to the (j + 1)-th cylinder following the arrows)

Single copy of pgA — It (pﬁ

Deformation of the cut along B

A cut remains connecting
consecutive copies

— No factorization for even n

(The double arrow indicates the connection to the (j + 2)-th copy)



Deforming the cut at zero temperature

n

Deformation of
the cut along B

The cut connecting consecutive copies shrinks to a point
Only the connection to the j & 2 copies along A remains
—> Factorization for even n




One interval at finite temperature in the infinite line

Two auxiliary twist fields at Re(w) = +L,
then L — oo

[eA — lm lim In (T, (—L)TZ (<0)T2 (0) ne<L>>g]

o

L—00 ne—1

[0 Conformal map the cylinder into the plane z = g2mw/B

_ ~ 7(12) F, C2 _ -
T T2 T ) Ty = - P p 1 R = 20T
21 "Rzt T Cn
v 5 et when Lo oo [ 7@ = Jim i, @]
é
c g . Tl el o
Eq= iln [E sinh (E)} ~ 35 + f(e2m/P) + 2In ¢y /9
. J
Ea=¢Ep

& depends on the full operator content of the model

large 1" linear divergence of &, ,ive 1S canceled

semi infinite systems Re(w) < 0 (BCFT) have been also studied

AAA



Conclusions & open issues

Shape dependence of holographic entanglement entropy in AdS,/CFT3
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Entanglement for mixed states.
Entanglement negativity in QFT (1+1 CFTs): Tr(p2)" and &
=3 free boson, Ising model, finite temperature, free fermion

Some open issues:

—3» Analytic continuations
=» Higher dimensions

=% [nteractions
—» Negativity in AdS/CFT




