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<> Gravity is believed to be holographic: it should be
described by a non-gravitational theory in one dimension less
‘t Hooft '93, Susskind '94
<> This is well understood for asymptotically

anti-de Sitter spacetimes: AdS/CFT correspondence
Maldacena ‘97, Gubser Klebanov Polyakov '98, Witten ‘98, ...

< Original arguments for holography are
insensitive to asymptotics

< Decoupling argument extends to nonconformal

Kanitscheider et al '08

branes (non-trivial dilaton & non-AdS asymptotics) wiseman & withers ‘08

- obtained from AdS via a generalized dimensional reduction
- Holographic dictionary inherited from AdS  Kanitscheider & Skenderis 09

I will discuss a generalized dimensional reduction
linking Ricci-flat and AdS solutions, aiming at
formulating holography for AF spacetimes.
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AdS/Ricci-flat
correspondence

~ a map linking Ad$S gravity and vacuum Einstein gravity ~



A map relating AdS
and Ricci-flat solutions

MC, Camps, Goutéraux & Skenderis '12

|. Solutions to AdS gravity in d+| dimensions of the form:

1
2
dsA—d8p+2()+edp1dydp , _
\ A — d(d—1)
- 2
unit 74-r—1 26

2. Extract (p+2)-dim metric §g(x) and the scalar ¢(x)

3.Substitute d — —n in g(x) and ¢(x)

unit S7t1
2¢ (x) /

4.Insert back in  dsj = entr T (dS7 o (z) + €2 dY )

~

Then, the metric ds; is Ricci=flat (R. =0

It solves vacuum Einstein equations in (n+p+3) dimensions



Trading curvatures: from AdS to Ricci-flat

AdS gravity

Reduction on 7¢ 771
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Trading curvatures: from AdS to Ricci-flat

AdS gravity Vacuum Einstein gravity
D=n+ p+3
/ 47 TPT3 /—§R
M
Reduction on 7¢ 771 Reduction on S"!
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Trading curvatures: from AdS to Ricci-flat

AdS gravity Vacuum Einstein gravity

D=n+p+3

/ dVTP TS \/Tgfz
M

Reduction on 7¢ 7! Reduction on S}

2¢(x)

2¢(x) R

2 _ 3452 i 2
dSA—dSp_l_Q—'_ed p 1dyd—p—1

X , &_n+p+2
—ge¢(R+Oz(5‘¢) +/3) Cn+p+1
p = Rsn+
—2AHRSﬁ—|—1

Dimension d (and n) enters analytically
as a parameter in the equations of motion



Some remarks

|. Requires knowing the solution for any d (or n): we are mapping
families of AdS solutions to families of Ricci-flat solutions

2.Analytical continuation d —+ —n on the lower dimensional theory:
d and n should not be thought of as spacetime dimensions

3.This is an example of Generalized Dimensional Reduction

Kanitscheider & Skenderis '09 - Goutéraux, Smolic, Smolic, Skenderis & Taylor '11 - Goutéraux & Kiritsis 11

4.We are trading the curvature of AdS with the curvature
of the sphere (—2A < Rgnt1)

5. Extensions with other compactifications/cosmological constants
e.g. AdS/dS correspondence bibato & Frsb 14

The resulting Ricci-flat class of solutions has an
underlying holographic structure and hidden conformal
symmetry inherited from the locally asymptotically
AdS class of solutions.
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Some simple examples

~ what happens to simple known solutions under this map? ~



First example: AdSq+1 on a Torus

l. AdS spacetime in d+1 dimensions: Td—p—1
P L
dsy = ;e (dr + nepdx“da” + dy )

2. Extract the metric and scalar:

62
2 ds} 5 = — (dr® + nap da“da’
dS/Q\ — d§229+2 + ed_—f_l dy_?i—p—l _ Sp+2 r2 ( r Tlab ;C X )
p(x) =—(d—p— 1)lnz
ds; £ (dr® + nap dzdz®)
3. Substitute Jd— —n = P2 2 a

2¢ /

4. Lift to n+p+3 dimensions:  ds; = en 71 (ds; , + 7 dQ; )

— dS(Q) — 77abdx&dajb =+ dr? + TQdQ?H_l MinkowsKki

—— N —— . .
RLD B2 in n+p+3 dim.



First example: AdSq+1 on a Torus

AdS spacetime
. oo A
compactified on a torus _—— A>,-CC,. .
_ =% \07.

bulk
p-brane
T« — located at
r=20 r =20
AdS boundary
Minkowski

spacetime



Second example: Excitations on top of AdS

1. Fefferman-Graham coordinates for Einstein-AdS solutions: (p = r?)

dp? 1

ds? = |_( ) d/2 . ---)d“d’/
SA 102 Nuv TP " G(dypr T zhdz

flat boundary metric normalizable perturbation T, o¢ g4

2. Reduced theory: non conformal branes with dual stress tensor T,
aaTab — 0 T a __ (d —p— 1)@¢ Kanitscheider & Skenderis '09

the expectation value of the scalar operator breaks conformal invariance

3. & 4. Analytical continuation and uplift to n + p + 3 dimensions:
iLAB — —167TGNTAB

ds% = (Nap +hap+...) dz?dz® ~ ,
hap = hap — 51AB

- A
8 e C The holographic stress
Lap = Gin Q1 Tap0™(r) tensor sources the
(stress tensor of a p-brane located at r = 0) faraway gravitational field

- J
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Second example: Excitations on top of AdS

AdS spacetime Minkowski
spacetime

bulk

/

faraway field

ha,b
\

p-brane
located at

r =20

Tab

AdS boundary

A/~

ab

i The holographic stress tensor is (minus) the stress |
itensor of a brane, located at the origin of Minkowski, !
| that sources the linearized gravitational field fqp ..

[ NB: A similar picture arises in the AdS/dS correspondence pibato & Fréb 14 |
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Second example: Correlation functions

<> On AdS, we find regular linear transverse traceless fluctuation
satisfying Dirichlet boundary conditions

<> This translates on the Ricci-flat side into a choice of a metric at
the location of a p-brane

<> At linear order, the holographic stress energy tensor becomes
the stress energy tensor due to this p-brane, that
sources the linearized gravitational field

<> The regularity in the bulk of AdS becomes the requirement that the
Ricci-flat perturbation preserves asymptotic flathess

A coherent picture is emerging, hinting at
holography for asymptotically flat spacetimes



Third example: black branes

x AdS/RF maps planar AdS black holes to Schwarzschild black branes

~ y dz? 1
ds? = 22(— f(2)d7r? + d@2 + di?) A 2 fz) =1 L
d< —n ] z=1/r, b=rg
dr? . 0
dsg = — f(r)dr?* A f(rr) | T2dﬂi+1 + dz? flr)=1- :_S,J

Schwarzschild

* It also maps AdS fluid/gravity metric to blackfolds

ingoing radial \
null geodesic

AdS boundary




AdS/RF summary

* AdS/Ricci-flat correspondence maps asymptotically locally
AdS solutions on a torus to Ricci-flat spacetimes

These Ricci-flat spaces inherit the holographic properties of AdS

* Holography for asymptotically flat spacetimes?

- The map captures all the dynamics in the extended directions
along the brane (correlation functions, hydro mode, transport coeffs)

- The transverse sphere is frozen! These are critical modes to

understand asymptotically flat holography:
we are Kkilling all the dynamics of the Schwarzschild black hole

- However non extremal BHs near horizon geometry is Rindler,
that we can link to AdSy; hints to an effective chiral CFT

x Extensions of the AdS/RF map Di Dato, Gath & Vigand Pedersen ’15

- Auxiliary reduction: extension with gauge fields (EMD)
but the sphere remains frozen, so it does not help us



How far can we push
the AdS/RF correspondence?

7 N\
© @

~ Unfreezing the torus & the sphere ~



Beyond AdS/RF: perturbations

Td—p—l
77 N gt

? 7 N\

<> General linearized perturbation of AdS and Minkowski
<> Full Kaluza-Klein reduction down to p+2 dimensions

<> Compare the resulting modes

> m



Linearized perturbations of Minkowski

ds? 5 = Ny dztdz” + dr’+r® 0,5 d0°d0? + hap dX*dX"
N—— —— e
p+ 2 Sn+1 perturbation

Field expansion in SO(n + 2) representations:
hap = b (z,7)S"(0),
Ry = B(I\j)a(a:, r\V7(0) + B(Iss)a(x, r)D;S™(6),
hiij) = o (x, T)Téj)((g) + ¢, (z, T)D(iV%(@) + ¢g* (z,7)D;D;)S"(8),

hii — O'ijhij — 7TIS (.CU, T)SIS ((9)

Fields Spherical harmonics
Scalars hs B(Iss)a, Ll Ss(0) AL
Vectors = B (I\j)a, Pl VMG) Al
Tensor hi Tf;j) (0) Ak



Gauge invariant variables

Skenderis & Taylor '05
Some modes are diffeomorphic to each other,

or to the background solution. Consider X4 = X4 — ¢4 with

Eo = Els(x, 1) S, & =& (2, ) VI 4 €5 (2, r) D; ST

Define E(Iss)a = B(Iss)a — %aa¢§s -+ %5ra¢slsa

ook =27k, dob —2€h, 0B, ¢k )

(s)a  >Sa

) pure gauge!
= Use B(Iss)a, oL, dlv to compensate the variations
generated by the gauge parameters £, &/v, &7
I, I, I. I, _ .29 I,
5hCLb — aagb _I_ 8[)5& 5B(V>CL — T aazgv

om's = 22 Al 4+ 2(n 4 1)rEds 5@? =0



Gauge invariant variables

Skenderis & Taylor '05
Some modes are diffeomorphic to each other,

or to the background solution. Consider X4 = X4 — ¢4 with
o =EL(x,r)Sh, & =&l (x,r) Vi + &l (2, ) DST:

— B

: ST,
Define B 9)a

(5)a — 30.08 + 10" OF.

Spls = 202¢ls,  ogl = 2%, 6Bl = ¢k

Define the hatted, gauge-invariant fields 5izfsb: 0
P Is S 1s I,
h 5 = h — 0 B( b — OB (S) 5B(V)a 0
1
BN =B _ —5’a¢ gt —5”“a¢ ‘ oils= 0
(Via (v)a v r
7ls — Al — 2(n 1)7°B(IS) \ 5¢It—

gauge-invariant f‘elds



Linearized field equations

E(c?l)) = §AB(hBC|DA — haBjcp + hBpjca — hCD|BA) =0

Decompose & project onto harmonics:

£, o
STs
B0, —0 £, o
Viv DiSIS
O —_og gO —0 EWY —0 EWY —0
9l =0 B o T B o e 70 B e




Linearized field equations

E(c?l)) = §AB(hBC|DA — haBjcp + hBpjca — hC’D|BA) =0

Decompose & project onto harmonics:

O  _
B, . =0
( )
B0 —o) EO| =«
Viv DiSIS
g9 ‘ —o| EY =0 EY =0 EWY =
s O/ DGV ’ Y ID D)8t Y loysts ’

. “
L» Decoupled equations for B(I\j)a and ggtft

AIV In—l AIV 2 AIV n—3
B%)a OrB (o — ~0aBj),

e n;SﬁrA{ur_(AIt_QnJrQ) bl —

r 5L I, _
5" B Bl =

72

=




Linearized field equations

E(c?l)) = §AB(hBC|DA — haBjcp + hBpjca — hCD|BA) =0

s = Coupled equations for ﬁfjb and 's *
4 )
R, =0 N

N S's Y
4 )
B9, =0| £, =
V,L-V DiSIS
E.(Q)‘ —ol| @ —0 EWY —o |gY — 0
“ |1k YDyl "D, D,y ST " 1oSTs

J

\ -
L» Decoupled equations for B(I\j)a and ggtlt

AIV In—l AIV 2 AIV TL—S
B%)a OrB (o — ~0aBj),

e n;SarA{t+_(AIt_2n+2) bl —

72

=

r &L I,
5" B Bl =



Linearized field equations

E(c?l)) = §AB(hBC|DA — haBjcp + hBpjca — hC’D|BA) =0

s — Coupled equations for ﬁfjb and 's *
A Follow from other equations \
I,
)

EY =0 I
| ab g, ) (gauge freedom to choose B3, . Pls
4 N\ )
(0) _ (0) _
Eai yiv =0 Eai D.Sls =0
(0) _ (0) _ (0) _ (0) _
5| =ol|ED| =0 ED|  —o||ED| =0
i T I DV D D;)S ) o35S
L Decoupled equations for B(I\j)a and ggtft
T In—l ST, 2 AT, n—3 r 5 IAIV—nAIV
B(v)a | r a"“B(v)a o ;8GB(V)’I“ r2 O B(v)fr | r2 B(v)a _

AtIt | n;gﬁrAtIt—I——(AIt—Qn—l—Q) Atft:




Action for fluctuations on Minkowski

| P | Ao s 1. .
Sy = / AP {§ach§sbaahfsbc —~ Zaahg;aahfsbc + 4—2h§bhfsab + Zacuaﬂsa&hrfs
T

Al | RPN n+1. . 1 n
_ = _ghgl _ Zgeglsgbpls — hls 9 fls
A2 2 ab 2r T4 + dri n + 1

1 n(n — 1) I 4 AT~ T 1 ~T, b7 I n—1.; ~ T L rnasr
_ AS_ s s__aaf sa hs o hsaa s T saahs
47" ((n+1)2 n+1>7T " 272 " ab 2r3 9T " +7°37T ar
n—1
4

D207

A 1 A 1 A AIS n - 1
T ShIS aaHIsaaAIS - T S@IPHIS - HISAIS - TS TAIS SIS
ey 272 " 203" 2rtn +1 " o5 I >

r

]. A ~ AIV - ~ a 2 A~ A 2 A A
4 | qpt2gp el _ gL GHvab 4 nBIV pla _vaaﬁaBI\, 4 inlly YV oY v 1
1 ) 9a By + 3 B0 By (Ve

(v)ab™~" (v) 272 (V)a™ (v) r v
1. apoasp  ANt—=2n+2., .
—|—/dp+2:1:r”_3{—18a Lorple + 4r2n+ L tlt}TSIt

Variations:
1 #ls Bl plt —  independent field equations
CLb (V)a, t p q

B(Iss)a ols Pl = linear comb. of the field eqns & V
I

Field equations for gﬁ{t and E’(\j)a are decoupled



Linearized perturbations of AdS

JE S
ds;,, = 2 (N detdx” 4 dr®+ 6,5 dx'dx’ ) +hap dX*dXP
—_— Y— —
»+ 2 T d—p—1 perturbation

Field expansion in Fourier modes on the torus:
hab = hgy (y)S™

hai = Cla™ (V™) + O, () 0iS™

7 (k,l,my k,l,my m, k,m, m. m,
hiijy = o )T ™) + ) ()0 V™) + ™ (y)9;0,)S
hii — 5ijhij — o't (y)Sms

Fields Harmonics
Scalars hoe Clova P s S™s(x)
Vectors C'((\]f)’;m) {feomm) Y (Em) (4 )

7 (k,l,mt)
t

Tensor T(Folmi) ()



Gauge invariant variables (AdS)

Again, some modes are diffeomorphic to each other,
or to the background solution. Consider X4 = X4 — ¢4 with

Ea = &0 (y)S™(x), & =&™(y) Vi (x) + &M (y) 0:S™ (x)

Define O™ = Clayy = 300t — 07 oI,

(s)a r

Spms = 26, Y™ =26, 6O,

Define the hatted, gauge-invariant fields
hme = e _ 9,0ms _ g 0me 2
ab — 'ab T YaZ(s)p — Y0 (S)a,—l_;

m m, 1 m, 1 r m,
C(v)a — C(v)a — 55’61,% _ ;5 awv

(e C5. — a7 C5, = 7 O

~ 1m m m 2 Ym
T =™+ my + —(d—p— 1),

)

\_

— g;ns
Sh™s = ()
ot =0
5C(V)Va =0
S =

\

J

gauge-invariant fields



Linearized field equations with A

A d
E](W])V =o0RynN + €_2hMN =0
Decompose & expand in Fourier modes:
B, =
S
4 )
I
V;mv 8szs
B =o0| BV =0 B =0 B =0
N Tin O V3" 03055 0ij 5™

A

L» Decoupled equations for Cg‘)“a and

(v)a r (v)a 2 V)r v

o d=5_ . 2d-2)

N 2
e . Opp™

em _ 4175, am, 4 1som, <m2 2<d—2>)émv )

my __
¢ —
7“2




Linearized field equations with A

AN
B\ =

d

OR N + /2

— Coupled equations for h's and ™ <

hyn =0

(E(M ) h Follow from other equations \
ab fgme T ‘ (gauge freedom to choose C(r?)sa, s qhIov)
4 N\ )
EW| =0 [|EW =X
at ymy at 5,Sms
g =ol[ES =0 B — 0 F$> :ﬂ
N Tij) JAR 9V 03055 Y 015 5™
L> Decoupled equations for Cg‘)“a and 12{“"
~m,, d— 25 A1m,, d—1 r Am, 2 2(d—2) “Ym,
C(v)a r a"'“C(v)a, r2 Oq C'(v)fr B (mV r2 ) C1(v)a =0
8 d—>5_ - 2(d —2) ~pn

Amt L 2 M
t m; 1,

O™ =
r t TQ t



Action for fluctuations on AdS
s.= [t | [—lam:nta%:“t - (w2 2 (e |

72

1 m,, mvab m, qa/ vmy 1 2 2(d—2) m,a Aym, m, A, m,
+ [ 1 wat w) C( 0" Cle = 5 (mﬁ ) O Cla + C( W Cor| Ve

1 A A A A 2 A A 1 2 d R 2 ~ A~
+ lﬁahgns(?bhmsac — —(9ah£n58“hmsbc -+ —hmsabﬁahgns — = (mf + ( )) h”gshmsab
C C r T 4 a

r2
3~
2T

A d —
4+ _hmsa hms . _abhmsaa (Hms £+ @ms) i

A 1 AN A
: B0 (™ &™) — —orhi (A + &™)
T (A
ld—p—2

d— 3 A 1 1 d\ ~. -
hms (Hms A ms) - aa A msaa A 1M oA msar mg 2 et [{msflms
)T ag- p—1 “ T “ +4<m5+7“2)
1. - . 1 - ; 1 /(d=—p—2)d—p—3) , 1 2(d — 2) e
SO H™ O H™s + — H™9, H™ 4 = = —d) ) ™™
T3 T3 +4( d—p_12 = d— p—l ©o

)Hms’\ms_|_

_|_

T

d—mp— 2 d
p m2—|—

d—p—1 ° 12

1 N
_aaHmsaa A 1M
3 T3 ( 2

L fmegame 4 Lamep Hms] Sms}
r 2r

Variations:

hye o™ Z?)Va o = independent field equations

C(If)sa PYs  qhim = linear comb. of the field eqns & V

Field equations for @E{n and C( ), are decoupled



Comparing AdS and Minkowski modes

* The zero-modes h?,, 7(z;n) and hY,, w(x;n) are mapped into each other.

12 rt n4+1
h(ab)(x n) — /2 h(ab)($ _n) 7T($;TL) — /2 n—l—p—l—l

w(x; —n)

742

62

p+ 2
n+p+1

H(z;n) =

{HA(;E _n) w(z: —n)}

x Naive map of all modes (scalar sector, up to total derivatives),

d—1¢ TN S o L AN (5 a2
(G — Sags = [ a2 | = ~(m?+ = (habh - 11?)
r 4 2
_ — | H
4d—p—1<d—p—inl+73>w d—p—lnl+r2 -~
- match for A =0 and m? = 0
- the two actions are very similar

- however, qualitatively different behaviour for non-zero modes
- vector and tensor modes follow the same pattern




Comparing AdS and Minkowski modes

* Solve explicitely for all AdS perturbation modes, in terms of Bessel functions,

| . d d d
r2 =2, (kyr)e’ ™ r272Y, (kpr)etk™ with v = 5 5 1, 5t 2

k%, = k2 +k* = —m_ (resp. —m2 / —m; for vector and tensor pert.)
x Minkowski perturbation modes also in terms of Bessel functions (+part. sol),
n n n

quH%(krr)eik'x qulJr%(krr)eik'x with ¢ = —5 1 — 5 2 — 5

k%kq = k2 + k% =0

x A rescaling by a factor ' together with a mode-dependent analytical
continuation of the dimensions can tackle the radial part,
but the wavevector is timelike for AdS and null for Minkowski

* There are however similarities and structures appearing,
it remains to understand how to exploit them at best to extract
information on asymptotically flat holography.



Conclusions

~ How far can we push the AdS/RF correspondence? ~



* AdS/Ricci-flat correspondence maps asymptotically locally
AdS solutions on a torus to Ricci-flat spacetimes

These Ricci-flat spaces inherit the holographic properties of AdS

* Unfreezing the sphere and torus is not straightforward

- The modes on the sphere and the torus are not mapped
into each other, at least naively

- There are many similarities though, and maybe it will be possible
to exploit them to learn more about AF holography

* An alternative path:
- Keep all KK modes from the sphere reduction of Minkowski
- Uplift them to AdS, and combine them into extra matter fields
living in AdS
- Holographically renormalize and translate to the original AF fields



~ Thank you! ~



