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Introduction and the model

Motivation
The prototype of holographic models at finite density is the RN black
hole. In its ground state, the conductivity for small w is
Re(o) ~ §(w) + "
[Hartnoll, Herzog & Horowitz 0810.1563]
[Horowitz & Roberts 0908.3677]

In the real world,

» There is a hard gap in superconductors and Mott insulators.
» The translational invariance is broken.
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Introduction and the model

The action is

S= /d“x\ﬁg

1 2(6) po _ W(9)
R—5(00)* = V(¢) - == F? — —;

Y 2
A2 _ ‘(2(25) Z(awl)Z
i=1
where the leading IR behavior of V, Z, W, and Y are

V(g) = Vo, Z(¢)=€""  W(g)=Wpe™,  Y(¢)=e".
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Introduction and the model

» Conductivity with translational invariance

s= [atxv=g|R- yloof - vie) - £

[Charmousis, Goutéraux, Kim, Kiritsis & Meyer 1005.4690]

» Conductivity with momentum dissipation

2
A %(&b)g V) - ZE:b) F2 _ Y(2¢) Z(aﬁ)i)z]

i=1

S= /d“x\/fg

The last term is responsible for the momentum dissipation. The
massless scalars ) take the form ; = kx;.
[Andrade & Withers 1311.5157; Donos & Gauntlett 1311.3292]
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Introduction and the model
IR fixed points

» IR charged

> d): QZS*: Ang X Rz

» ¢ — oo: Hyperscaling-violating geometry (z # 1, 6)
» IR neutral

> D= Pyl AdS4

» ¢ — oo: Hyperscaling-violating geometry (z = 1, )

[Goutéraux & Kiritsis 1212.2625]
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Introduction and the model

Hyperscaling-violating geometry (z, 6)

> 1 ( g(n) art
ds _r2< h(r)d +g()+dx)

IR geometry

2 ~ 20 dt2 d?z + dX2

ds? — L o?

20 /(d—0 2 2
2 (e ey + A+ )
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Introduction and the model

Gubser criterion

Z(¢p)~ €%, V(¢)~e

» IR charge solution:

2_72+275—352+4 g 4
B 2 — 62 ’ R
z4+2—-0 zZ—04+1 z—1
27— 2-6°% 27-2-4°% 2724

» IR neutral solution:
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Introduction and the model

Finite temperature geometry and the extremal limit

S~T%

0.4
0.3

12
o 0.2

0.1 extremal limit |

0.0
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Conductivity with translational invariance
To obtain the conductivity, we perturb the system by §Ax = ax(r)e !
and 09w = gi(r)e~"“t. Generically, for the metric
ds® = —D(r)dt? + B(r)dr? + C(r)(dx? + dy?).
the equation for ay after eliminating gix is

/
D B Z2A?
Z\/ = —wP - t —0.
(23) + (25 22 a0
After we impose an appropriate boundary condition in the IR (to be
discussed below), the asymptotic behavior in the UV is

a(r)=a?+ar+...
and the conductivity is calculated from
(1)
_ay G
G = ﬁ’ O'(CL)) = E
X
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Conductivity with translational invariance

Schrédinger equation for the conductivity

After a change of variables by

d¢ B -
a VD axy = \/zam
we can obtain a Schrédinger equation

d’a S .
~ d§2x + V(6)a, = w23,

The potential is given by

p_ZA? _DBZ DZ Dz? DZ'
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Conductivity with translational invariance

Schrédinger potential for the conductivity

7 Re(o)
0w — wy)
(a)
uv IR
0 r 0 w
Vv Re(o)
(b)
Uuv IR
0 r 0 w
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Conductivity with translational invariance

Gapless case

Vhy 2 — 9 2-0
o do 2z S~T
~ 2 —1/4 3z—-10
V(f):fg/a V= "o,

The IR limit is at £ — oo, which happens when 5%, > 0. In this case,
the extremal limit of the small black hole branch is at T — 0. Moreover,
the Gubser criterion implies that we have v > }.

~ fH U.)é- ~ elwg
The current-current correlator is gapless in this case.

Re(w) ~ d(w) + w1
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Conductivity with translational invariance
Gapped case

9o 2z
~ V2 —1/4 3z—-40

V(f):é-iga V= o7

The IR limit is at £ — 0, which happens when 5%, < 0. In this case, the
extremal limit of the small black hole branch (that is now thermodynam-

ically unstable) is at T — oc.

B = Ci\V/Eed ,(w8) + Cov/Edy(ws) ~ CiE27 4 Cog' /2t

The second linearly independent solution is normalizable when |v| < 1, and
is non-normalizable when |v| > 1. If there are two normalizable solutions, the
boundary condition in the IR depends on how the singularity is resolved, and
thus the calculation of the correlator is unreliable and can only be fixed when

the singularity is properly resolved.
Jie Ren, Crete
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Conductivity with translational invariance
Gapped case

SZ@Z—Hﬂ% SNT2;9
9o 2z
~ V2 —1/4 3z—-40
V(f)_fiz’ V_?

The IR limit is at a constant non-zero &, which happens when %, — 0.
In this case, the extremal limit is at a constant T, and the Schrédinger
potential is a constant V. The general solution for ay is

a, = CieVo—*¢ | CeVVow?.
When w? > V,, the first solution describes the in-falling wave with the
w — w + fe prescription. If we analytically continue the w? >V, solution

to w? < Vj, the solution for ay is unambiguous for all w.
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Conductivity with translational invariance

IR charged solution

2 D ¢
. B
! A
[AdS;]
60
& 3- charge
-1
B .
-2 : D \\\\ »
-2 -1 0 1 2 -4 -2 0 2 4
1%

In region A (yellow), the extremal limitis at T — 0; o(w) gapless.
In region B (red), the extremal limitis at T — oo; o(w) gapped.
In region C (green), the extremal limitis at T — oo; o(w) gapless.
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Conductivity with translational invariance

IR neutral solution

2 D !
D
1 2
A
60 6 o
1- charge
-2
-4
-2 -1 0 1 2 -4 -2 0 2 4
Y 4

In region A (yellow), the extremal limitis at T — 0; o(w) gapless.
In region B (red), the extremal limitis at T — oo; o(w) gapped.
In region C (green), the extremal limitis at T — oo; o(w) gapless.
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Conductivity with momentum dissipation

S= /d4x¢fg

1 2@ YOy
R— §(3¢)2 - V(o) - T,_—z Biare 2(3%)2

I
To calculate the conductivity, we perturb the system by

0Ax = ax(re ™, ogw = gu(r)e™™, g =x(r)e !
After eliminating gy and defining

ik |D ,
bx = E ECYX y
we obtain the two coupled equations for ay and by.

[Andrade & Withers 1311.5157; Goutéraux 1401.5436]
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Conductivity with momentum dissipation
After inserting the hyperscaling-violating geometry to the equations,
we obtain

d?a, ¢ . N
- deX + 57; ax = Wzax + ?lbm
dsz Co C3 ~ 27 d2~
_d§2 +<£2+§2a_2>bx:(be+§aax,
where
KA — 2
a=2— 5y

and ¢y, ¢y, c3, di, and d» are constants. The coefficients ¢ and ¢, are
given by ¢y = 12 — 1/4 and ¢, = v — 1/4, where
3z—-40 2—z2—0—kA
_= V= ——-,
" 2z 2 2z
The terms involving the power « are subleading corrections. The gap

in the conducttivity remains.
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Conductivity with momentum dissipation

DC conductivity at finite temperature

There is a radially conserved quantity N at w = 0. By taking advantage
of this quantity, a formula for the DC conductivity is obtained

n q° q®
opc TwAq r=r, ht k2Chp Y + k2CpeMn

[Blake & Tong 1308.4970; Goutéraux 1401.5436; Donos & Gauntlett
1401.5077]
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Conductivity with momentum dissipation

DC conductivity for near-extremal geometries

The near-extremal black hole has an analytic solution in the IR
[Charmousis, Goutéraux, Kim, Kiritsis & Meyer 1005.4690].

The DC conductivity for the near-extremal black hole is

o &
- [>1e’
opg ~ fh1 + ﬁrhz'
In terms of z and 6,

0—4 0—2+ kKA

MToize T iz g
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Conductivity with momentum dissipation
DC conductivity for extremal geometries

0
IDC = 5y
iw)\go)

» Case 1: v > 1. The solution for by is by ~ /Zo¢1/2172 The
radially conserved quantity N evaluated at the IR is

(y=8)(v—55—4X)—4
MN~r (v—9)? — 0.

» Case 2: v» < —1. The solution for by is by ~ /Zx¢'/22, The
radially conserved quantity evaluated in the IR is

N — constant

Jie Ren, Crete
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Conductivity with momentum dissipation

A=1.2 A=0.9 =06
P N——— 2
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Holographic supersolids

The action is

1 b4 w Y(6) &
S:/d4x\/jg R—§(8¢)2— V((/b)— E‘_(b)FQ_ 2(¢)A2 (2¢) ;(5¢/)
where the leading IR behavior of V, Z, W, and Y are
V(g) = Voo™,  Z(¢)=€",  W(¢) = Woe™,  Y(¢)=e"

1% Re(o)
O(w — wy)

(a)

Uv IR

0 T 0
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Summary

» From an Einstein-Maxwell-Dilaton system, the AC conductivity can
have a hard gap and a discrete spectrum, with a §(w) due to the
translational invariance.

» In the presence of IR irrelevant momentum dissipation, the
correlator still has a discrete spectrum, with the only difference
that the zero frequency ¢-function has now disappeared.

» The gapped geometries with momentum dissipation can describe
a metal or an insulator, depending on the parameters.

» We also find holographic supersolids, which are hard-gapped
superconductors with translational symmetry breaking.
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