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 The study of the QCD phase diagram has 
become a topic of wide interest  in recent 
years.

 A transition or rapid crossover is thought 
to exist from a low temperature hadronic 
phase to a high temperature quark-gluon 
plasma phase.

 The  determination of the QCD (pseudo)critical line (exact location and nature of the transition) is 
related to many important theoretical and phenomenological issues. 

For example:  

✦   the physics of the early universe (high T and low baryon density region) 
✦   the physics of the interior of some compact astrophysical objects (low T and high baryon  
        density region)
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QCD phase diagram at finite 
temperature and quark density
(Paolo Cea, L.C., Alessandro Papa)



 The QCD (pseudo)critical line can be parameterized by a lowest order   Taylor expansion 
in the baryon chemical potential:

T (µB)

Tc(0)
= 1 � 

✓
µB

T (µB)

◆2

Lattice QCD can be used to locate the QCD (pseudo)critical line. 

BUT the “sign problem”  prevents us to do simulations at real 
nonzero baryon chemical potential. 

 Possible way out:  analytic continuation from an imaginary chemical potential (other 
methods:  reweighting from the ensemble at μB=0, the Taylor expansion method, the 
canonical approach, the density of states method).

 Estimate of the (pseudo)critical line by the method of analytic continuation of 
(2+1) flavor QCD using the HISQ/tree action.
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Lattice setup and numerical simulation
 Highly improved staggered quark action with tree level improved Symanzik gauge 
action (HISQ/tree)  with 2+1 flavors  as implemented in the MILC code

Calculations on a  line of constant physics (*):  as the gauge coupling is increased the bare 
quark masses have been adjusted such that the values of hadron masses in physical units 
(evaluated at zero temperature) stay approximately constant.  The light-quark mass has been 
fixed at ml = ms/20 .     (Mπ = 160 MeV)  
     (*) as determined in A. Bazavov et al (HotQCD Collaboration), PRD 85, 054503 (2012))

  In the present study we assign the same quark chemical potential to the three quark 
  species:

(http://www.physics.utah.edu/~detar/milc/).

  To perform numerical simulations we used the  MILC code suitably modified in order to   
  introduce an imaginary quark chemical  potential μ=μB/3 .

That has been done by multiplying all forward and backward temporal links entering 
the discretized Dirac operator by  exp(iaμ) and exp(−iaμ), respectively.

  All simulations make use of the rational hybrid Monte Carlo (RHMC) algorithm. 
  (The length of each RHMC trajectory has been set to 1.0 in molecular dynamics time units.)
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µl = µs ⌘ µ = µB/3

http://www.physics.utah.edu/~detar/milc/
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Strong scaling test (MILC code with imaginary quark chemical potential)
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#cores local 
lattice

time (s) (1 
trajectory)

speedup

128 8x8x8x4 463 1.00

256 8x8x4x4 254 1.82

512 8x4x4x4 145 3.19

1024 4x4x4x4 93 4.98

2048 2x4x4x4 62 7.47
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256 cores

512 cores

1024 cores

2048 cores

BG/Q Fermi @ CINECA  (163840 cores)



100 1000 10000
# cores

1

10

100

sp
ee

du
p 

no
rm

al
iz

ed
 to

  1
28

 c
or

es
  speedup

ideal

strong scaling test  483 × 12  lattice

128 cores

256 cores

512 cores

1024 cores

2048 cores

4096 cores

8192 cores

7

Strong scaling test (MILC code with chromomagnetic background field)

#cores local lattice time (s) (1 
trajectory)

speedup

128 6x12x12x12 6722 1.00

256 6x6x12x12 3260 2.06

512 6x6x6x12 1649 4.08

1024 6x6x6x6 826 8.14

2048 3x6x6x6 429 15.67

4096 3x3x6x6 257 26.16

8192 3x3x3x6 155 43.37

BG/Q Fermi @ CINECA  (163840 cores)
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Numerical results

The (pseudo)critical  line  βc(μ2)  has been 
determined as the value for which the 
disconnected susceptibility of the light 
quark chiral condensate exhibits a peak
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To localize the peak, a 
Lorentzian fit has been used:

a1

1 + a2(� � �c)2

μ ¼ μl ¼ μs. All simulations make use of the rational
hybrid Monte Carlo (RHMC) algorithm. The length of
each RHMC trajectory has been set to 1.0 in molecular
dynamics time units.
We have simulated QCD at finite temperature and

imaginary quark chemical potential on lattices of size
163 × 6, 243 × 6, and 323 × 8. In particular, most simu-
lations have been performed on the smallest lattice, while
for μ=ðπTÞ ¼ 0.2iwe have also considered a 243 × 6 lattice
and a 323 × 8 lattice, in order to check for finite size and
for finite cutoff effects. We have typically discarded not
less than 1000 trajectories for each run and have collected
from 4000 to 8000 trajectories for measurements.
The (pseudo)critical line βcðμ2Þ has been determined as

the value for which the disconnected susceptibility of the
light-quark chiral condensate exhibits a peak. To precisely
localize the peak, a Lorentzian fit has been used. For the
243 × 6 and 323 × 8 lattices, the values of the susceptibility
at μ=ðπTÞ ¼ 0 have been taken from Table X and Table XI
of Ref. [1], respectively. For the reader’s convenience,
we summarize in Table I the (pseudo)critical couplings
obtained by the Lorentzian fit for the different values of the
chemical potential and lattice size used in this work. For
illustrative purposes, in Fig. 1 we display our determination
of the (pseudo)critical couplings at μ=ðπTÞ ¼ 0.2i for
163 × 6, 243 × 6, and 323 × 8 lattices. We notice that the
discrepancy in the determination of βc on the 163 × 6 and
the 243 × 6 lattices, which may indicate the presence of
finite size effects, will be strongly suppressed when
considering the ratio of temperatures, TcðμÞ=Tcð0Þ.
To determine the ratio TcðμÞ=Tcð0Þ, we need to set the

lattice spacing. This is done following the discussion in
Appendix B of Ref. [1], where, for this particular value of
ml=ms, the spacing is given in terms of the r1 parameter:

a
r1
ðβÞml¼0.05ms

¼ c0fðβÞ þ c2ð10=βÞf3ðβÞ
1þ d2ð10=βÞf2ðβÞ

; (2)

with c0 ¼ 44:06, c2 ¼ 272102, d2 ¼ 4281, r1 ¼
0.3106ð20Þ fm [31], and

fðβÞ ¼ ðb0ð10=βÞÞ−b1=ð2b
2
0Þ expð−β=ð20b0ÞÞ; (3)

where b0 and b1 are the universal coefficients of the
two-loop beta function.
From aðβÞ we determine, separately for each explored

lattice size, TcðμÞ=Tcð0Þ ¼ aðβcð0ÞÞ=aðβcðμÞÞ. Data for

TABLE I. Summary of the values of the (pseudo)critical
couplings βc for the imaginary quark chemical potentials μ
considered in this work. The data for μ ¼ 0 on the 243 × 6
lattice and on the 323 × 6 lattice have been estimated from the
disconnected chiral susceptibilities reported, respectively, on
Table X and Table XI of Ref. [1].

Lattice μ=ðπTÞ βc TcðμÞ=Tcð0Þ
163 × 6 0. 6.102(8) 1.000

0.15i 6.147(10) 1.045(13)
0.2i 6.171(12) 1.070(15)
0.25i 6.193(14) 1.093(17)

243 × 6 0. 6.148(8) 1.000
0.2i 6.208(5) 1.060(10)

323 × 8 0. 6.392(5) 1.000
0.2i 6.459(9) 1.068(11)
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FIG. 1 (color online). The real part of the disconnected
susceptibility of the light-quark chiral condensate for 163 × 6
and 243 × 6 (full circles and full squares, respectively) and for
323 × 8 (full triangles) at μ=ðπTÞ ¼ 0.2i. Full lines are the fits to
the peaks using a Lorentzian.

-0.06 -0.04 -0.02 0

(iµ/(πT))2

0.95

1

1.05

1.1

1.15

T
c(µ

)/
T

c(0
)

FIG. 2 (color online). TcðμÞ=Tcð0Þ versus ððiμÞ=ðπTÞÞ2 ob-
tained on a 163 × 6 lattice (full circles), on a 243 × 6 lattice (full
square), and on a 323 × 8 lattice (full triangle). For the sake of
readability, the abscissae at ððiμÞ=ðπTÞÞ2 ¼ −0.04 for 243 × 6
and 323 × 8 data have been slightly shifted. The full line is a
linear fit to the data on the 163 × 6 lattice.

CRITICAL LINE OF 2þ 1 FLAVOR QCD PHYSICAL REVIEW D 89, 074512 (2014)

074512-3

(*)

(*)

(*) fit to data taken from Table X and Table XI of A.Bazavov et al (HotQCD 
Collaboration) arXiv:1111.1710 Phys. Rev. D  85, 054503 (2012)

Tc(µ) =
1

a(�c(µ))Lt
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f(�) = (b0(10/�))
�b1/(2b

2
0)

exp(��/(20b0)) coefficients of the 
universal two-loop 
beta function

b0, b1

(*) as discussed in Appendix B of A. Bazavov et al (HotQCD Collaboration), PRD 85, 054503 (2012)

r1 = 0.3106 fm

c0 = 44.06

c2 = 272102

d2 = 4281

Setting the lattice scale
The lattice spacing can be  determined using the slope of the static quark-antiquark potential  
on zero-temperature lattices (we use results of MILC and HotQCD collaborations (*)).

a(�)|ml=0.05ms = r1
c0f(�) + c2(10/�)f3(�)

1 + d2(10/�)f2(�)

TABLE XVI. Estimates of the scale setting parameters r0, r1
and the additive renormalization constant r0 ! cð!Þ in the deter-
mination of the potential for the HISQ/tree calculations along the
ml ¼ 0:05ms LCP. See the text for the definition of rfit1 =a and fit
details.

! r0=a r1=a rfit1 =a r0 ! cð!Þ
5.900 1.909(11) 1.23(13) 1.263 %1:441ð15Þ
6.000 2.094(21) 1.386(80) 1.391 %1:639ð28Þ
6.050 2.194(22) 1.440(31) 1.460 %1:748ð28Þ
6.100 2.289(21) 1.522(30) 1.533 %1:828ð27Þ
6.195 2.531(24) 1.670(30) 1.682 %2:072ð31Þ
6.285 2.750(30) 1.822(30) 1.836 %2:257ð36Þ
6.341 2.939(11) 1.935(30) 1.940 %2:440ð14Þ
6.354 2.986(41) 1.959(30) 1.964 %2:498ð49Þ
6.423 3.189(22) 2.096(21) 2.101 %2:653ð27Þ
6.460 3.282(32) 2.165(20) 2.178 %2:706ð36Þ
6.488 3.395(31) 2.235(21) 2.238 %2:808ð37Þ
6.550 3.585(14) 2.369(21) 2.377 %2:946ð17Þ
6.608 3.774(20) 2.518(21) 2.513 %3:070ð27Þ
6.664 3.994(14) 2.644(23) 2.652 %3:251ð16Þ
6.800 4.541(30) 3.025(22) 3.019 %3:675ð31Þ
6.880 4.901(18) 3.246(22) 3.255 %3:896ð18Þ
6.950 5.249(20) 3.478(23) 3.475 %4:077ð40Þ
7.030 5.668(49) 3.728(26) 3.742 %4:439ð47Þ
7.150 6.275(39) 4.177(31) 4.176 %4:791ð37Þ
7.280 6.991(72) 4.705(26) 4.697 %5:210ð89Þ

TABLE XV. Estimates of the scale setting parameters r0, r1
and the additive renormalization constant r0 ! cð!Þ in the deter-
mination of the potential for the HISQ/tree calculations along the
ml ¼ 0:2ms LCP. See text for the definition of rfit0 .

! r0=a r1=a rfit0 =a r0 ! cð!Þ
6.000 2.037(12) 1.410(13) 2.052 %1:622ð17Þ
6.038 2.141(12) 1.473(12) 2.128 %1:678ð28Þ
6.100 2.250(12) 1.544(19) 2.256 %1:834ð44Þ
6.167 2.413(12) 1.659(19) 2.403 %1:965ð66Þ
6.200 2.501(17) 1.722(20) 2.478 %2:008ð26Þ
6.227 2.537(12) 1.745(12) 2.542 %2:094ð52Þ
6.256 2.603(14) 1.798(20) 2.611 %2:124ð53Þ
6.285 2.715(25) 1.813(60) 2.683 %2:167ð32Þ
6.313 2.742(20) 1.848(12) 2.753 %2:274ð39Þ
6.341 2.802(32) 1.910(10) 2.826 %2:299ð54Þ
6.369 2.916(39) 1.983(14) 2.900 %2:331ð66Þ
6.396 2.937(30) 2.016(20) 2.973 %2:420ð61Þ
6.450 3.110(30) 2.132(14) 3.124 %2:546ð84Þ
6.800 4.330(65) 2.962(26) 4.278 %3:458ð73Þ
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FIG. 26 (color online). The a=r1 data, defined in Eq. (B7),
together with the smoothing fit for the HISQ/tree action, ml ¼
0:05ms LCP.
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FIG. 27 (color online). The afK data together with the smooth-
ing fit for the HISQ/tree action along the LCP defined by ml ¼
0:05ms.
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FIG. 28 (color online). The percentage difference in the lattice
spacing determined from r1 and fK vs the gauge coupling ! for
the HISQ/tree action. The line corresponds to the difference
calculated from fits to Eqs. (B8) and (B9).
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μ ¼ μl ¼ μs. All simulations make use of the rational
hybrid Monte Carlo (RHMC) algorithm. The length of
each RHMC trajectory has been set to 1.0 in molecular
dynamics time units.
We have simulated QCD at finite temperature and

imaginary quark chemical potential on lattices of size
163 × 6, 243 × 6, and 323 × 8. In particular, most simu-
lations have been performed on the smallest lattice, while
for μ=ðπTÞ ¼ 0.2iwe have also considered a 243 × 6 lattice
and a 323 × 8 lattice, in order to check for finite size and
for finite cutoff effects. We have typically discarded not
less than 1000 trajectories for each run and have collected
from 4000 to 8000 trajectories for measurements.
The (pseudo)critical line βcðμ2Þ has been determined as

the value for which the disconnected susceptibility of the
light-quark chiral condensate exhibits a peak. To precisely
localize the peak, a Lorentzian fit has been used. For the
243 × 6 and 323 × 8 lattices, the values of the susceptibility
at μ=ðπTÞ ¼ 0 have been taken from Table X and Table XI
of Ref. [1], respectively. For the reader’s convenience,
we summarize in Table I the (pseudo)critical couplings
obtained by the Lorentzian fit for the different values of the
chemical potential and lattice size used in this work. For
illustrative purposes, in Fig. 1 we display our determination
of the (pseudo)critical couplings at μ=ðπTÞ ¼ 0.2i for
163 × 6, 243 × 6, and 323 × 8 lattices. We notice that the
discrepancy in the determination of βc on the 163 × 6 and
the 243 × 6 lattices, which may indicate the presence of
finite size effects, will be strongly suppressed when
considering the ratio of temperatures, TcðμÞ=Tcð0Þ.
To determine the ratio TcðμÞ=Tcð0Þ, we need to set the

lattice spacing. This is done following the discussion in
Appendix B of Ref. [1], where, for this particular value of
ml=ms, the spacing is given in terms of the r1 parameter:

a
r1
ðβÞml¼0.05ms

¼ c0fðβÞ þ c2ð10=βÞf3ðβÞ
1þ d2ð10=βÞf2ðβÞ

; (2)

with c0 ¼ 44:06, c2 ¼ 272102, d2 ¼ 4281, r1 ¼
0.3106ð20Þ fm [31], and

fðβÞ ¼ ðb0ð10=βÞÞ−b1=ð2b
2
0Þ expð−β=ð20b0ÞÞ; (3)

where b0 and b1 are the universal coefficients of the
two-loop beta function.
From aðβÞ we determine, separately for each explored

lattice size, TcðμÞ=Tcð0Þ ¼ aðβcð0ÞÞ=aðβcðμÞÞ. Data for

TABLE I. Summary of the values of the (pseudo)critical
couplings βc for the imaginary quark chemical potentials μ
considered in this work. The data for μ ¼ 0 on the 243 × 6
lattice and on the 323 × 6 lattice have been estimated from the
disconnected chiral susceptibilities reported, respectively, on
Table X and Table XI of Ref. [1].

Lattice μ=ðπTÞ βc TcðμÞ=Tcð0Þ
163 × 6 0. 6.102(8) 1.000

0.15i 6.147(10) 1.045(13)
0.2i 6.171(12) 1.070(15)
0.25i 6.193(14) 1.093(17)

243 × 6 0. 6.148(8) 1.000
0.2i 6.208(5) 1.060(10)

323 × 8 0. 6.392(5) 1.000
0.2i 6.459(9) 1.068(11)
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FIG. 1 (color online). The real part of the disconnected
susceptibility of the light-quark chiral condensate for 163 × 6
and 243 × 6 (full circles and full squares, respectively) and for
323 × 8 (full triangles) at μ=ðπTÞ ¼ 0.2i. Full lines are the fits to
the peaks using a Lorentzian.
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FIG. 2 (color online). TcðμÞ=Tcð0Þ versus ððiμÞ=ðπTÞÞ2 ob-
tained on a 163 × 6 lattice (full circles), on a 243 × 6 lattice (full
square), and on a 323 × 8 lattice (full triangle). For the sake of
readability, the abscissae at ððiμÞ=ðπTÞÞ2 ¼ −0.04 for 243 × 6
and 323 × 8 data have been slightly shifted. The full line is a
linear fit to the data on the 163 × 6 lattice.

CRITICAL LINE OF 2þ 1 FLAVOR QCD PHYSICAL REVIEW D 89, 074512 (2014)

074512-3

The critical temperature vs. imaginary quark chemical 
potential

Tc(µ)

Tc(0)
=

a(�c(0))

a(�c(µ))

a

r1
(�)ml=0.05ms =

c0f(�) + c2(10/�)f3(�)

1 + d2(10/�)f2(�)

f(�) = (b0(10/�))
�b1/(2b

2
0)

exp(��/(20b0))

r1 = 0.3106 fm

c0 = 44.06

c2 = 272102

d2 = 4281

Tc =
1

a(�c)Lt
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Linear fit (in μ2) to the data 

Tc(µ)

Tc(0)
= 1 + Rq

✓
iµ

⇡Tc(µ)

◆2

for the 163×6 lattice:

Rq = �1.63(22)

Assuming that linearity still holds on 
the other lattices:

�2/d.o.f. = 0.39

Rq(16
3 ⇥ 6) = �1.63(22) ,  = 0.0183(24)

Rq(24
3 ⇥ 6) = �1.51(25) ,  = 0.0170(28)

Rq(32
3 ⇥ 8) = �1.70(29) ,  = 0.0190(32)

 = �
Rq

(9⇡2)
= 0.0183(24)

curvature of the (pseudo)critical 
line:

 = 0.018(4)

our estimate:
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Estimate of the (pseudo)critical line 
From our estimate of the curvature 
 = 0.018(4)

Tc(µB) = a � bµ2
B

and

a = Tc(0)

b =


Tc(0)

Tc(0) = 154(9)MeV

we get:

b = 0.117(27)GeV�1

to be compared with:

b = 0.139(16)GeV�1

hep-ph/0511094 J. Cleymans, H. Oeschler, K. 
Redlich, and S. Wheaton, Phys.Rev. C73 
(2006) 034905

(*)

(*) A. Bazavov et al (HotQCD Collaboration), PRD 85, 054503 (2012)

J. Cleymans, H. Oeschler, K. Redlich, and S. Wheaton, 
Phys.Rev. C73 (2006) 034905 (hep-ph/0511094)

F. Becattini, M. Bleicher, Th. Kollegger, T. Schuster, Jan Steinheimer, and Reinhard Stock, 
Phys.Rev.Lett. 111 (2013) 082302  (arXiv:1212.2341)

P. Alba, W. Alberico, R. Bellwied,  M. Bluhm, V. Mantovani Sarti, M. Nahrgang, C. Ratti,  
(arxiv:1403.4903)
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Flux tubes in the QCD vacuum
(Paolo Cea, L.C., Francesca Cuteri, Alessandro Papa)
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QCD in external background fields
(Paolo Cea, L.C.)

Background fields on the lattice can be implemented by means of  the  

gauge invariant lattice Schrödinger functional

Z[U ext

k

] =

Z

Uk(Lt,~x)=Uk(0,~x)=U

ext

k (~x)
DU D D ̄e�(SG+SF )

Abelian Chromomagnetic Background Field:   

Magnetic Background Field: 

spatial lattice links belonging to a fixed time slice (and to spatial boundaries) are constrained 

static constant abelian 
chromomagnetic field 
directed along spatial 
direction ˆ3 and direction a  ̃
in the color space

constant magneetic 
field directed along the 
x3  direction

~Aext

a (~x) = ~Aext(~x)�a,ã , Aext

k (~x) = �k,2x1H .

U

ext

1 (~x) = U

ext

3 (~x) = 1
U
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2
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exp(i
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5

Aext

k (~x) = �k,2x1H .

U
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1 (~x) = U
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3 (~x) = 1

U ext

2 (~x) = cos(qfeHx1) + i sin(qfeHx1)

a2 gH

2
=
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n
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a2qfeH =
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n
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sqrt(gH)/Tc(0)
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T c(g
H

)/T
c(0

)

403 × 10 lattice

Chromomagnetic background field
HISQ/tree action   2+1 flavors

Chromomagnetic background field   (2+1) flavor QCD
We work on a line of constant physics    (Mπ = 160 MeV)  

The deconfinement 
temperature 
depends on the 
strength of the 
chromomagnetic 
background field 

Tc(0) = 154MeV

gH Tc(gH)
0 GeV2 154 MeV

1.08 GeV2 131 MeV
1.78 GeV2 127 MeV
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βc=5.047(5)  χ2/dof=1.63

βc=5.044(6) χ2/dof=3.36

βc=5.049(4)  χ2/dof=1.54

Magnetic background field - 1 flavor QCD
staggered fermions + Wilson gauge action,   243 × 4 lattice,  am=0.025

In progress:  
• EOS with magnetic 

background field 
• study with HISQ 

fermions

The deconfinement 
temperature seems 
to be independent of  
the strength of the 
magnetic 
background field 
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