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� Thermal quantum field theory: a bridge between particle and nuclear physics 

Equation of State of QCD 

heavy ion collisions 

dynamics of the early universe 

properties of compact stars  

� Quantum field theory described by an action S in a space-time volume V×β 
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Z(�, V ) contains all the information about the system but it cannot be computed directly 
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the entropy density in the rest frame is related to the 
momentum T0k and the time extent β in the moving frame 
argument is general: applies to any system at equilibrium 

T00 = �2w0 � p = e
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This approach can be applied to a thermal quantum field theory in the euclidean 
path-integral formulation 

The energy-momentum tensor 
contains the currents associated to 
translation invariance  

Use the machinery of quantum fields to 
produce Ward identities generated by  
Lorentz invariance 
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lattice regularization: 
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invariance 
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Equation of State: entropy vs. temperature 
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� Strategy 1: two shifts ξ and ξ’, measure the entropy density step-scaling function 

the renormalization factor ZT drops. 

temperature  
¢ ¢ ¢ ¢ ¢
T0 r T0 r2 T0 r3 T0

� Strategy 2: only one shift and measure            and  

need to know ZT for many values of g0
2. 
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Strategy 1: entropy step-scaling function  
we consider the shifts: ξ=(1,1,1)  and  ξ’=(1,0,0)  r =
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good compromise: small step (fine T dependence) and big step (broad range in T) 
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Strategy 2: direct measure of the entropy 
We consider only one shift: ξ=(1,0,0)  

� measurement of             : OK, no news. hT0ki⇠

More appealing: no constraint on the temperature, any value is fine  

� measurement of   ZT        : need to know ZT(g0
2) not only some values 
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ratio of partition functions: very challenging to measure, hard for large volumes 
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we have used the SU(3) Wilson action on a lattice with L=16  

The method works well but:  

� increasing the spatial volume is very challenging 
� we need ZT(g2

0) accurately for many values of  g2
0  
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Compute Z in perturbation theory è function of g0
2 

Calculation of: a0, a1, a2, c0, c1, c2  at β=3 and L=24 and 48 

Numerical Stochastic Perturbation Theory  
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 Nucl. Phys. B (1994) 
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non-perturbative calculation of ZT 

Uncertainty of order 5 per-mille g20
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We use consider the shift                    and the equation  

g20

Non-perturbative calculation of zT 
⇠ = (1/2, 0, 0)
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Conclusions 

�  The approach used here is general and can be applied to any thermal field theory: 
in particular to QCD (extremely challenging with the standard techniques). 

� A new approach to thermal field theories based on relativistic thermodynamics is 
investigated: far more efficient than the state-of-the-art techniques  

� The step-scaling function of the entropy density has been obtained with quite 
moderate computational effort è entropy density vs. T with 5 per-mille accuracy 

� We have shown measurements of ZT, zT with an accuracy of about 5 per-mille.  
This introduces also another method to compute the EoS.   

What next? 
�  Investigate the EoS in SU(3) YM with high accuracy using this new method 

�  Thermodynamics of QCD 

�  Renormalization factor zd of the trace-anomaly of the energy-momentum tensor: 
there is a simple equation è easy to compute numerically. 


