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Why lattice QCD

Lattice QCD = QCD
Only method to solve non-perturbative QCD from the first theory principles
No need of any parameters apart from those originally present in QCD lagrangian
Precision, in principle, only limited by available computing power
All sources of systematic errors can be eliminated

Perturbative vs. nonperturbative
Perturbative: compute order by order and then summing

+ + +
...

Non-perturbative: take into account directly all contribution (up to cut-off scales)



Why Lattice QCD is so computationally demanding?

Quark masses dependency
Simulation cost: rapidly grows as quark masses are lowered
Early solution: quenching = drop virtual/dynamical qq̄-loops from partition function

−→
Intermediate solution: consider unphysical light quarks (Mπ ∼ 300 ÷ 500 MeV)

Nowadays: many collaborations (CP-PACS, BMW, RBC/UKQCD ...) use Mphys
π

Lattice size dependence

Simulation cost: [#points]k>1 =
[
(L/a)4

]k

(scales: a� 1/MH , L� 1/Mπ)

1/L MD(∼ 2GeV) 1/aMπ(∼ 135MeV) MB(∼ 5GeV)

Early solution: #points = 44

Nowadays: #points = 483 × 96 ÷ 643 × 128

D physics: MD/Mπ ∼ 15, MJ/ψ/Mπ ∼ 22
B physics: MB/Mπ ∼ 40, MΥ/Mπ ∼ 70



Lattice QCD forty years after its introduction

10 E FF ECTIVE ACTION FOR COMPOSITE OPERATORS

{1973); S. Weinberg, iMd. 7, 2887 {1973);R. Jackiw,
Ref. 4.

t~The analysis of the physical interpretation. of Z{P, G)I,~„,
is an adaptation to the present context of the correspond-
ing argument for P5)~„,,„.. That discussion is due to
K. Symanzik, Commun. Math. Phys. 16, 48 {1970). We

learned it from S. Coleman, in proceedings of the
Lectures given at the International Summer School of
Physics "Ettore Majorana, " 1973 {unpublished).

~oR. Dashen, B. Hasslacher, and A. Neveu, Phys. Rev.
D {tobe published).
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Confinement of qnarks*

Kenneth G. %ilson
Laboratory of nuclear Studies, Cornell University, Ithaca, iVevv York l4850

{Received 12 June 1974)

A mechanism for total confinement of quarks, similar to that of Schwinger, is defined which requires
the existence of Abelian or non-Abelian gauge fields. It is shown how to quantize a gauge field theory
on a discrete lattice in Euclidean space-time, preserving exact gauge invariance and treating the gauge
fields as angular variables {which makes a gauge-fixing term unnecessary). The lattice gauge theory has
a computable strong-coupling limit; in this limit the binding mechanism applies and there are no free
quarks. There is unfortunately no Lorentz (or Euclidean) invariance in the strong-coupling limit. The
strong-coupling expansion involves sums over all quark paths and sums over all surfaces {on the lattice)
joining quark paths. This structure is reminiscent of relativistic string models of hadrons.

I. INTRODUCTION

The success of the quark-constituent picture
both for resonances and for deep-inelastic elec-
tron and neutrino processes makes it difficult to
believe quarks do not exist. The problem is that
quarks have not been seen. This suggests that
quarks, for some reason, cannot appear as sep-
arate particles in a final state. A number of
speculations have been offered as to how this
might happen. '
Independently of the quark problem, Schwinger

observed many years ago' that the vector mesons
of a gauge theory can have a nonzero mass if vacu-
um polarization totally screens the charges in a
gauge theory. Schwinger illustrated this result
with the exact solution of quantum electrodynamics
in one space and one time dimension, where the
photon acquires a mass -e' for any nonzero charge
e [e has dimensions of (mass)'~' in this theory J.
Schwinger suggested that the same effect could oc-
cur in four dimensions for sufficiently large cou-
pllngs.
Further study of the Schwinger model by Lowen-

stein and Swieca' and Casher, Kogut, and Suss-
kind' has shown that the asymptotic states of the
model contain only massive photons, not elec-
trons. Nevertheless, as Casher clat. have shown
in detail, the electrons are present in deep-in-
elastic processes and behave like free pointlike

particles over short times and short distances.
The polarization effects which prevent the ap-
pearance of electrons in the final state take place
on a longer time scale (longer than 1/m&, where
rn& is the photon mass).
A new mechanism which keeps quarks bound

will be proposed in this paper. The mechanism
applies to gauge theories only. The mechanism
will be illustrated using the strong-coupling limit
of a gauge theory in four-dimensional space-time.
However, the model discussed here has a built-in
ultraviolet cutoff, and in the strong-coupling limit
all particle masses (including the gauge field
masses) are much larger than the cutoff; in con-
sequence the theory is far from covariant.
The confinement mechanism proposed here is

soft (long-time scale). However, in the model dis-
cussed here the cutoff spoils the possibility of
free pointlike behavior for the quarks.
The model discussed in this paper is a gauge

theory set up on a four-dimensional Euclidean lat-
tice. The inverse of the lattice spacing a serves
as an ultraviolet cutoff. The use of a Euclidean
space (i.e., imaginary instead of real times) in-
stead of a Lorentz space is not a serious re-
striction; the energy eigenstates (including scat-
tering states) of the lattice theory can be deter-
mined from the "transfer-matrix" formalism as
has been discussed by suri' and reviewed by
Wilson and Kogut. ' A brief discussion of the

Wilson prophecy

“Fifty years will be necessary for
computational resources and algorithms

to reach proper maturity”

Forty years passed since Lattice methods invention...

Where do we stand?



Main computational problem & State of the art

State of the art
1 Physical light quarks and large volumes (& (6 fm)3 )
2 Simulations performed at several lattice spacings
3 Isospin and electromagnetic corrections start to be accounted for

What helped these improvements?

Increase in computing power Conceptual developments
Improved regularizations of LQCD
Better understanding of behavior of
Monte Carlo w.r.t (m0, g0)

Algorithm breakthroughs
Multiple timescale Molecular
Dynamic integrators
Deflation, Multigrid, Domain
Decomposition solvers, etc.

Growth of community (Lattice 2014 attended by more than 400 physicists)



Approaching B mesons

Challenge: 1/mb is close to the cut-off given by 1/a

Effective theories
Heavy Quark Effective Theory (continuum expansion in ΛQCD/mb )
Nonrelativistic QCD (expansion in quark velocity and in 1/amb)
Propagating Heavy Quarks (reinterpretation in terms of 1/mb expansion)

Extrapolate results from the charm to the bottom region
Scaling laws often known in effective theories
Use numerical (or sometimes exact) results in the static limit
Results become more reliable as lattice spacings gets smaller
Use of step scaling function to separate various scales (a, mb, L)
Special actions have been proved able to deal with b quarks (HISQ, Twisted Mass...)



Can we do heavy physics on current lattices?
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CKM unitarity

LQCD helped to check Unitarity of the first row of CKM matrix

|Vud |︸ ︷︷ ︸
well known

2 + |Vus |2 + �
��|Vub|︸ ︷︷ ︸

negligible

2
= 1

Vus : obtained from K`2 and K`3

Needed fK and f K→π
+ (0) from lattice

Similar check of the second row (work in progress)
Need to extract all three CKM entries:

|Vcd |2︸ ︷︷ ︸
D → eν

or
D → πeν

+ |Vcs |2︸ ︷︷ ︸
Ds → `ν

or
Ds → K`ν

+ |Vcb|2︸ ︷︷ ︸
B(s) → D(s)`ν

or
B∗(s) → D∗(s)`ν

= 1

Hadronic quantities entering theoretical expressions:

leptonic decay constants fD , fDs for D → eν, Ds → `ν
form factors f D→π

+ (q2), f B→D
+ (q2) ... for D → πeν, B → D`ν...



Leptonic decays of mesons

Full process Eff. weak hamiltonian QCD side
ℓ

ν̄ ν̄

ℓ
W

Two point correlation functions

BP→`ν̄ = |Vxy |︸︷︷︸
CKM

2K (m`, mM)︸ ︷︷ ︸
kinematics

| fP︸ ︷︷ ︸
QCD

|2

fP =
ZA

mP
=
〈0|A0|P〉

mP

Z : coupling of current inducing decay
From lattice, 2 point correlation functions:

C (τ) = 〈O†A0
(τ)OP(0)〉, O = ψ̄Γψ 0 4 8 12 16 20
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D meson decay constants

Pseudsocalar decay constants, fD fDs

Use to compute Vcd , Vcs and check unitarity of 2nd row of CKM matrix

Figure 13: Decay constants of the D and Ds mesons [values in Table 20 and Eqs. (91), (92)].
The significance of the colours is explained in section 2. The black squares and grey bands
indicate our averages.

As results from just one collaboration exist in the literature, the Nf = 2 averages are
simply given by the values in ETM 11A, which read

Nf = 2 : fD = (212 ± 8) MeV, fDs = (248 ± 6) MeV,
fDs

fD
= 1.17 ± 0.05 . (91)

Several collaborations have produced results with Nf = 2 + 1 dynamical flavours. The
most precise determinations come from a sequence of publications by HPQCD/UKQCD [157,
315, 318]. In all cases configurations generated by MILC with Asqtad rooted staggered
quarks in the sea and a one-loop tadpole improved Symanzik gauge action have been analyzed
(see [15] and references therein). The main differences are in the ensembles utilized and in
the absolute scale setting. The relative scale is always set through r1 derived from the static
quark-antiquark potential.

In HPQCD/UKQCD 07 [157] three lattice spacings, a ≈ 0.15, 0.12 and 0.09 fm, with
RMS pion masses between 542 and 329 MeV, have been considered. This gives rather large
values for the charm-quark mass in lattice units, 0.43 < amc < 0.85, and indeed lattice
artifacts are estimated to be the second largest systematic uncertainty in the computation.
The main systematic error is resulting from the absolute scale setting, which had previously
been performed through the Υ spectrum, using NRQCD for the b quark. The estimate reads
r1 = 0.321(5) fm.

In 2010, HPQCD obtained a more precise determination of r1 = 0.3133(23), based on
several different physical inputs (including fπ, fK and the Υ spectrum) and improved con-
tinuum limit extrapolations. It is worth noting that the new r1 is about 1.5σ lower than the
older value. The publications HPQCD 10A [318] and HPCQD 12A [315] update the compu-
tations of fDs and fD, respectively, using the new scale determination. These results enter
our final averages. The change in the scale requires a retuning of the bare quark masses and
a change in the conversion of dimensionless quantitities, measured in units of r1, to physical
ones, measured in MeV.
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Figure 14: D → πℓν and D → Kℓν semileptonic form factors at zero momentum transfer.
The HPQCD result for fDπ

+ (0) is from HPQCD 11, the one for fDK
+ (0) represents HPQCD

10B (see Table 21).

averaged Nf = 2 and Nf = 2 + 1 results for fD and fDs in Eqs. (91) and (92). We obtain

|Vcd| = 0.2218(35)(95) , |Vcs| = 1.018(11)(21) , (leptonic decays, Nf = 2 + 1) (98)

|Vcd| = 0.2189(83)(94) , |Vcs| = 1.021(25)(21) , (leptonic decays, Nf = 2) (99)

where the errors shown are from the lattice calculation and experiment (plus non-lattice
theory), respectively. For the Nf = 2 + 1 determinations, the uncertainties from the lattice-
QCD calculations of the decay constants are two to three times smaller than the experimental
uncertainties in the branching fractions; the lattice central values and errors are dominated
by those of the HPQCD calculations. Although the Nf = 2 and Nf = 2 + 1 results for |Vcs|
are slightly larger than one, they are both consistent with unity within errors.

For the semileptonic decays, we use the latest experimental averages from the Heavy
Flavor Averaging Group [123]:29

fDπ
+ (0)|Vcd| = 0.146(3) , fDK

+ (0)|Vcs| = 0.728(5) . (100)

For each of fDπ
+ (0) and fDK

+ (0), there is only a single Nf = 2 + 1 lattice-QCD calculation
that satisfies the FLAG criteria. Using these results, which are given in Eq. (96), we obtain
our preferred values for |Vcd| and |Vcs|:

|Vcd| = 0.2192(95)(45) , |Vcs| = 0.9746(248)(67) , (semileptonic decays, Nf = 2 + 1)(101)

29We note that HFAG currently averages results for neutral and charged D meson decays without first
removing the correction due to the Coulomb attraction between the charged final-state particles for the neutral
D meson decays.
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Flavour Lattice Averaging Group (FLAG) second review published in Oct. ’13
Eur.Phys.J. C74 (’14), 255 pages, 29 Authors from all main lattice collaborations
Emerging consensus as reference for averages of lattice results
Good starting point to answer the question: “Which lattice QCD value to use?”



B meson decay constants

Physical motivation for a big question to lattice community: “Can you provide fB(s)
at % accuracy?”

|Vub| from B → τν, compare with |Vub| from B → π`ν and B → Xu`ν

fBs essential for Br (Bs → `+`−)

Employed strategies and current situation

FNAL-MILC Fermilab method
HPQCD Non Relativistic QCD, or HISQ

ETMC Ratios with known static limit
ALPHA HQET + Step Scaling

HPQCD ’13

Nf = 2 + 1 + 1

ALPHA ’12

Nf = 2

Nf = 2 + 1

ETMC ’13

FNAL-MILC ’11

HPQCD ’12

HPQCD ’11

fBs [MeV]

260250240230220210

(a)

Nf = 2 + 1

Nf = 2 + 1 + 1

Nf = 2

HPQCD ’13

ETMC ’13

ALPHA ’12

FNAL-MILC ’11

HPQCD ’12

HPQCD ’12

fB [MeV]

220210200190180

(b)

Nf = 2 + 1

Nf = 2 + 1 + 1

Nf = 2

HPQCD ’13

ETMC ’13

FNAL-MILC ’11

HPQCD ’12

fBs/fB

1.31.21.1

(c)

Nf = 2

Nf = 2 + 1

ETMC ’13

ALPHA ’12

HPQCD ’10

HPQCD ’13

mb(mb) [GeV]

4.64.44.24

(d)

Figure 18: A comparison of the available continuum extrapolated determinations of fBs panel (a), fB panel
(b), fBs/fB panel (c) and mb panel (d). The results of the present work have been labeled as “ETMC ’13”.
For the results of the other lattice groups we refer to (from top to bottom): (a) Refs. [75, 76, 77, 78, 79]; (b)
Refs. [75, 77, 77, 78, 79]; (c) Refs. [75, 77, 78]; (d) Refs. [80, 81, 79]. (The results of Ref. [79] are still
preliminary. Note also that the results in panel (a) indicated as HPQCD’11 and HPQCD’12, as well as those
indicated as HPQCD’12 in panel (b), have both been obtained using Nf = 2 + 1 (MILC) gauge ensembles but
employ different valence quark regularisations.)
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Figure 18: A comparison of the available continuum extrapolated determinations of fBs panel (a), fB panel
(b), fBs/fB panel (c) and mb panel (d). The results of the present work have been labeled as “ETMC ’13”.
For the results of the other lattice groups we refer to (from top to bottom): (a) Refs. [75, 76, 77, 78, 79]; (b)
Refs. [75, 77, 77, 78, 79]; (c) Refs. [75, 77, 78]; (d) Refs. [80, 81, 79]. (The results of Ref. [79] are still
preliminary. Note also that the results in panel (a) indicated as HPQCD’11 and HPQCD’12, as well as those
indicated as HPQCD’12 in panel (b), have both been obtained using Nf = 2 + 1 (MILC) gauge ensembles but
employ different valence quark regularisations.)
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[Comparison taken from N.Carrasco ed al, JHEP 1403 (2014) ]



Neutral meson mixing
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Beyond the Standard Model

〈B0|H∆F =2
eff |B0〉︸ ︷︷ ︸

experiments

=
G 2

FM
2
W

16π2

5∑

i=1

Ci (µ)︸ ︷︷ ︸
short distance

〈B0|Qi (µ) |B0〉
(
≡ Bi 〈B0|Qi (µ) |B0〉VIA

)

︸ ︷︷ ︸
long distance

From the experimental parametrisation of meson oscillation
and the knowledge of hadronic matrix element computed on the lattice
we check Standard Model (where C2,..,5 = 0)
and gain insight in physics BSM (Ci depend on model details)

See: UTfit Collaboration and CKM fitter

B i from lattice QCD
Technology pioneered for K̄ 0 − K 0 system
Compute from three point functions: C3;i (τ) = 〈O†

B̄0(tsep)Qi (τ) OB0 (0)〉
Mixing pattern among operators complicated on the lattice regularisation scheme



Flavour puzzle

Relation to the scale of New Physics

Ci (Λ) =
FiLi

Λ2 =

{
couplings& loop effects of NewPhysics ∼ 1 in generic FCNC
scale of NewPhysics

Computed first time 12 years ago - D.Becirevic et al., JHEP 0204 (2002)

Quenched, no continuum extrapolation, mixing-lattice artifacts, HQET driven...

B
(d)
i (mb)MS =

{
0.87(4)(5), 0.82(3)(4), 1.02(6)(9), 1.16(3)(+5

−7), 1.91(4)(+22
−7 )

}

New results from ETM - N. Carrasco et al., JHEP 1403 (2014) 016

Nf = 2 & extrapolated to mphys
π , 4 lattice spacings, NPR with mixing of continuum

B
(d)
i (mb)MS = {0.85(3)(2), 0.72(3)(1), 0.88(12)(6), 0.95(4)(3), 1.47(8)(9)}

Ongoing joint analysis from Fermilab and MILC Collaborations
RBC/UKQCD computed SU(3) breaking ratio ξstat = fBs

√
BBs/fBd

√
BBd

= 1.13(12), PRD82,’10

C1 C 2 C 3 C4 C 5
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e

V

FLAVOUR PUZZLE

Assuming arbitrary flavour structure: ΛNP > 105 TeV
For New Physics at 1 TeV one needs to:

forbid FCNC or
have non trivial flavour structure



DD̄ mixing and Long distance effects

Neutral D meson
Short distance contribution recently computed on the lattice [N.Carrasco et al., PRD90,’14]

In the Standard Model the process is dominated by Long Distance effects

Long distance effects
Framework to compute long distance effects has been set up
Pioneering study was carried out [Z.Bai et al., RBC/UKQCD coll, PRL113 ’14]

Violation of the OZI rule

u, c

u, c

d

s d

s d

s d

s

c, u

c, u

Type 1 Type 2

d
s

s d

c, u

c, u

d

s d

s
u, c u, c

Type 3 Type 4

One possible surprise(?) from this calculation is the large size of the
disconnected diagrams of type 4.

Diagrams Q1 ·Q1 Q1 ·Q2 Q2 ·Q2 DMK
Type 1,2 1.479(79) 1.567(36) 3.677(52) 6.723(90)

All 0.68(10) -0.18(18) 2.69(19) 3.19(41)
Type 3 contributions are small.
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Also rare kaon decay amplitudes are being explored [See C.Sachrajda talk at Lattice’14]



Semileptonic & radiative meson decays

Accessible through three point functions

H1
H2 H1 H2

~Q
V ( ~Q)

Prototype: K`3 decays, now computable at the physical point

Semileptonic decays
D → K`ν, π`ν: Vus , Vud

B → D(∗)`ν: Vcb

B → K`ν, π`ν: Vub,
limited to region of large q2

Useful for model-independent studies

Radiative decays
Independents from CKM matrix

J/ψ, hc → ηcγ

η′ → J/ψγ

Υ→ ηbγ



D → P`ν partial width in terms of Form Factors

dΓ(D→P`ν)
dq2 = |Vcx |2

[
K+

(
q2) ∣∣f D→P

+

(
q2)∣∣2 + K0

(
q2) ∣∣f D→P

0
(
q2)∣∣2 + KT

(
q2) ∣∣f D→P

T

(
q2)∣∣2

]

HPQCD, D → K (π), arXiv:1305.1462 Fermilab + MILC; Latt. ’12

3

normalised for the c�ic and s�is cases by requiring that
Zf+(0) = 1. This is done in a calculation of the ma-
trix element between two identical pseudoscalar mesons
with the same non-zero momentum, achieved by giving
a ‘twist’ to the spectator quark [13]. Fig. 2 shows the re-
sults of doing this on coarse set 2 and fine set 3. We see
that the Z factor is the same, to within few % errors, for
the s and c cases and is independent of the meson used at
source and sink of the 3-point correlator. We have also
checked that results are independent of the momentum
of the spectator quark and the sea quark masses (com-
paring sets 1 and 2). We therefore take the Z factor for
the 1-link spatial c�is current to be that for the c�ic case.
The local temporal vector c�0s current is normalised by
matching to the result for f0(q

2
max) that we obtain from

the absolutely normalised scalar current. This is done
for Ds decay to the ss pseudoscalar denoted ⌘s (an un-
physical state because it is not allowed to decay in lattice
QCD). These Z factors are also shown in Fig. 2.

Both the local scalar and the 1-link vector are ‘taste-
less’ currents in staggered quark parlance and so the 3-
point correlator can be calculated between pseudoscalar
mesons created using the local �5 (Goldstone) operator.
The local temporal vector current has spin-taste �0 ⌦ �0

and so, since tastes must cancel out in a 3-point corre-
lator, it is used in a 3-point function between a charmed
meson created with the local �0�5 operator and a Gold-
stone light meson. Using a di↵erent operator for the D(s)

produces negligible e↵ect here because the mass di↵er-
ence induced by taste-changing e↵ects is very small (less
than 4 MeV on coarse lattices and 1 MeV on fine) 1.

Results. Table II gives our raw results for f+ and f0

for D ! K from combining (spatial) vector and scalar
matrix elements, after renormalising the vector. To de-
termine the functional shape of the form factors we trans-
form to z-space where:

z =

p
t+ � q2 �p

t+ � t0p
t+ � q2 +

p
t+ � t0

, t± = (mD ± mK)2. (7)

This maps the semi-leptonic region, 0 < q2 < t to the
interior of the unit circle, allowing for polynomial fits in
z. We then fit the form factors to

f(q2) =
1

P (q2)�(q2)

NX

n=0

bnzn. (8)

To combine fits for f+ and f0 it is convenient for us to
take t0 = 0 (so that q2 = 0 maps to z = 0) and to take
the simplest form [17] for the product P (q2)�(q2), which

1 Taste-changing e↵ects appear as an O(a2) e↵ect in the square
of the mass for pseudoscalars. Di↵erences in the mass itself are
then suppressed by the mass for charmed mesons [8].
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FIG. 3. Lattice results for f+ and f0 in (upper plot) z-space
and (lower plot) q2-space. Upper plot shows D ! K f+ (plus
signs) and f0 (circles); set 1 (light blue), set 2 (black) and set
3 (dark blue). Our fit (in the a ! 0 and ml ! ml,phys limit)
is shown with solid and dashed lines. The lower plot shows f+

and f0 for D ! K (crosses) and Ds ! ⌘s (circles for 1-link
vector and diamonds for local temporal vector currents). The
results from the z-space fits are plotted with lines - blue for
D ! K and pink for Ds ! ⌘s.

is (1 � q2/M2
X) where MX is the appropriate pole mass,

MD⇤
s

for f+ and MD⇤
s0

for f0.
Fig. 3 shows our results for P�⇥f in z-space, where it

is clear they have a very simple form. To obtain results
in the continuum and physical light quark mass limits,
we allow for dependence of the coe�cients bn in Eq. 8 on
a and valence and sea ml (using chiral parameter �l =
0.25ml/ms,phys from Table I) as:

bn(a, ml) = An{1 + Bna2 + Cna4 + Dn�l

+ En(�l ln[�l] + Fna2�l)} (9)

Priors are taken as: A0: 0.750(75), An, n > 0: 0.0(2.0),
Bn: 0.0(3), Cn: 0.0(1.0), Dn: 0.0(5), En, Fn: 0.0(1.0).
We include coe�cients up to n = 4, with a constraint
on the n = 4 value [17]. Coe�cients are independent
for f0 and f+ except for the kinematic constraint that b0

should be the same for both. From the fits we extract
bn,phys = bn(a = 0, ml = ml,phys).

Our physical curve in z-space is converted back to q2

space giving the lower plot of Fig. 3. We integrate the fac-
tor p3|f+(q2)|2 from Eq. 2 over the experimental bins in

D→ K(π)ℓν and |Vcs(d)| from heavy clover on 2+1 flavor asqtad MILC ensembles Jon A. Bailey

may decrease the errors and eliminate this inflection.
The factors ZV4

cc
and ZV4

xx
are preliminary, and we are updating them. Before the final fits, the

data must be shifted to the retuned κc values. We have generated additional data on one of the
coarse ensembles to correct for the error in κc-tuning and estimate the remaining systematic error
due to uncertainty in the value of the (retuned) κc.

5. Results

Due to suppression by the heavy quark mass, the form factors f D→P
+ are dominated by the

form factors f D→P
⊥ , for which our fits are very well-behaved. By normalizing the form factors to

convenient fiducial points, we compare the shapes obtained from LQCD and experiments; this ap-
proach eliminates the need for any assumption about the normalization of the experimental data.
Below we overlay fiducially normalized χPT curves from our fits (SχPT extrapolated to the phys-
ical light quark mass and continuum limit) and form factor shapes from CLEO and BABAR [5, 4].
The errors on the experimental (blue and violet) data points are from the full covariance matrix,
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Figure 5: Preliminary LQCD results for the shape of f D→π
+ (q2), with statistical errors only, compare fa-

vorably with CLEO-c data, with total errors [5]. On the left the curve is the chiral-continuum extrapolated
shape from SU(3) SχPT; on the right the curve is from SU(2) SχPT. The curves agree within statistics.

including systematics. Even though we omit systematic uncertainties in the lattice results in the
above plots, the qualitative agreement between the curves and experiment is perfectly acceptable
for both SU(3) and SU(2) χPT. Quantitative tests can be performed by fitting the lattice results and
experimental data separately to the z-expansion [13]. Once the quantitative compatibility of the
lattice and experiment form factor shapes is verified, simultaneously fitting the lattice results and
experimental data will yield the CKM matrix elements |Vcs| and |Vcd |.

From the SU(2) (SU(3)) fits above, the statistical errors in f D→π
+ (0) are 4% (4%), and those in

f D→K
+ (0), 2.3% (3%). Important systematic errors are from heavy-quark lattice artifacts, the error

in r1, and the error in the axial coupling gπ . Naively updating the gπ error reduces the projected
systematics to 3.4% [14, 15]. A careful estimate of all systematics reflecting the entire data set
has yet to be made; the difference between our present SU(2) and SU(3) curves is in some cases
comparable to the other errors.

Fermilab is operated under contract DE-AC02-07CH11359 with the U.S. DOE; J.A.B. is
supported by the Creative Research Initiatives Program (2012-0000241) of the NRF grant funded
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Historically QCD prediction at q2 = 0
used to normalize experimental data fits
Now: q2-bin comparison

Remarks:
f+ not described by single pole VMD
model [D.Becirevic et al, arXiv:1407.1019]

fT/f+ deviates from constant behavior in
q2 predicted by HQET



Form factors for B → K (∗)`+`− decays

B → K`+`− - three form factors

〈K (k)|b̄γµs|B(p)〉 ∝ f+(q2), f0(q2) 〈K (k)|b̄σµνqνs|B(p)〉 ∝ fT (q2)

HPQCD, C. Bouchard et al, PRD88(2013)054509, PRL111(2013)162002

Staggered light quarks and the non-relativistic expansion on the lattice

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0  4  8  12  16  20  24

q
2
 [GeV

2
]

f+ f0

data

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0  4  8  12  16  20  24

q
2
 [GeV

2
]

fT

data

Lattice data available only in the shaded area

Remarks

Major improvement over the quenched results [cf. PRD86(2012)034034]
New and old values for f0,T (q2) consistent, new value for f+(q2) lower then before
The new f+(m2

J/ψ)/f0(m2
ηc

) suggests a sizable violation of the factorization approximation in
B(B → ηcK )/B(B → J/ψK ) [cf. Nuc.Phys.B, 883]



Form factors for B → K (∗)`+`− decays

B → K ∗`+`− - seven form factors
〈K ∗(k , ε)|b̄γµs|B(p)〉 ∝ V (q2) 〈K ∗(k , ε)|b̄γµγ5s|B(p)〉 ∝ A1(q2),A2(q2),A0(q2)

〈K ∗(k , ε)|b̄σµνqνs|B(p)〉 ∝ T1(q2),T2(q2),T3(q2)

The case of Bs → φ`+`−, R.R.Horgat et al, PRD89.094501
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Also here the results restrained to large q2’s (small recoils)
Where A12 = f [A1(q2),A2(q2)] and T23 = f [T2(q2),T3(q2)]

Need results with different approach to heavy quark and light quarks other than staggered



B → D`ν decays

Popular test of New Physics

R(D) =
B(B → Dτντ )

B(B → D`ν)
, R(D∗) =

B(B → D∗τντ )

B(B → D∗`ν)
, (` = e, µ)

Ratios useful to cancel/reduce theoretical uncertainties in Vcb/f.f

BaBar (’12)

R(D) = 0.440± 0.058± 0.042, R(D)SM = 0.31± 0.02

R(D∗) = 0.332± 0.024± 0.018, R(D∗)SM = 0.252± 0.003

Larger than the SM expectations! New Physics?
B → D`ν needs form factors f B→D

+, 0,T to check SM and constraint the NP contribution

Form factors for B(s) → D(s)

Convenient parametrisation (HQET motivated) in terms of G (w)
1

√mB(s)
mD(s)

〈D(s) (k) |Vµ|Bs(p)〉 ∝ G (w) + corr .

G (1) = 1 up to radiative and 1/mh correction
Compute the true G (1) on the lattice



B → D`ν decays

New results, M.Atoui, V.Morénas, D.Bečirevic, FS., Eur.Phys.J. C74 (2014)

Define: G(1, mb, mc) = σnσn−1...σ1σ0��
���

��: 1
G (1, mc , mc ), σi = G(1, λmh,mc )

G(1,mh,mc )

In the elastic case D(s) → D(s) by definition G(1) = 1
Towards the static h-quark: limmh→∞ σ(mh) = 1
Extrapolate constrained σ from c to b, reconstructing G (1) from the chain of products

Results & comparison with previous studies7

form factor G(1, mc, mc) = 1, we could have started
from a k < n to compute G(1,�k+1mc, mc) in the
continuum limit, and then applied �k+1 . . .�n to
reach the b-quark mass. For example, by using
k = 3,

G(1, mb, mc) = �8�7�6�5�4 G(1,�4mc, mc)

= 1.059(47), (32)

in the case with �k 6= 0. This results is obvi-
ously completely consistent with the number given
in eq. (31). To get the above result we also
needed to perform a continuum extrapolation of
G(1,�4mc, mc) by using the expression analogous
to the one shown in eq. (28). We checked and
observed that our lattice data for the form factor
are also independent on the light sea quark when
the valence quark masses are fixed, a behavior very
similar to what is shown in fig. 2. Furthermore
we checked that, after adding the cubic term in
1/mh to eq. (30), the resulting G(1) = 1.047(61),
remains fully consistent with our main result given
in eq. (31). Although th finite volume e↵ects are
not expected to a↵ect the quantities computed in
this paper, they could appear when the dynami-
cal (sea) quark mass is lowered. In order to check
for that e↵ect we can compare our results obtained
on the ensembles VI and VII which di↵er by the
volume. The situation shown in fig. 2 is a generic
illustration of the situation we see with all the other
quantities: the form factors are completely insen-
sitive to a change of the lattice volume. All these
checks suggest that our result (31) obtained by us-
ing �k as a free parameter, remains stable and we
take it for our final result, namely

G(1) = 1.052(46). (33)

Finally, we repeated the whole computation for
the non-strange case, i.e. by keeping the sea and
valence light quarks degenerate in mass. We ob-
tained G(1) = 1.079(29) and G(1) = 1.033(95), cor-
responding to �k = 0 and �k 6= 0 respectively. This
latter number is not helpful in reducing the error
bar of |Vcb| extracted from B ! Dµ⌫ decays. It
shows, however, that the method employed in this
work can be used to get a percent precision of G(1)
even in the non-strange case provided the statistical
quality of the data is substantially improved. Note
also that our G(1) in eq. (33) agrees with the result
obtained by the expansion around the BPS limit in
ref. [24].

We end this discussion with a comment concern-
ing the non-zero recoil situation (w 6= 1). The ana-
lysis is essentially the same as in the zero-recoil
case described above. From the correlation func-
tions (18) and by using the projector P+

µ (5) we get
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FIG. 3: We show our data for �k(1) = �(1, mh) with
mh = �k+1mc, and show the result of the fit in 1/mh

to the form given in eq. (30) as a function of the inverse
heavy quark mass with mh = �k+1mc. Filled sym-
bols correspond to �(1, mh) extrapolated to the con-
tinuum limit by using eq. (28) with all parameters free,
whereas the empty symbols refer to the results obtained
by imposing �k = 0. The gray vertical line indicates to
point corresponding to the inverse of the physical b-
quark mass.

the form factor f+(q2) which is proportional to the
desired G(w,�kmc, mc), cf. eqs. (8,9). The obser-
vations made in the analysis of G(1) concerning the
independence on the light sea quark mass and on
the lattice spacing remain true after switching from
w = 1 to w 6= 1. The values are given in tab. IV,
where we again report our results both in the case
in which the parameter �k in the continuum ex-
trapolation (28) is left free and in the case in which
�k = 0 is imposed. The net e↵ect in the latter case
is that the resulting error is considerably smaller.
Using the parameterization of ref. [5], which takes
into account the relation between the curvature and
the slope of G(w), namely

G(w)

G(1)
= 1 � 8⇢2z + (51⇢2 � 10)z2

� (252⇢2 � 84)z3 , (34)

with z = (
p

w + 1�
p

2)/(
p

w + 1+
p

2), one could
attempt to extract the slope ⇢2 from our data.
Knowing that the window of w’s we consider here is
very short (27), a clean determination of ⇢2 would
require very accurate values of G(w). In our case we
only obtain ⇢2 = 1.2(8), or in the case where we dis-
miss the dependence on the sea quark mass (when
the errors on G(w) are smaller) we get ⇢2 = 1.1(3),
both being consistent with the experimentally es-
tablished ⇢2 = 1.19(4)(4) [25]. The same result for

Final Results: GBs→Ds (1) = 1.052(46)
Unquenched, full QCD heavy quark
De Divitiis et al. (Phys.Lett.B ’07):
1.026(17)

3 Step scaling method
7 Quenched

MILC+Fermilab: 1.074(24), Lattice ’04

The case of B → D∗`ν

Very recently Fermilab + MILC reported: F (1) = 0.906(4)(12), PRD 89, 114504



Radiative decays of charmonia

J/ψ → ηcγ puzzle solved?
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Γ
(J
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→

η
c
γ)
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k
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]
Crystal Ball 1986

CLEO 2009

KEDR 2014

Shifman 1980 [+update]

Khodjamirian 1984

Beilin, Radyushkin  1985

Brambilla, Jia, Vairo 2006

Pineda, Segovia 2013

Voloshin 2007

Eichten et al. 2008

Dudek et al. 2006

Chen et al. 2011

Becirevic, Sanfilippo 2012

HPQCD 2012
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Tension in hc → ηcγ?

D.Becirevic, F.S (2012): Γhc = ΓLAT (hc→ηcγ)
BrBes III(hc→ηcγ)

= 1.37(23) MeV, JHEP 1301 (2013)

BES III: Γincl
hc

= 0.73(45)(28)MeV, Γexcl
hc

= 0.70(28)(22)MeV, X Confinement 2012

ηc(2S)→ J/ψγ (unobserved process)
Recent lattice QCD prediction, D.Becirevic, M.Kruse and FS, arXiv:1411.6426
Br = 1.4(6)× 10−3 about 40 times larger than naive expectation
Suggestion for experimentalists: could it be detected experimentally?



Hadronic decays

“Emerging understanding of the ∆I = 1/2 rule from Lattice QCD”
RBC-UKQCD Collaboration, PRL110, ’13

“Emerging understanding of the �I = 1
2 rule from Lattice QCD"

RBC-UKQCD Collaboration, arXiv:1212.1474

Re A2 is dominated by a simple operator:

O3/2
(27,1)

= (s̄idi)L
�
(ūjuj)L � (d̄jdj)L

 
+(s̄iui)L (ūjdj)L

and two diagrams:

L

L

s

K π

πi

i

jj

C1

L

L

s

K π

πj

i

ji

C2

Re A2 is proportional to C1 +C2.

The contribution to Re A0 from Q2 is proportional to 2C1 �C2 and that from Q1 is
proportional to C1 �2C2 with the same overall sign.

Colour counting might suggest that C2 ' 1
3 C1.

We find instead that C2 ⇡�C1 so that A2 is significantly suppressed!

We believe that the strong suppression of Re A2 and the (less-strong)
enhancement of Re A0 is a major factor in the DI = 1/2 rule.

Chris Sachrajda HEP 2013, 23rd July 2013 20

Observed cancellation between diagrams in one isospin channel, and not in the other

Prediction for other hadronic decays
We observed for some time an unexpected excess of CP violation in D → ππ/KK

Excess evaporated, but in the future experiments could... trip over other unexpected
features of hadronic decays (see e.g. perspectives of LHCb upgrade)
Are we ready to make precise predictions for other fully hadronic processes?

Decays beyond inelastic threshold
Method used for K → ππ works only for a single final state containing two particles
Recent progress by Hansen and Sharpe:

PRD86 (2012): Inclusion of channels with multiple two-particle states e.g. → ππ → KK
arXiv:1408.5933 (52 pages!): Three scalar particles in the final state

For typical process (e.g. D → KK ) we would need to build a more general framework
(need to consider many hadrons in the final state)



Future perspectives

Current status forty years after the formulation of LQCD
Lattice Calculations in the precision era

1 Many simulations include Nf = 2 + 1 + 1 physical quarks
2 Continuum limit extrapolation under control for charm physics
3 Many different methods to study b-physics allow for crosschecks
4 Emerging consensus on Lattice averages

Next steps
1 Include Isospin Breaking/Electromagnetic effects
2 Simulate at lattice spacing small enough to treat directly the physical b quark
3 g − 2, rare kaon decay amplitudes

Long time perspectives
1 Hadronic decays above inelastic thresholds & full understanding of resonance spectrum
2 Calculate KL − KS mass difference and make

one more lattice QCD attempt to compute ε′/ε

THANKS!!
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Isospin breaking

Ab initio calculation of the neutron-proton mass difference
BMW collaboration, arXiv:1406.4088, to appear on Science
Massive QCD+QED simulations (4 lattice spacings, many volumes, dynamical QED)
Main results: [(Mn −Mp)EXP = 1.2933322(4)MeV]

Mn −Mp = 1.51(16)(23)MeV = 2.52(17)(24)MeVQCD − 1.00(07)(14)MeVQED

Correction to decay process

fπ fK fD fDs fB fBs

130.2(1.4) 156.3(0.8) 209.2(3.3) 248.6(2.7) 190.5(4.2) 227.7(4.5) [MeV]
[FLAG Collaboration, Eur.Phys.J. C74 (2014)]

Precision quoted at O (1%): need to include Isospin Breaking effects
Need to go beyond factorisation approximation and consider the full decay process
Need to include also real emission process together (to cancel IR divergence)
At first order in αQED : Γ [P+ → `+ν` (γ)] with Eγ < ∆ ∼ 10MeV
Proposed framework:

Γ0 + Γ1 (∆) = lim
V→∞

(
Γ0 − Γpt

0
)

+ lim
V→∞

(
Γpt

0 + Γ1 (∆)
)

[See C.Sachrajda talk at Lattice’14]


