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Figura : Foto di due microcavitAtoroidali chiamate whispering gallery mode e

illustrazione schematica dell’apparato sperimentale: I due risonatori sono

accoppiati tra loro con accoppiamento proporzionale alla distanza k; il risonatore

attivo accoppiato ad una fibra ottica ed dopato con ioni di erbio (gain), mentre il

risonatore passivo (loss) non contiene alcun dopante.

H = pq � �(xp � yq) + (!2 � �2)xy + k(x2 + y2)/2. (1)
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Figura : (sinistra): Plot della parte reale e immaginaria della frequenza � nella

soluzione x = e

i�t
di (1) per � vicino alla transizione di fase ad ✏ ⇡ 0.02.

(destra): Misure sperimentali
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Invariant discretization

1 Discretization procedure of PDEs leaving invariant the Lie-point

2 Example: the Liouville equation

z
xy

= ez , (2)

u u
xy

� u
x

u
y

= u3, u = ez , (3)

3 not use a preconceived constant lattice.

4 Construct an invariant set of equations defining both the lattice and system of difference

equations.

5 The group acts on the solutions of the equation and on the lattice.

6 The study of symmetries of genuinely discrete phenomena.

7 The third aspect of this program fits into the general field of geometrical integration .

8 Improve numerical methods of solving specific ordinary and partial differential equations,

by incorporating important qualitative features of these equations into their discretization.

Such features may be point symmetries, integrability, linearizability, Lagrangian or

Hamiltonian formulation.
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E↵ (xm+i ,n+j , ym+i ,n+j , um+i ,n+j) = 0,
↵ = 1, . . . ,N, imin  i  imax , jmin  j  jmax .
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4-point stencil

s 0
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prẐ =
X

i ,j

(⇠i ,j@x
i,j + ⌘i ,j@y

i,j + �i ,j@u
i,j ).

pr Is = 0,
pr Iw |I

w

=0 = 0,
XD (f ) = pr X (f ) =

P
(m,n)2sm,n

4

[f (xm,n) @x
mn

� f 0 (xm,n) umn @u
mn

] ,

YD (g) = pr Y (g) =
P

(m,n)2sm,n
4

[g (ym,n) @y
mn

� g˙(ym,n) umn @u
mn

] .

Martina (UniSalento) MMNLP-Le - Mathematical Methods of Nonlinear Physics11/7/2013 17 / 42



Partecipanti esterni

4-point stencil invariants
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Discretized Liouville Equation
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Numerics

Standard discretization

u1,1u0,0 � u0,1u1,0 = hk u3
0,0. (5)

Symmetry invariant discretization

u1,1 =
u0,1u1,0

�
ahkpu0,1u1,0 + 1

�

u0,0
�
(a � 1)hkpu0,1u1,0 + 1

� (a 6= 0, 1) , (6)

s1 = 2���
(�2x2+1)(�2y2+1)(tan�1(�x)+� tan�1(dy)+↵)2

,

s2 = 2As2es(x+y)

(Aesy+esx )2
,

s3 =
8(1�4(x+ 1

2

))(1�4y) exp
⇣
�4(x+ 1

2

)2+2(x+ 1

2

)�4y2+2y
⌘

 
e2(x+ 1

2

)�4(x+ 1

2

)2+e2y�4y

2+1

!
2

,

Martina (UniSalento) MMNLP-Le - Mathematical Methods of Nonlinear Physics11/7/2013 20 / 42



Partecipanti esterni

a) b)

c) d)

Figura :
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�Inv �stand
s1 6.4 ⇥ 10�16 7.2 ⇥ 10�5

s2 1.6 ⇥ 10�7 7.0 ⇥ 10�1

s3 1.7 ⇥ 10�2 6.0 ⇥ 10�1
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9-point scheme

Figura :
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Symmetries in Nonlinear models: Vortices and Waves

Physical Origin
1 Spin-Charge Separation of the pure Yang-Mills theory in Infrared background

2 3He � A superfluid (M
L

= 1,M
S

= 0)

3 2-band superconductor (Nb-doped SrTiO
3

, MgB
2

)

4 charged condensates of tightly bounded fermion pairs

Stability of the order parameter configurations
Knotted and/or linked quasi-1-dimensional configurations
Coexistence/Competition of short/long (UV/IR) wave modes
Properties of knots and tangles
Topological ordering in disordered background
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The Skyrme Faddeev- Model
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(several tens of nanometres) can be regarded as a magnetically 2D
system, in which the direction of q is confined within the plane
because the sample thickness is less than the helical wavelength;
therefore, various features should appear that are missing in bulk
samples. In the context of the skyrmion, the thin film has the advant-
age that the conical state is not stabilized when the magnetic field is
perpendicular to the plane23. Therefore, it is expected that the SkX can
be stabilized much more easily, and even at T 5 0, in a thin film of
helical magnet.

In this Letter, we report the real-space observation of the forma-
tion of the SkX in a thin film of B20-type Fe0.5Co0.5Si, the thickness of
which is less than the helical wavelength, using Lorentz TEM28 with a
high spatial resolution. The quantitative evaluation of the magnetic
components is achieved by combining the Lorentz TEM observation
with a magnetic transport-of-intensity equation (TIE) calculation
(Supplementary Information).

We first discuss the two prototypical topological spin textures
observed for the (001) thin film of Fe0.5Co0.5Si. The Monte Carlo
simulation (Supplementary Information) for the discretized version
of the Hamiltonian in equation (1) predicts that the proper screw
(Fig. 1a) changes to the 2D skyrmion lattice (Fig. 1b) when a perpen-
dicular external magnetic field is applied at low temperature and when
the thickness of the thin film is reduced to close to or less than the
helical wavelength. The Lorentz TEM observation of the zero-field
state below the magnetic transition temperature (,40 K) clearly
reveals the stripy pattern (Fig. 1d) of the lateral component of the
magnetization, with a period of 90 nm, as previously reported18; this
indicates the proper-screw spin propagating in the [100] or [010]
direction. When a magnetic field (50 mT) was applied normal to the
plate, a 2D skyrmion lattice like that predicted by the simulation
(Fig. 1b) was observed as a real-space image (Fig. 1e) by means of
Lorentz TEM. The hexagonal lattice is a periodic array of swirling spin
textures (a magnified view is shown in Fig. 1f) and the lattice spacing is
of the same order as the stripe period, ,90 nm. Each skyrmion has the
Dzyaloshinskii–Moriya interaction energy gain, and the regions
between them have the magnetic field energy gain. Therefore, the
closest-packed hexagonal lattice of the skyrmion has both energy
gains, and forms at a magnetic field strength intermediate between
two critical values, each of which is of order a2/J in units of energy. We

note that the anticlockwise rotating spins in each spin structure reflect
the sign of the Dzyaloshinskii–Moriya interaction of this helical mag-
net. Although Lorentz TEM cannot specify the direction of the mag-
netization normal to the plate, the spins in the background (where the
black colouring indicates zero lateral component) should point
upwards and the spins in the black cores of the ‘particles’ should point
downwards; this is inferred from comparison with the simulation of
the skyrmion and is also in accord with there being a larger upward
component along the direction of the magnetic field. The situation is
similar to the magnetic flux in a superconductor29, in which the spins
are parallel to the magnetic field in the core of each vortex.

Keeping this transformation between the two distinct spin textures
(helical and skyrmion) in mind, let us go into detail about their field
and temperature dependences. First, we consider the isothermal vari-
ation of the spin texture as the magnetic field applied normal to the
(001) film is increased in intensity. The magnetic domain configura-
tion at zero field is shown in Fig. 2a. In analogy to Bragg reflections
observed in neutron scattering22, two peaks were found in the cor-
responding fast Fourier transform (FFT) pattern (Fig. 2e), confirm-
ing that the helical axis is along the [100] direction. In the real-space
image, however, knife-edge dislocations (such as that marked by an
arrowhead in Fig. 2a) are often seen in the helical spin state, as
pointed out in ref. 18. When a weak external magnetic field, of
20 mT, was applied normal to the thin film, the hexagonally arranged
skyrmions (marked by a hexagon in Fig. 2b) started to appear as the
spin stripes began to fragment. The coexistence of the stripe domain
and skyrmions is also seen in the corresponding FFT pattern (Fig. 2f);
the two main peaks rotate slightly away from the [100] axis, and two
other broad peaks and a weak halo appear. With further increase of
the magnetic field to 50 mT (Fig. 2c), stripe domains were completely
replaced by hexagonally ordered skyrmions. Such a 2D skyrmion
lattice structure develops over the whole region of the (001) sample,
except for the areas containing magnetic defects (Supplementary
Information). A lattice dislocation was also observed in the SkX, as
indicated by a white arrowhead in Fig. 2c. The corresponding FFT
(Fig. 2g) shows the six peaks associated with the hexagonal SkX
structure. The SkX structure changes to a ferromagnetic structure
at a higher magnetic field, for example 80 mT (Fig. 2d, h), rendering
no magnetic contrast in the lateral component.

d e f

90 nm 90 nm 30 nm

[010] [100]

a b c

Figure 1 | Topological spin textures in the helical magnet Fe0.5Co0.5Si.
a, b, Helical (a) and skyrmion (b) structures predicted by Monte Carlo
simulation. c, Schematic of the spin configuration in a skyrmion. d–f, The
experimentally observed real-space images of the spin texture, represented
by the lateral magnetization distribution as obtained by TIE analysis of the

Lorentz TEM data: helical structure at zero magnetic field (d), the skyrmion
crystal (SkX) structure for a weak magnetic field (50 mT) applied normal to
the thin plate (e) and a magnified view of e (f). The colour map and white
arrows represent the magnetization direction at each point.
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Partecipanti esterni

Relativistic Skyrme - Faddeev

gµ⌫ = diag (+,�,�,�)

L =
1

32⇡2

✓
@µ~� · @µ~�� �

4

⇣
@µ~�⇥ @⌫~�

⌘
·
⇣
@µ~�⇥ @⌫~�

⌘◆
�

⇣
1 � ~� · ~�

⌘
,

(7)
Polar representation

~� = (sin w cos u, sin w sin u, cos w) , (8)

Euler - Lagrange Equations

@µwµ = 1
2 sin(2w)u⌫u⌫ + �

2 sin w u⌫ @µ[sin w(wµu⌫ � w⌫uµ)],

wµuµ sin(2w) + sin2 w [@µuµ + �
2w⌫@µ(uµw⌫ � u⌫wµ)] = 0. (9)
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Partecipanti esterni

The d’Alembert-homogeneous Eikonal reduction: w = const

@µuµ = 0, u⌫u⌫ = 0,

G (u,Aµ (u) xµ,Bµ (u) xµ) = 0, AµAµ = BµBµ = AµBµ = 0,

with G , Aµ and Bµ arbitrary real regular functions.
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Partecipanti esterni

Orthogonality reduction

By imposing

wµuµ = 0, u⌫u⌫ = ↵ (↵ = constant 2 R) .

the system reduces to the equations

@µuµ = 0, u⌫u⌫ = ↵,

wµuµ = 0, @µwµ =
↵

2
sin(2w)

1 � �↵
2 sin2 w

(1 +
�

2
wµwµ),

which are highly nonlinear for the w field.
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Partecipanti esterni

General solution of the d’Alembert-Eikonal system

1 Fushchich V I, Zhdanov R Z and Revenko I V 1991 General solutions
of the nonlinear wave equation and of the eikonal equation Ukr. Mat.
Z. 43 1471-1487;

2 Zhdanov R Z, Revenko I V and Fushchich V I 1995 On the general
solution of the d’Alembert equation with a nonlinear eikonal constraint
and its applications

u = Aµ (⌧) xµ + R1 (⌧) ,

Bµ (⌧) xµ + R2 (⌧) = 0,
AµAµ = ↵, AµBµ = A0

µBµ = BµBµ = 0,

Then, for ↵ = �⌘2 , the general solution is

u = xkAk(⌧) + A0(⌧), t = xkBk(⌧) + B0(⌧),

A1 = ⌘ cos(f (⌧)) sin(g (⌧)),A2 = ⌘ sin(f (⌧)) sin(g (⌧)),A3 = ⌘ cos(g (⌧)),

being f (⌧) and g (⌧) arbitrary functions.
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Partecipanti esterni

The reduced Skyrme–Faddeev system

By setting to zero the coefficients of all functions of w

wµuµ = 0, wµwµ = � 2
�
, @µwµ = 0,

@µuµ +
�

2
w⌫@µ(uµw⌫ � u⌫wµ) = 0, u⌫@µ(wµu⌫ � w⌫uµ) = 0,

quasilinear system in (uµ, wµ)

@µwµ = 0, wµwµ = �✏2, uµwµ = 0, (10)
d’Alembert-Eikonal

�
u ! w ,↵! �✏2� orthogonality condition

u⌫@µ(wµu⌫ � w⌫uµ) = 0, ✏2@µuµ + w⌫@µ(uµw⌫ � u⌫wµ) = 0,
m aµwµ = 0 with a = u⌫u⌫ identity (11)

where ✏2 = 2
� . Compatibility condition is the Monge-Ampére equation

Det [wij ] = 0, (12)
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Partecipanti esterni

Compatibility

(1+2)-dim
) u = F [w1,w2] , a ⌘ 0 8w

(1+3)-dim
) u = F [w1,w2,w3]

(xmB 0
m(⌧) + B 0

0(⌧))d⌧ = dt � Bk(⌧)dxk , Xk = xk ,

[Xm(B 0
m(⌧)Ap(⌧)� A0

m(⌧)Bp(⌧)) + B 0
0(⌧)Ap(⌧)� A0

0(⌧)Bp(⌧)]uX
p

= 0
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Quasi-Periodic Solutions

Phase - pseudo-phase Solutions

w = ⇥ [✓] , u = � [✓] + ✓̃, where ✓ = ↵µxµ, ✓̃ = �µxµ

A 3-parametric family of equations

2B3 � �

4
B sin2 ⇥

�
⇥✓✓ = sin 2⇥

✓
�

8
B ⇥2

✓ + B3�
2
✓ + B2�✓ + B1

◆
(13)

2B3 sin2 ⇥ �✓✓ +⇥✓ sin 2⇥ (2B3�✓ + B2) = 0, (14)

where B1 = ��µ�µ, B2 = �2↵µ�µ B3 = �↵µ↵µ and B = B2
2 � 4B1B3.
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Quasi-Periodic Solutions

Conservation laws

E0 =
�1

32⇡2

n
B3↵0⇥

2
✓ + sin2 ⇥

h
2~↵ · ~� �0 +

⇣
B1 � 2~�2

⌘
↵0

+B3 (2�0 + ↵0�✓)�✓ � �B
8
↵0⇥

2
✓

��
,

E i =
�1

32⇡2

⇢
B3↵i⇥

2
✓ + sin2 ⇥


B2�i � B1↵i + B3 (2�i + ↵i�✓)�✓ � �B

8
↵i⇥

2
✓

��
.

B3 6= 0 and substitution

⇥ = arcsin
p
 ,

 2
✓ =

64( � 1) ( � A1) ( � A2)

�2B 1 ( 1 �  )
.
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Quasi-Periodic Solutions
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Quasi-Periodic Solutions

Parametric form solutions

✓ ( ) = ✓
0

+
1
4

s
B�2 

1

( 
1

� A
1

)2

(A
1

� 1) (A
2

�  
1

)
⇧


A

1

� A
2

 
1

� A
2

;Z |
( 

1

� 1) (A
1

� A
2

)

(A
1

� 1) ( 
1

� A
2

)

�
,

 = �
A

2

 
1

sin2 Z + A
1

�
 

1

cos2 Z � A
2

�

A
1

sin2 Z + A
2

cos2 Z +  
1

� = �
B

2

U
2

2B
3

Z
d✓
 (✓)

+ ✓

�
+ �

0

=

�
s
1

2 
1

"s
2 

1

(A
1

�  
1

) 2 (B
1

� 
1

+ 2)
(A

1

� 1) (A
2

�  
1

)
⇧

✓
A

2

� A
1

A
2

�  
1

;Z
����
(A

1

� A
2

) ( 
1

� 1)
(A

1

� 1) ( 
1

� A
2

)

◆

+2s
2

s
A

2

 
1

(A
1

�  
1

) 2

A
1

(A
1

� 1) (A
2

�  
1

)
⇧

✓
(A

1

� A
2

) 
1

A
1

( 
1

� A
2

)
;Z
����
(A

1

� A
2

) ( 
1
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1
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1
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Quasi-Periodic Solutions

-20 -10 10 20

-1.0

-0.5
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Figura : The graphic for the �1 (green), �2 (blue) and �3 () as function of x

3
for

a choice of the parameters

A1 = 0.2,A2 = 0.8, 1 = 0.9,B = 1,� = 1,B1 = 1, s1 = �1, s2 = �1 .

Accordingly, the wave vectors for the phase and pseudo-phase have been chosen

to be ↵µ = (0, 0, 0, 0.33541) and �µ = (1.49638, 1, 0,�1.49638), respectively
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Quasi-Periodic Solutions

-20 -10 10 20

-1.0

-0.5

0.5

1.0

Figura : The graphic for the �1 (green), �2(blue) and �3 () for a choice of the

parameters

A1 = 0.2,A2 = 0.99, 1 = 20.01,B = 1,� = 1,B1 = 1, s1 = �1, s2 = �1. The

wave vectors are ↵µ = (0, 0, 0,�1.58153) and �µ = (�1.04879, 1, 0, 1.04879),
respectively
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Quasi-Periodic Solutions
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Figura : Projection on the plane (�1,�2) of a sample of about 5000 consecutive

values of the field � along the axes

�
0, 0, x3�

, for the same choice of parameters

as in Figure 2
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Quasi-Periodic Solutions

Figura : A sample of 200 consecutive spin configurations along the x

3
axis, with

parameters as in Figure 2.
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The Whitham averaging method

The Whitham averaging method

L̂p = sin2(⇥)

✓
�1

2
�

✓
B2

2
4

� B1B3

◆
⇥2
✓ + B3�

2
✓ + B2�✓ + B1

◆
+ B3⇥

2
✓,

Averaged constrained Lagrangian on a period

L ⌘
1
2⇡

I
L̂

p

d✓,
I

d✓ = 2⇡, < �✓ >=

I
�d✓ = 2⇡m,

L =

✓
B

1

�
B2

2

4B
3

◆ 
A

1

+ A
2

+ W
r
�

2
B

3

!
+

B
2

+ 2mB
3

2B
3

q
A

1

A
2

(B2

2

� 4B
1

B
3

),

where

W =
1
2⇡

I s
( � A

1

) ( � A
2

) ( �  
1

)

1 �  

d 
 

.
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The Whitham averaging method

LA
1

= 0 and LA
2

= 0
! = �✓X 0

, ki = ✓X i

and � = �✓̃X 0

,�i = ✓̃X i

, where X 0,X 1,X 2,X 3 are the
so called “slow” variables in comparison with “fast” variables x0, x1, x2, x3

@0L! = @iLk i

, @0L� = @iL�i

, (15)

with the compatibility conditions

@0k1 + @i! = 0, , @jk i = @ik j i 6= j , (16)
@0�

i + @i� = 0, , @j�
i = @i�

j i 6= j .
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