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The 7" transition form factor and (g — 2),,

e largest individual HLbL contribution: 7" pole
0 /
singly / doubly virtual form factors RGN

Fwovfy* (q27 O) and FWOW*V* (Q%a q%)
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The 7" transition form factor and (g — 2),,

e largest individual HLbL contribution: 7¥ pole
singly / doubly virtual form factors

Fwovfy* (q27 O) and FWOW*V* (Q%a q%)

™, n,

e normalisation fixed by Wess—Zumino—Witten anomaly:

62

A2 F.
F.. pion decay constant — measured at 1.5% level PrimEx 2011

Fr04,(0,0) =
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The 7" transition form factor and (g — 2),,

e largest individual HLbL contribution: 7¥ pole
0 /
singly / doubly virtual form factors RGN

Fwovfy* (q27 O) and FWOW*V* (Q%a qg)

e normalisation fixed by Wess—Zumino—Witten anomaly:

62

A2 F.
F.. pion decay constant — measured at 1.5% level PrimEx 2011

Fro,,(0,0) =

e ¢’-dependence: often analysed by vector-meson dominance
— what can we learn from analyticity and unitarity constraints?

— what experimental input sharpens these constraints?
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Dispersive analysis of 0 — ~y*y*
e isospin decomposition:

Fﬂ'ofy*'y* (Q%a q%) — Fvs(q%7 q%) + Fvs(q§7 q%)
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Dispersive analysis of 0 — ~y*y*
e isospin decomposition:

Fﬂ'ofy*'y* (Q%a q%) — Fvs(q%7 q%) + Fvs(q§7 q%)

e analyze the leading hadronic intermediate states:
see also Gorchtein, Guo, Szczepaniak 2012

> Isovector photon: 2 pions
x pion vector form factor x AT — 7w
all determined in terms of pion—pion P-wave phase shift
+ Wess—Zumino—Witten anomaly for normalisation
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Dispersive analysis of w0 — ~*~*
e iSOSpin decomposition:
Froyene (a1, 63) = Fos(a1, 63) + Fus(43, G5
e analyze the leading hadronic intermediate states:

see also Gorchtein, Guo, Szczepaniak 2012
()

7T+: ’ny
Vs 000
T 77_.O

> Isovector photon: 2 pions
« pion vector form factor x AT — 77w
all determined in terms of pion—pion P-wave phase shift
+ Wess—Zumino—Witten anomaly for normalisation
> Isoscalar photon: 3 pions
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Dispersive analysis of 0 — ~y*y*
e isospin decomposition:

Fﬂ'ofy*'y* (Q%a q%) — Fvs(q%7 q%) + Fvs(q§7 q%)

e analyze the leading hadronic intermediate states:
see also Gorchtein, Guo, Szczepaniak 2012

i “Yv
W,

> Isovector photon: 2 pions
x pion vector form factor x AT — 7w
all determined in terms of pion—pion P-wave phase shift

+ Wess—Zumino—Witten anomaly for normalisation
> 1soscalar photon: 3 pions
dominated by narrow resonances w, ¢
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w0 — v*(qg%)v*(q?) transition form factor

70 = ete ete™
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w0 — v*(qg%)v*(q?) transition form factor

x FJ, x T'(ym — 7o)
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w0 — v*(qg%)v*(q?) transition form factor

x F§ x T(ym — 7m)
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Warm-up: charged pion form factor

1
21
— final-state theorem: phase of V' (s) is just §1(s) Watson 1954

disc FY (s) = ImEY (s) = FY(s)x0(s—4 M2)xsin 6! (s) e 01(s)
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Warm-up: charged pion form factor

1 . N

5 disc £V (s) = ImFY (s) = EY(s)x0(s—4 M2)xsin 6 (s) e ©1(5)
[

— final-state theorem: phase of V' (s) is just §1(s) Watson 1954

e solution:
* 8
FY(s) = P(s)Q Q(s) = expq ~ _—
()= P@R(), ) =ewi s [ ar gl
P(s) polynomial, 2(s) Omnes function Omnés 1958

> mmw phase shifts from Roy equations
Ananthanarayan et al. 2001, Garcia-Martin et al. 2011

> P(0) = 1 from symmetries (gauge invariance)

e Inclusion of inelastic effects — high-precision description of
ete- >ntn—and 7~ — v 7 7Y e.g. Hanhart 2012
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Anomalous process yYymw — T

e 1 — 7 relatively simple system: odd partial waves
— P-wave phase shifts only (neglecting F- and higher)

e amplitude decomposed into single-variable functions

M(s, t,u) = fieu,,agn“pz+pj‘r‘_p5 F(s,t,u)

0

F(s,t,u) = F(s)+ F(t)+ F(u)

representation exact up to three-loop corrections (O(p'?))
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Anomalous process yYymw — T

e 1 — 7 relatively simple system: odd partial waves
— P-wave phase shifts only (neglecting F- and higher)

e amplitude decomposed into single-variable functions

M(s, t,u) = fieu,,agn“pz+pj‘r‘_p5 F(s,t,u)

0

F(s,t,u) = F(s)+ F(t)+ F(u)

representation exact up to three-loop corrections (O(p'?))
e low-energy theorem / Wess—Zumino—-Witten anomaly:

€

:F =
F(0,0,0) = Fs, 25

— F35, only verified experimentally to 10% accuracy
Serpukhov 1987, Ametller et al. 2001
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Dispersion relations for ymw — 77

Unitarity relation for F(s):
disc F(s) = 2i{ F(s) + F(s) } x 0(s —4M2) x sin 41 (s) e~ 191 ()
N =

right-hand cut  left-hand cut

B. Kubis, Dispersive Analysis of the 7 Transition Form Factor — p.7



Dispersion relations for ymw — 77

Unitarity relation for F(s):
disc F(s) = 2’i{ F(s) } x (s — 4 M?) x sin 61 (s) e~ 101 (5)
N——

right-hand cut

e right-hand cut only — Omnes problem

F(s) = P(s)Q(s) , Q(s):exp{ifoo ds’ 5%(8’)}

I !
T Japz 8 8" —s

— amplitude given in terms of pion vector form factor

T Tt T
F(s,t,u) = wv.< + «/\/v.< + wv.<
0 a0 a0
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Dispersion relations for ymw — 77

Unitarity relation for F(s):
disc F(s) = 2i{ F(s) + F(s) } x 0(s —4M2) x sin 41 (s) e~ 101 (s)
N =

right-hand cut  left-hand cut

e inhomogeneities F(s): angular averages over the F(t), F(u)

F(s) = Q(s){ﬁ . /4; Cisfl Slg(i%)(Ii,S)f—(i))}
: 3

3 i 7'('
F(s) = 5/ dz (1 —2*)F(t(s, 2))

F(s) = N W@ N WQ\//_\ v
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Y7 — 77 potential improvements

F(s) = Q(S){% + %A:; CiS s|1n(51)(‘32,}-(8 ))}

e 71 P-wave phase shift as input
o I3~ () + O(M?), corrections controlled in ChPT — ~ 1%

e effect of inelasticities below /s ~ 1 GeV?
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Y7 — 77 potential improvements

O

S

sin 61 (s") F(s')

> ds’
T AM?2 S

7w P-wave phase shift as input

3

}

UCHICa)

Fs. ~ C; + O(M?), corrections controlled in ChPT — ~ 1%

effect of inelasticities below /s =~ 1 GeV?

high-accuracy data from
Primakoff spectrum
COMPASS

700—

counts

6001
500F

400F

twice-subtracted
dispersive representation

— fit to data, extract

300F
200F

100F

0.3

Fsp >~ Co = C’él) + C’éQ)Mﬁ

Hoferichter, BK, Sakkas 2012

COMPASS 2004
hadron data

O R
m_o [GeV]

0.6 0.7 0.8

0.5

0.4

figure courtesy of T. Nagel 2009
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Extension to decays: w/¢ — 37

e identical quantum numbers to v — 7w
e fix subtraction constants a,,,, to partial width(s) w/¢ — 37
— normalised Dalitz plot a prediction  Niecknig, BK, Schneider 2012

W — 37 : ¢ — 3
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Extension to decays: w/¢ — 37

e identical quantum numbers to yr — 77
e fix subtraction constants a,,, to partial width(s) w/¢ — 37

e test accuracy on KLOE Dalitz plot: 2 - 10° events, 1834 bins

8000}
6000F A | y [ / | , \ | ] | =l
4000}7

2000fz

] A ] A ] A ] A ] , = ‘ ] A ’i’ A | EF ] A X, / ] A %
750 800 850 900 950 ~ 1000 1050 1100 1150 1200 1250
bin number

F=0

x?/ndof  1.71...2.06
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Extension to decays: w/¢ — 37

e identical quantum numbers to vr — 7

e fix subtraction constants a,,, to partial width(s) w/¢ — 37

e test accuracy on KLOE Dalitz plot: 2 - 10° events, 1834 bins

8000 -
eooor g T P . i 1
| [ ] | . |
| \ [ \\ / \ / \ / \ Jl \\ / \ /
4000 / \ "‘ ! / ‘ / \ ]f | I “ “ \ , i
/ ‘ T ] ! F L] [ 7 r ]
‘ t \ \ ] / | ‘ [ 1 ;“ x
2000} \ [ ] ] L 3 - L L] [ -
; . r 1 I ] I 1 \\ / \ - T :\
s \/’ F] ¥ J \ /fV’ I / I K/ T £ \\\ 1
] \V| ] \\'/ ] \‘-/ ] ¥ ] \v{ ] \/ ] \v/ ] §
0 750 800 850 900 950 1000 1050 1100 1150 1200 1250

bin number

F=0 once-subtracted

x?/ndof  1.71...2.06 1.17...1.50
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Extension to decays: w/¢ — 37

e identical quantum numbers to vr — 7

e fix subtraction constants a,,, to partial width(s) w/¢ — 37

e test accuracy on KLOE Dalitz plot: 2 - 10° events, 1834 bins

8000

6000

4000

2000

750 800 850 900 950 1000 1050 1100 1150 1200 1250
bin number
F=0 once-subtracted twice-subtracted
x?/ndof  1.71...2.06 1.17...1.50 1.02...1.03
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Extension to decays: w/¢ — 37

e identical quantum numbers to yr — 7w
e fix subtraction constants a,,,, to partial width(s) w/¢ — 37

e test accuracy on KLOE Dalitz plot: 2 - 10° events, 1834 bins

8000 |
6000; TN S .
4000/ .
2000 | .
0%56 800 @0 90 90 1000 1050 1100 1150 1200 1250
bin number

e Second subtraction improves accuracy Niecknig, BK, Schneider 2012
e w — 3m Dalitz plot? KLOE, WASA-at-COSY, CLAS?
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Transition form factor w(¢) — wo€TL~

— W — W
disc m‘/ =

e w transition form factor related to

pion vector form factor x w — 37 decay amplitude
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Transition form factor w(¢) — wo€TL~

— W — W
disc m‘/ =

s [% B RN
[ as

12702 J 0p2 s/3/2(s" — s)

Jewno (S) = Juro (O) +

Kopp 1974

o fi(s)=fo737(s) = F(s)+ F(s) P-wave projection of F(s,t,u)
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Transition form factor w(¢) — wo€TL~

— W — W
disc m‘/ =

s [T () (s) fi(s)
[1 ds

12702 J g2 s'3/2(s" — s)

funo(s) = furo(0) + Képp 1974
o fi(s) = U3 (s) = F(s)+ F(s) P-wave projection of F(s,t,u)
e sum rule for w — 7%y — saturated at 90-95%

_ 1 Oods’qi(sl)FV*(s’)fl(S/) Tismony X | frrro(0)]?
1272 J0pe 83/2 0T PoowemTy "

fwﬂ'o (O)

— expect better convergence for w — 7¥~* transition form factor
Schneider, BK, Niecknig 2012
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Numerical results: w — 7TO[J,+[,L_

9
100 — 8
- 4 NA60°09 1 1
4 NA60'11 ? > ! ]
 Lepton-G O ]
-~ VMD L
— Terschliisen et al. % S 7
= fi(s) =aQ)s) S i
== full dispersive L
o :
S
12 i
B

[N

| Fumo ()]

e cClear enhancement vs. naive
vector-meson dominance

e Incompatible with data (from
heavy-ion coll.) NA60 2009, 2011

e Mmore "exclusive" data?! cLas?
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One step further: eTe™ — 3w, eTe™ — wlv*

e decay amplitude for w/¢ — 3 My g < F

romtofie2 [ 4 mECI)

s

a, /4 adjusted to reproduce total width w/¢ — 3w
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One step further: eTe™ — 3w, eTe™ — wlv*

e PR 7TO
Ve
7
7T+
et T

e decay amplitude for ete™ — 3w M- x F(s) + F(t) + F(u)
> ds’ sindi(s")F (s, )}
vz s |Q(s)[(s" = s)

a.+.-(¢*) adjusted to reproduce spectrum ete™ — 3w
contains 37 resonances —> no dispersive prediction

F(5,0%) = e (q°) Qs ){1 = A
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One step further: eTe™ — 3w, eTe™ — wlv*

e PR 7T0
Ve
7
7T+
et T

e decay amplitude for ete™ — 3w M- x F(s) + F(t) + F(u)
> ds’ sindi(s")F (s, )}
vz s |Q(s)[(s" = s)

a.+.-(¢*) adjusted to reproduce spectrum ete™ — 3w

F(5,0%) = e (q°) Qs ){1 = A

e parameterisation:

F 4 , ImBW (s')

2 3 2 4

_ - — R d

Aete (q ) 3 +6q T T Jene 5 8/2(8/ _ q2)
C

V=w,¢ M\Q/ —q* —i\/¢*T'v(q?)
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One step further: eTe™ — 3w, eTe™ — wlv*

e decay amplitude for ete™ — 3w M- x F(s) + F(t) + F(u)
> ds’ sindi(s")F (s, )}
vz s |Q(s)[(s" = s)

a.+.-(¢*) adjusted to reproduce spectrum ete™ — 3w

F(5,0%) = e (q°) Qs ){1 = A

e parameterisation:

2 37 2 q
a - — — + B + — d
e <q ) 3 ! T Jthr ’ 8/2(8/ q2)

BW (q*) =
iR ;¢ M — 2 —ir/¢*Tv (¢?)

o fitto eTe™ — 37 data — prediction for eTe™ — w0~*

B. Kubis, Dispersive Analysis of the 7% Transition Form Factor — p. 12



Fitto eTe~™ — 37 data

1000 ¢

data base Hagiwara et al.

100 |

10

Oete- —3r / 1D

0.1}

0.01} L

0.6 | 0.7 0.8 0.9 1 1.1
V@ | GeV

Hoferichter, BK, Leupold, Niecknig, Schneider, in preparation

e oOne subtraction/normalisation at ¢ = 0 fixed by v — 37
e fitted: w, ¢ residues, linear subtraction 3
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Comparisonto ete™ — 71'07 data

100 E E
: e SND ]
e (CMD2
10k E
- I
- 1k i
—
<
$ L
| 0.1¢ =
o}
0.01¢
0.001¢
05 06 1

Hoferichter, BK, Leupold, Niecknig, Schneider, in preparation
e "prediction"—no further parameters adjusted
e data well reproduced
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Extension to spacelike region; slope

e continuation to spacelike region: use another dispersion relation

2 o0 /
q Im Fro~(s",0)
F o+ (q*0) = F, L ds’ St}

o+~ (47, 0) vyt - /4M7% s $'(s' — q2)

— work in progress; high-energy completion of the integral?
convergence/uncertainties?
2

e sumrule for slope  Fro.«,(¢?,0) = Fﬁw{l + aﬁj\j—z + O(q4)}
70
Mz, 1 [ ds
a, = —I x —/ —82ImF7To,y*,y(s’,O)
Fryy T Jansz 8
= (30.6 £0.4) x 107 preliminary!
compare: a, = (32+4) x 1073 PDG 2014

e theory error estimate: nn phases and cutoff effects (in v* — 3«
partial waves and [y* — 37] — [y* — 74]) only!
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Summary: processes and unitarity relations for w¥ — v

process unitarity relations SC1 sSC 2 Colangelo, Hoferichter,
- - BK, Procura, Stoffer 2014
LA.< Fro.,
YT — T
;L‘.< Fs. o(ym — 7m)
o0 Fwo7
Y
w — 3T, ¢ — 3T
2
['s: jsgt(w, gb — 371’)

1
Jk
. L‘

A%
: .

v

1* oe
oe
oo

oe

v — 3T

common theme:
resum 77 rescattering
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Outlook / future improvement

3-pion amplitudes V — 3«
e normalisation fixed by anomaly F3, and widths I'(w, ¢ — 37)
e improved partial waves (2nd subtraction):
YT — T w — 37 ¢ — 3T

— improved eTe~ — 37 amplitudes via interpolation
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Outlook / future improvement

3-pion amplitudes V — 3«
e normalisation fixed by anomaly F3, and widths I'(w, ¢ — 37)
e improved partial waves (2nd subtraction):
YT — T w — 37 ¢ — 3T

— improved eTe~ — 37 amplitudes via interpolation

Vector meson transition form factors
o only realistic way (?) to test doubly virtual F.o.-.- with precision

> large deviations from data and VMD in w — 7V~*
> ¢ — 7'v* to double-check?
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Outlook / future improvement

3-pion amplitudes V — 3«
e normalisation fixed by anomaly F3, and widths I'(w, ¢ — 37)
e improved partial waves (2nd subtraction):
YT — T w — 37 ¢ — 3T

— improved eTe~ — 37 amplitudes via interpolation

Vector meson transition form factors

o only realistic way (?) to test doubly virtual F.o.-.- with precision

> large deviations from data and VMD in w — 7V~*
> ¢ — 7'v* to double-check?

79 transition form factor

e successful description of eTe™ — 7V~
on the level of (unsubtracted) w, ¢ — 7%y sum rules

e doubly-virtual: use eTe~ — 7~ as subtraction function
subtracted prediction for ete™ — 7V~* “safe”
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Spares
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0

Naive extensionto eTe~™ — 7wlw

100

| NIEEER AR

10

[ Foro (5) 2

o A '
NAGO '09 }

NAG0 '11 ]
Lepton-G l
CMD-2 :
VMD
Terschlusen et al. {
fi(s) = aQ)(s)

full dispersive

I § I
0.2 0.4 0.6 0.8 1 1.2 14
Vs [GeV]

e dataonw — 7uTp~ and eTe” — 7w compatible???
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Numerical results: ¢ — wo€T€~

100— - - - - - . . . T

VMD
fi(s) = a(s) |
once subtracted f(s)
twice subtracted f1(s)

10

| Fymo (5)]?

0 01 02 03 04 05 06 07 08
Vs [GeV]
e measurement would be extremely helpful: p in physical region!

e partial-wave amplitude backed up by experiment
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Towards a dispersive analysis of eteT — 71'0')/

et
>/\/\/\/% | VaVavl \
¢ 7! er v Y
ot y e>m< 0
VK N /
e -0

.
e combine isoscalar and contributionto eTe~ — 7V~

Fﬂ"Y*’Y(q27 O) — FUS(()? q2) +

00 =3
_ L d /qg(sl) iy -~ (QQ,S/) X FV*( ,)
- 127T2 AM2 ? \/; s’ ! 2 0
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On the approximation for the 3-pion cut

Compare:

et er 8
v M
6— 7_(_0 e_ 77_0

— Isoscalar contribution looks simplistic; why not instead

er 8

W — contains amplitude 37 — ~7
- 0

v
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On the approximation for the 3-pion cut

Compare:

et er 8
v >mf<><
e 7_‘_0 e 77-0

— Isoscalar contribution looks simplistic; why not instead

et 8

s L — contains ampiude i 31
e 0

s

Our approximation:

et et

7 includes
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On the approximation for the 3-pion cut

Compare:

et er 8
v M
e 71_0 e ,77-0

— Isoscalar contribution looks simplistic; why not instead

er 8

W — contains amplitude 37 — ~7
- 0

v

Our approximation:

€+ €+
W@w 7 includes >/\/\/v€;l/\m v
€ ﬂ_o € 7_‘_0

— simplifies left-hand-cut structure in 37 — ~x to pion pole terms

B. Kubis, Dispersive Analysis of the 7% Transition Form Factor — p. 22
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