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General Relativity 

Manuele Martini 

Einstein’s general theory of relativity (GR) 1915  

 

 

Anomalous perihelion precession of Mercury’s orbit 

 

 

Eddington’s 1919 observations of star lines of sight during a 

solar eclipse confirmed the doubling of the deflection angles 

predicted by GR  

 

 

 

Following these beginnings, GR has been verified at higher 

accuracy.  
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Tests of General Relativity 
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• Measurement of relativistic geodetic precession of lunar 

orbit, a true three-body effect (3 m ± 1.9 cm)/orbit 

 

• Violation of Weak and Strong Equivalence Principle 

(WEP/SEP) 

 

• Through SEP: Parametrized Post-Newtonian (PPN) 

parameter β, measures the non-linearity of gravity 

 

• Time variation of universal gravitational constant G 

 

• Tests of inverse square law (1/r2) 
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LLR tests of General Relativity 
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Science measurement / Precision test of 

violation of General Relativity 
Time scale 

Apollo/Lunokhod 

few cm accuracy* 

Single Reflectors  

1 mm     0.1 mm 

Parameterized Post-Newtonian (PPN) β Few years |β-1|<1.1×10-4 10-5 10-6 

Weak Equivalence Principle (WEP) Few years |Δa/a|<1.4×10-13 10-14 10-15 

Strong Equivalence Principle (SEP) Few years |η|<4.4×10-4 3×10-5 3×10-6 

Time Variation of the Gravitational 

Constant 
~5 years |Ġ/G|<9×10-13yr-1 5×10-14 5×10-15 

Inverse Square Law (ISL) ~10 years |α|<3×10-11 10-12 10-13 

Geodetic Precession |kgp|<6.4×10-3 6.4×10
-4 

6.4×10-

5 

* J. G. Williams, S. G. Turyshev,and D. H. Boggs, PRL 93, 261101 (2004) 
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Corner Cube Retroreflector 
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LAS ER 
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CCRs Arrays on the Moon 
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Locations of 1st Gen. Lunar 

Retroreflector Arrays 

Retroreflectors deployed by  

Apollo 11, 14, 15 

 

 

Relative sizes and separation of 

the Earth–Moon. 

An LLR pulse takes 1.255 sec 

for the mean orbital distance.  
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CCRs Arrays on the Moon 
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Apollo 11 

Apollo 15 

Re-discovered 

Lunokhod 1 

(Luna 17 

lander) 

Apollo 14 
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CCRs Arrays on the Moon 
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With APOLLO,  

“Apache Point  

Observatory Lunar  

Laser Operation”, 

In New Mexico: 

few millimeters 
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1st Generation LLR 
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Apollo 

t 

Short Pulse to Moon Wide Pulse to Earth 

t 
1 unresolved 

widened pulse 

back to Earth due 

to multi-CCR and 

lunar librations 
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Effect of multi-CCR array orientation due to lunar librations 

Due to this phenomenon the Apollo arrays are moved so that one corner of 

the array is more distant than the opposite corner by several centimeters. 

Because the libration tilt, the arrays increase the dimension of the LLR pulse 

coming back to the Earth. 

Librations 



Apollo MoonLIGHT 

t 

Short Pulse to Moon Wide Pulse to Earth Pulse to Moon Pulses to Earth 

t3 t2 t1 time time 

t3 

t1 

t2 
t 

1 unresolved 

widened pulse 

back to Earth due 

to multi-CCR and 

lunar librations 

3 separated 

pulses back 

to Earth 

1st gen. Lunar 

Laser Ranging 

2nd gen. Lunar 

Laser Ranging 

12 
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LLRRA21/MoonLIGHT 
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Librating 

Multi-reflector 

array 

fat laser pulse: 

return uncertainty 

dominated by pulse 

near corner 

far corner 

Laser Pulse 

Past  

(Apollo) 

medium laser pulse: 

return uncertainty 

dominated by array libration 

Present  

(Apollo) 

short laser pulse: 

return uncertainty 

dominated by pulse 

Shorter pulses can be done 

Future  

(MoonLIGHT) 

Libration rotations up to ~8°  

(effect of e and i of Moon orbit). 

Current accuracy of ~ 2 cm 

Slide courtesy 
of 

S. Merkowitz  
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LLRRA21/MoonLIGHT 
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LLRRA21/MoonLIGHT 
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Threaded hole to deploy P/L 
on lander, rover, orbiter (or 
drill bore stem, like used by 

Apollo astronauts) 
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Software 
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Why do we need precise planetary positions?  

 

Two broad requirement categories:  

 

• Defense 

 

• Astronomical need for accurate planetary positions  

 

Besides the intrinsic interest of astronomers in planetary, asteroidal, and 

cometary positions, knowledge of these positions over time - called an 

ephemeris - fundamentally affects many areas of solar system and even 

stellar astronomy: 



17 

Software 
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• To the general public, perhaps the most apparent astronomical need 

for precise planetary positions is in spacecraft navigation.  

 

• Solar system celestial mechanics depends greatly on accurate 

positions. Theories of planetary and satellite motions live or die 

according to how well their predictions agree with observational 

knowledge of positions. These theories are the means by which we 

develop our most fundamental understanding of the many 

complicated dynamical processes and interactions in the solar 

system.  

 

• Another area where accurate knowledge of planetary positions is 

crucial is stellar occultations. 

 

• General Relativity 
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Dependencies 
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Observations can be interpreted 

only in the context of our under- 

standing (theoretical models) of the 

solar system and its dynamics.  

 

 

 

 

Observations can then be used to 

correct and update our theoretical 

models. 

 

 

 

Combination of planetary system 

model plus stellar position catalogs, 

gives rise to a multitude of practical 

applications 
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Reference Frame 
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Hierarchy of frames  

Input category or dynamics 

type that corresponds to the 

associated reference frame. 

Most important observation 

types that determine the 

reference frame.  



20 

Generating Predictions 
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How does one can generate an ephemeris?  

 

• Must obtain accurate observations; 

 

 

• Develop a comprehensive solar system model that we then 

integrate numerically (including complications, such as 

planetary rotation dynamics and lunar motion); 

 

 

• Simultaneously fit all of these model parameters to the 

available observations.  
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Geodetic Precession 

Manuele Martini 

The term geodetic effect has two slightly different meanings as the 

moving body may be spinning or non-spinning. Non-spinning bodies 

move in geodesics, whereas spinning bodies move in slightly different 

orbits. 

 

The difference between de Sitter precession and Lense-Thirring 

precession is that the de Sitter effect is due simply to the presence of a 

central mass, whereas Lense-Thirring precession is due to the rotation 

of the central mass. 

 

The total precession is calculated by combining the de Sitter precession 

with the Lense-Thirring precession. 
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Geodetic Precession 

Manuele Martini 
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Geodetic Precession 
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The GR test of the 

geodetic precession, 

evaluated with LLR data 

and expressed as a 

relative deviation from 

the value expected in 

GR, is: 

 

KGP =−0.0019±0.0064 



24 

Planetary Ephemeris Program 
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In order to analyze LLR data we used the PEP software, 

developed by the CfA, by I. Shapiro et al. starting from 

1970s. 

 

 

The model parameter estimates are refined by minimizing 

the residual differences, in a weighted least-squares 

sense, between observations (O) and model predictions (C, 

stands for ”Computation”), O-C. 

 

 

”Observed” is round-trip time of flight. ”Computed” is 

modeled by the PEP software. 
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APOLLO Normal Point Data 
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A normal point 

contains several  

information e.g. 

date of observation, 

atmospheric 

conditions, as well 

as time of flight, 

data quality and 

CCR arrays  

 

We convert this in “PEP formalism” with an internal subroutine 
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Planetary Ephemeris Program 

Manuele Martini 

Two different way to proceed: 

 
•“old stations” (McDonald, Grasse, MLR2) 

 

 

 

 

 

•Apache Point station 
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O-C residual analysis with PEP 
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McDonald station 

on Apollo 15 array 

JD is the interval of time in days and fractions of a day since January 1, 4713 BC Greenwich noon. 
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O-C residual analysis with PEP 
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McDonald station 

on Apollo 15 array 
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O-C residual analysis with PEP 
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Determination of KGP 
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KGP is the relative deviation from the value of geodetic precession expected in GR 

 

All together old stations: 

 

KGP = (9 ± 9) x 10-3 

 

Apache Point station: 

 

KGP = (-9.6 ± 9.6) x 10-3 

 

 

In this analysis β=γ=1, dG/dt=0. Nominal errors returned by 

the fit are significantly smaller than the above estimated 

values of KGP. 
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Determination of KGP 
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Determination of KGP 
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This preliminary measurement must be compared with the 

best result published by JPL obtained using a completely 

different software package 

 

 

 

 

On the contrary, after the original 2% KGP measurement by 

CfA in 1988, the use of PEP for LLR has been resumed 

only since a few years, and it is still undergoing the 

necessary modernization and optimization.  

 

 
Goal: accuracy on KGP of few ‰ with current LLR data  

≥ x10 improvement possible only with MoonLIGHTs 

PEP simulation of physics reach of MoonLIGHTs at lunar 

poles/limbs/equator and on lander/rover/regolith/drill 
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Dummy observations 
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PEP can make simulated “dummy” observations. 

 

We are trying to simulate new arrays on lunar surface. 

 

 

 

We are trying to simulate  

arrays at the pole of the Moon 

and we want to see how the 

PPN parameters change. 
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Dummy observations 
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ARRAYS:  

 

AP11-AP14-AP15 

Moon Express 65N 40W 

Astrobotic 50S 35E 

Israel 45N 27.2E 

STATIONS:  

 

APOLLO 

CERGA  

MLRS 

MLRO 
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Dummy observations 
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Dummy observations 
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Dummy observations 
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Future prospects 
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Future prospects 
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• Deepen our knowledge about data and software in order to better 

estimate the KGP uncertainty and other GR parameters. 

 

• Improve the precision of these kind of measurements ranging not 

only to the Moon, but also to satellites around the Earth and 

primarily to LAGEOS, thus improving station intercalibration. 

 

• We have the option to implement the equations of motion of 

space-time torsion gravity inside PEP and study not only the 

secular variation of geodetic precession , but also periodic 

signatures of torsion on the geodetic precession and on other 

PPN parameters 
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