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Absolute age �: 10 � 13	��	
Stars number 
: 10� � 10�
Mass : 10� � 10�	M⨀
Eccentricity �: � 0.2 (from latin ‘globulus’=little sphere)

Central density �� : 10�	M⨀/���
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Core radius 	� : 0.3 � 10	�� (radial coordinate where the brightness becomes one half
of the central value)

Tidal radius 	�: ~50	�� (extension of the globular cluster)

Concentration 	�/	� : 10 � 100
Radial velocity �� : 3	 !/" (outer) � 10	 !/" (inner)



King empirical brightness formula
5 6 571 8 9	 	�:⁄ <

5 = surface brightness57= central surface brightness	� = core radius

The empirical law is the same for all
the globular cluster, differing only for
stars concentration for different GCs

King, AJ, vol 67, p.471, 1962
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Trager-King-Djorgoski, AJ, vol 109, p.218, 1995



=5=> 6 ?5?> 8 �@ ∙ B5 C BΦ ∙ ?5?�@ 6 Γ95:

Γ 5 6 C ??�F 5 ∙ ∆�F 8 12 ?<
?�F?�H I5 ∙ ∆�F∆�H J

King, AJ, vol 70, p.376, 1965
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5 �, > 6 �LM�N9�:
O= evaporation rate

N P 6 QR �L STU C �L VTU 				P W X0																																P Y X
X= cutoff energy (depends on r)

King, AJ, vol 71, p.64, 1966



EquilibriumEquilibriumEquilibriumEquilibrium from Poisson equation

=<\=]< 8 2] =\=] 6 C9 ��7
==] 6 4`]<�

\ 6 ! ab C a 	  � 6 X  �⁄⁄ =
adimensional potential] 6 	/	� = adimensional radius	� 6 99c</4`��7: = core radius�7 = central densityc< 6  � !⁄ = dispersion of velocity
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Merafina-Ruffini, A&A, vol 221, p.4, 1989

DynamicsDynamicsDynamicsDynamics leads the 
system to change its
parameters during
the evolution



Giacomo Fragione 6

Katz, ApJ, vol 211, p.226, 1977

During GC evolution, the King distribution
function mantains unchanged its functional
form: the evolution can be described by a
sequence of King models with increasing
values of \7 , until \7 f 9 (King 1966,
Cohn 1980)

Over this value the system undergoes
gravothermal catastrophe (Lynden-Bell &
Wood 1968). So it are not able to mantain
quasi-thermodynamical equilibrium and the
distribution function changes

Thermodynamical transformations are due to the evaporations of stars

Thermodynamics is important
since ghij � gkli
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It is possible to include the

competing effects of stellar

encounters and evaporation

of stars in a Boltzmann-like

distribution function thanks to

an effective potential a ,

which reduces the phase

space accessible to particles

5 P 6 m�Ln To⁄
The Hamiltonian is made up of three

terms

p 6 P 8 !q 8 a
kinetic energy effective potential

gravitational field

a

X

Characteristics of a
-reduces the phase space

-depends on the energy of the particles

-depends on the radial coordinate

-goes to infinity in X
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King effective potential

a 6 C r	ln	91 C �9SLV: To⁄ :
The reduction of the
phase space leads to
change the meaning
of some parameters
and variables

The King distribution can be

rewritten as a Boltzmann-

like distribution function

Thermodinamical variables

The introduction of an effective potential naturally leads

to the splitting of the variables into two different classes

Kinetic variables
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Extensive variables

-Number of particles


 6 Rs t 5Pu <⁄ =PV
7

-Entropy

v 6 Rs t 5I1 C ln	95:JPu <⁄ =PV
7

Intensive kinetic and thermodynamical
variables
-Temperature

 � 6 wF ?P?wF	
 r 6 wF ?p?wF
-Pressure

x 6 1
3Rt 5w =P=w =�w

V
7

Π 6 1
3Rt 5w =p=w =�wV

7
-Chemical potential

z 6 ?{T?
 |
},~

� 6 ?{
?
|},~

Energy

-Kinetic energy

{T 6 Rst 5	P	Pu <⁄ =PV
7

-Thermodynamical energy

{ 6 Rst 5	p	Pu <⁄ =PV
7

z 6 z7 8!q ;� 6 �7 8!q
(Landau-Lifsits-
Pitaevskij 1976)
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Kinetic and hermodynamical variables

are linked through

] 6 1 C 13 r w ?a?w

First principle={ 6 r=v C Π=s 8 �=
 8 
 =a={T 6 �=v C x=s 8 z7 =
 8 
9= z7 C =z7 :
Gibbs-Duhen relation
 =a 6 v=r C s=Π 8 
=�
 = z7 C =z7 6 v=� C s=x 8 
= z7
Euler equation{ 6 rv C Πs 8 �
{T 6 �v C xs 8 z7 


Intensive                                         Extensive

Variable Conjugate� 6 ]r vx 6 ]Π sz7 C P 6 ] �7 C p7 

Equation of stateΠs 6 
 rxs 6 
 �

� 6 ]rx 6 ]Πz C � 6 ]9� C p:� 6 P 8 !q

p 6 p7 8 !qp7 6 P 8 a
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Two types of variations

-= along a thermodynamical

transformation

-� along radial coordinate 

Thermal equilibrium=v��� 6 0 ; 
, s 6 ���"> �r 6 0 k�� 6 ] �a C 1 C ] !�q
Mechanical equilibrium

=v��� 6 0 ; S, 
 6 ���"> �Π 8 �
~ �a 8 !�q 6 0 �x 6 C��q

Chemical equilibrium=v��� 6 0 ; V, v 6 ���"> �� 6 0 N�z 6 Cv��

	 8 �	
	

ru, �u, Πu, xu, �u, zu

r<, �<, Π<, x<, �<, z<

Hydrostatic

equilibrium
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From first principle (
 6 ���">)

�~ 6 r =v=r|
~

6 ={=r C 
 =a=r
Mayer relation

�� 6 �~ 8 
 
When \ → ∞ the King DF

tends to the Boltzmann DF

and �~ → 3 2⁄ 
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The total specific heat is

negative only for systems

with \7 Y 2.3 unlikely the

case of Boltzmann DF

The core is a positive 

specific heat region with 

a subsequent negative 

specific heat region

For increasing \7 the positive

specific heat central region

becomes smaller
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The core is a positive specific

heat region with a subsequent

negative specific heat region

The 9	 	�⁄ , \7: plane

can be subdivided in

regions of positive and

negative specific heat

�~ Y 0

�~ Y 0
�~ � 0

\ 7
61

.35
core radius

Profiles are always

positive for 	 � 	�
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The core eneregy is always

positive. For subsequent regions:

- 2.3 � \7 � 3 negative and

positive energy regions

-\7 Y 3 negative energy region

The total energy is

negative only for systems

with \7 Y 3 unlikely the

case of Boltzmann DF

For \7 6 2.3, where the total

specific heat becomes negative,

the energy curve is tangent to 0
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-\7 Y 1.35
regions with 

negative specific

heat

-\7 Y 2.3
intermediate 

regions with 

negative energy

-\7 Y 3
negative total

energy \7 � 1.35 GCs don’t evolve towards gravothermal
catastrophe\7 � 3 GCs evolve towards disruption
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Problems and perspectives

-The model is not multimass and does not take into account the effects of binary stars

formation.

-The new possibility of measuring transverse velocities of GCs stars could lead to the

knowledge of the distribution of star orbits and eccentricity, and so to better develop N-

body simulations for supporting the validity of the model.

-Construction of thermodynamic ensembles (microcanonical, canonical and grand canonical) in
order to develop an evolutive theory by considering the evaporation of stars.

The model predicts a positive specific heat core with subsequent negative

specific heat regions: the model is self-consistent since these regions can

exchange energy and produce gravothermal instability without the presence of

an external bath (Lynden-Bell & Wood model, 1968).

The positive specific heat core is able to justify the possibility of a survival of

the system from gravothermal cathastrophe (post core collapsed objects)
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Contacts: giacomo.fragione90@gmail.com


