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P — ¢¢ decays: Introduction

At LO in agpy, this process occurs via 27 intermediate state

BR(P — EZ) _
BR(P = vy) J
2i 2k? k-q)? =
A(qz) = T2¢2 /d4k k2 (k _qq)z((p( kc;) _ me) Fp»,w*(k27(q— k)2)

Normalized Fp.,(0,0) = 1. It without Fp.. (k2, k3)
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The Puzzle (1): 70 — ete™

BRKT® (70 — ete™) = 7.48(38) x 1078
BRTh(’/TO — e+ei) = 623(09) X 1078 Dorokhov et al 07

Which represents a 3o deviation
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The Puzzle (1): 70 — ete™

BRKTVHEC (70 5 ete™) = 6.87(36) x 1078 Husek et a1 14
BRTh(’]TO — e+ei) = 623(09) X 1078 Dorokhov et al 07

Which represents a 1.7 deviation

Still, no model can reproduce such value
Fpy-y-(QF, Q3) enters in (g — 2)HtPt = impact?

The Puzzle (I1): n — ptp~

From calculations
BRE#(n — ptp~) = 5.8(8) x 107°
BRTh(’I? — ‘LL+/J/_) = 535(27) X 10_6 Dorokhov et al ’07
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The process and the puzzle

The Puzzle (1): 70 — ete™

BRKTVHEC (70 5 ete™) = 6.87(36) x 1078 Husek et a1 14
BRTh(’]TO — e+ei) = 623(09) X 1078 Dorokhov et al 07

Which represents a 1.7 deviation

Still, no model can reproduce such value
Fpy-y-(QF, Q3) enters in (g — 2)HtPt = impact?

The Puzzle (I1): n — ptp~

However, calculations are required
BRE®(n — ptp~) = 5.8(8) x 107°
BR™(n — ptp~) = 4.62(13) x 107°

Just a 1.50 deviation; but potentially large
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A baby problem: Light pseudoscalars

— No hadronic states: Imaginary part from Cutcosky

‘ e m 2 _ ™ n 176€(q2)
: imA(q") 2ﬂe(q2)l (1+Be(q2))

{: Be(q?) = \/1 — 4m2/q?
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Main properties

A baby problem: Light pseudoscalars

— No hadronic states: Imaginary part from Cutcosky

\ ImA(q%) m L (1 - ﬂe(q2))

W Qﬁ = 2@ "\ 17 (o)
|J ot ﬁe(qz) =1/ 1-— 4m§/q2

This result is — Drell ’59
|A]2 > Im(A)? = (—-17.52)%;, BR(m —ete™) ~ 47 x 1078

This is the further we can go without any information on Fr..~(Q?, Q3)
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A baby problem: Light pseudoscalars

Given the relevant QCD scale My > mp, my, approximations are possible
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P. Masjuan, P. Sanchez, arXiv:15040.07001 [hep-ph]
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Main properties

A baby problem: Light pseudoscalars

Given the relevant QCD scale My > mp, my, approximations are possible

i 1 (1 2 Be —1 5 oo 3 m? o
A(m2g) ~ im e (2™ 4 2 / do> (M _E . (@2, Q7
(o) = g, e & T TR (s, i Jo o \miqz  Froarr (@9

® Singularity from ~~ % suppression
energies peak
® Peak at lepton mass
IR regulator ~ In(m2)

® High energies, Fr~~ dominates
UV regulator ~ —In(A2)
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A baby problem: Light pseudoscalars

Given the relevant QCD scale My > mp, my, approximations are possible

i 1 (1 2 Be —1 5 oo 3 m? o
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Main properties

A baby problem: Light pseudoscalars

Given the relevant QCD scale My > mp, my, approximations are possible

1 2 Be —1 5 oo 3 m? o
A(m2o) = 21 VLA 2 / de> (Mt _ _E o . .(Q% Q2
(mro) = 25, 5, (4 HETI '2<1+54)> i Jo o \miqz  Froarr (@9
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—Calculation Requires

Fpry(QF, Q2) description energies

P. Masjuan, P. Sanchez, arXiv:15040.07001 [hep-ph]
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Main properties

A grown-up problem: Heavier pseudoscalars

Unitary Bound

New hadronic contributions
A AVOID IT!

Integral sneaks into time-like

e Only up to m3 — Dalitz decay

e Ensure a proper description there

Approximations are poor

e mpy/My or my/mp corrections relevant for n, 7', u

e Exact calculation required

P. Masjuan, P. Sanchez, In preparation
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A rational description for the transition form factor

The problem: a first principle QCD description for the TFF

—High Energies: pQCD

QR? - x

5 Fryy= (0,00)=2F, Q>
Fryxyx (00,00)=2/3Fx QR

M Q2> -0

p P
1 F. 0,0)=(472F,)~*
! 7y~ (0,0)=(47"Fx)

—Low Energies: YPT
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Objectives and strategies

—What do we need?
A model-independent approach for pseudoscalar transition form factors

—What is the philosophy?
Full use of data, QCD constrains, analiticity

—How to implement for single-virtual case?
We propose to use Padé Approximants

—How to implement the double virtual Form Factor?
Generalize our approach to bivariate functions: Chisholm Approximants
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—How to implement for single-virtual case?
We propose to use Padé Approximants
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A rational description for the transition form factor

Padé Approximants: Introduction to the method

Padé Approximants: Introduction to the method

Given a function with known series expansion
Fp.y,),*(Qz) = Fp»w* (0)(1 + prz + C/:>Q4 + ) ie.
Its Padé approximant is defined as

T, 2
Pl\AﬂI(Q2) = R,\I:Egz)) = Fpyy(0)(1 + bpQ%+ cpQ* + ... +(9(Q2)N+M+1)

Convergence th. = Model-independency

Increase{N, M} = Systematic error estimation

po= Fr@ _p o)1 br @21 0(Q%) e
1-— bpQ?

‘ Correct implementation! ‘
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Padé Approximants: Results
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Padé Approximants: Results
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What about the double virtual Fp. -\ (Q?, Q3) ?

Extend Padé approximants to bivariate case (Chisholm '73)
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Extending Padé Approximants: Chisholm Approximants

What about the double virtual Fp. -\ (Q?, Q3) ?

Extend Padé approximants to bivariate case (Chisholm '73)

Fpy+(0,0)

0/ M2 A2\ _
GO ) = T T Q2) + (252 — ar) (2 QD)

—~Properties

1.Reproduce original series expansion = low energies

CL(Q, Q3) = Fpyy(0,0)(1+ bp(QF + @3) + 211 Q7 Q5 + ...)
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Extending Padé Approximants: Chisholm Approximants

What about the double virtual Fp. -\ (Q?, Q3) ?

Extend Padé approximants to bivariate case (Chisholm '73)

Fpy+(0,0)

0/ M2 A2\ _
GO ) = T T Q2) + (252 — ar) (2 QD)

—~Properties

1.Reproduce original series expansion = low energies

2.Reduce to Padé Approximants (already determined)

FP’Y’Y(Ov 0)

1-bpQ2 - PE(Qz)

Cr(Q%0) =
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Extending Padé Approximants: Chisholm Approximants

What about the double virtual Fp. -\ (Q?, Q3) ?

Extend Padé approximants to bivariate case (Chisholm '73)

Fpy+(0,0)

0/ M2 A2\ _
GO ) = T T Q2) + (252 — ar) (2 QD)

—~Properties

1.Reproduce original series expansion = low energies
2.Reduce to Padé Approximants (already determined)
3.Can incorpore QCD constrains from OPE

Fp++(0,0)

TP . =2b3) OPEV
T4 bo(Q7 + Q3 (11 =25

G (QF, @3)|ope =
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Extending Padé Approximants: Chisholm Approximants

What about the double virtual Fp. -\ (Q?, Q3) ?

Extend Padé approximants to bivariate case (Chisholm '73)

Fpy+(0,0)
1—bp(QF + QF) + (2bp — 211)(Q1@3)

G(QF, Q) =

—~Properties

1.Reproduce original series expansion = low energies

2.Reduce to Padé Approximants (already determined)

3.Can incorpore QCD constrains from OPE

4.Can be factorized as hinted by xPT (low-energies) leading logs

Fp++(0,0)
(1+bpQ7)(1+ brQ3)

C(Q7, Q3)|ore = . (a11 = bp) Factorization
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Extending Padé Approximants: Chisholm Approximants

What about the double virtual Fp. -\ (Q?, Q3) ?

Extend Padé approximants to bivariate case (Chisholm '73)

Fpy+(0,0)
1—bp(QF + QF) + (2bp — 211)(Q1@3)

G(QF, Q) =

—~Properties

1.Reproduce original series expansion = low energies

2.Reduce to Padé Approximants (already determined)

3.Can incorpore QCD constrains from OPE

4.Can be factorized as hinted by xPT (low-energies) leading logs

Parameter a; ; from data = ... But not available!
Take range, i.e. a1 € {0+ 2b3} (includes OPE, fact)
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Our Result
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P. Masjuan, P. Sanchez, arXiv:1504:07001[hep-ph]
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Results

70— ete™

Our Result
BR(7® — ete™) = (6.20 + 6.41)(5) x 1078; a1 ; € {2b3 + 0} J

Accepted value: 6.23(9) x 10~8(Dorokhov et.al. '07) = UNDERESTIMATED

Hypothetic Double-Virtual Data below 1GeV 30% Error

BR(n® — e*e™) = 6.36(5)b, (4) sy, (6)sys x 1078 — 6.36(8) x 10~2 J

HLbL;7°
1

Fix ai,1 To Experiment = (g — 2) Impact?

attbbm® = (5.10 + 6.64)10710 = 2.85 x 1010 l

P. Masjuan, P. Sanchez, arXiv:1504:07001[hep-ph]
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Results

n —
Our CP Result [exact] - (Preliminary Results)

n— e"e” = (5.31 +5.44)(T%)107°
n— utu = (452 +4.72)(T%4)107°

Accepted values [approximated]: Dorokhov '10

n—ete” =4.53(9) x 107°
n— wtp~ =5.35(27) x 107°

Compare to Experiment

n— ee” <2.3x107° HADES 14
n— wtp~ =5.8(8) x 107° SATURNEII ‘04

P. Masjuan, P. Sanchez, In preparation
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Pseudoscalar decays into lepton pairs from rational approximants
Results

n — 20
Our C{ & Combined Results [exact] - Preliminary Results

n — ete” = (1.82 +1.86)(11)1071°
7 — ppT = (1.36 +~ 1.49)(10)10~ 7

Accepted values [approximated]: Dorokhov '10

n — ete” =1.182(14) x 107 1°
n — wu~ = 1.364(10) x 10~7

Compare to Experiment

7 — e"e” <5.6 x 1072 (SND+CMD-IIl) '15 ’
n = ptpT=—

P. Masjuan, P. Sanchez, In preparation
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Summary & Outlook

Rational Approximants have been used to describe the TFF

Is data driven: better data, better description and easy to apply

Precise low-energies but QCD constraints as well

We updated P — ¢/ decays and included systematics

o m—ete, n— ptp~ discrepancy = (g — 2)HPEP, New Phys.?

v*y* — P (allows C? — C3) and P — ¢/ required

Future: pQCD matching, including cuts and resonance appropriately
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Bacukp

Low Energies vs High Energies

As an illustration: LMD+V model formerly used in (g — Q)ngL:ﬂ°

h7 + hs(qi + @3) + h2qiq3 + (1)aig3(ai + 45)
(a3 — MY, ) (a2 — M, )(a3 — MZ, ) (a3 — M,)

Ne My, My,

LMD+V 2 2y _
L Yo (g1, q2) =

=5 L e (-1010)
Process Exact (Y a1 € (0,2b3)
10 6.38 6.36
BR(r® - ete)x 10° 0 632 6.34 -6.40

~10 626 6.32
10 53 55

afftblin® » 1010 0 58 5.6 5.3-
-10 63 58
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Bacukp

(g —2),: hadronic light-by-light

X X
S R B
. + . 5%77+..+ +.+ + .
(p' 1) (%, N.) (p%, N.) (%, N.)

Knecht & Nyffeler: 7% 1, n’-exchange

e Loop integral involving Fp -« (Q2, Q3)
e SL low energy regime — our PAs are good

e Multiscale: low-high energies
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(g —2),: hadronic light-by-light

Our Results from Bivariate Padé Approximants

Units of 10~1° 70 7 7 Total

a11 = 2b% [OPE] 6.64(33) 1.69(6) 1.61(21) 9.94(40)stat(50)sys
a1 =b2 [Fact]  553(27) 1.30(5) 1.21(12) 8.04(30)sesc(40)sys
a1 =0 5.10(23) 1.16(7) 1.07(15) 7.33(28)sae(37)sys

aftbliP — (9.04(40)(50) = 7.33(28)(37)) x 1071

Big uncertainty from double-virtual term often non-considererd
High-energies vs. Low-energies

To be compared with pseudoscalar-pole contributions in the literature
BPP: 8.5(1.3); HKS: 8.6(0.6); KN: 8.3(1.2)
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Bacukp

Toy Model for P — ¢¢: Unitarity Analtiticity & Cuts

Fpoiny (a1, 3) = Fpoyns (G3) X Fion (63)
Fpyr(a%) = cppGp(a?) + cpu Gu(G?)cpy Gy (a°)

Based on Dumm, Pich, Portoles PRD62 and Dumm, Roig, EPJC73
7
sM2 m? 8m? o(s)—1
ME = s+ sz (’”(u ) + =52 =3 —0o(s)In (gggﬂ))

For narrow resonances

Gp(s) =

Mw,¢ + Mw,¢rw,¢ sth/Mw,ci)
Mw’qg — S+ Mw@rw’d) (Sth — S)/Mw7¢

G, =
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Toy Model for P — ¢¢: Unitarity Analtiticity & Cuts

Fpoiny (a1, 3) = Fpoyns (G3) X Fion (63)
Fpyr(a%) = cppGp(a?) + cpu Gu(G?)cpy Gy (a°)

= e
= N
= 1 =
2 Lo /
T <
o o & /
o £ ;1
5 on 2 -
— ¢
P
000
o 0 o w0 0 o0

EIMEN]
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Toy Model for P — ¢¢: Unitarity Analtiticity & Cuts

Integration is easy through Cauchy's integral Formula

SR =

t

Then our loop integral can be solved through standard procedures

A= %/ / dM?dM2Im [G(Mf)] Im [G(Mg)} X
Sth v Sth

1 1
X d*k]...
Loop [ ]kz—M12+ie(q—k)2—M22+ie
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New Physics contributions

From quantum numbers either axial or pseudoscalar interaction

B ﬁmAC?GV”%f)Au

LP = Tiw mecF (Fiysf)P

Bt ) _ o ((ame)” gum2) | A(m2) + YZESE(F4 + 7))

BR(7°—~7) 4a?F,.,

BR T am, z
(= p) _ 2( ;) ,Bu(m,%)|A(m$,)—|— V2GE

BR(n—~7) T™my, 4a2

2
(FA(FM + £P) + V2FE (F2 + f"’)){
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New Physics contributions

From quantum numbers either axial or pseudoscalar interaction

B ﬁmAC?GV”%f)Au

LP = Tiw mecF (Fiysf)P

_ 2
BR(r°>ete)) _ o <%¢) Be(m?)| — 17.5i + 10.5 + 0.025(fA + £P)|>

BR(w®—~7)

2
BR(n— ) 2
Bt = 2 (2me )" g, (n2)|

2
7167551+0025(F—”(f;‘ )+ V2 "(f“+f”))’

fias = Llch=c) (cl+ef) (@) e = LUk =), (e () r
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Double virtual transition form factor

Check BR(m® — ete™) implications on Fr.««(Q%F, Q3)
More relevant at the Q2 = Q3 = Q? region

10

70 ¥ y*(QZ!QZ)

L
2 3 4 5

Q% [Gev?

oF
-

, Radiative corrections, Our prediction

— Factorization — Regge large-N. model - - - Bivariate P? fit;
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Padé Approximants: Convergence properties

Convergence known for meromorphic (large-N.) and Stieltjes (DR)
for the last limy_ oo P,’\‘,’+1(X) < f(x) < PN(x)

(@) =pl 2 )(w<°>(M2+QZ)—w<°>(M;))|

| Fpyey @) (LZ a
a
‘.‘ ‘-' o )
| H o PN e
s \‘I ! - o ] E 1 — Flen
/ - o - R
Y —  RegelQ) —  RegeQ?)
e~
- 0

Taylor || f(x) =
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Padé Approximants: Convergence properties

Il. Stieljes functions: (1/x)/n(1+ x)

-4

e eesesecl

Re(1Log(1+x))

L~
~4

(4
1/
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L
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Our proposal: Bivariate Padé Approximants

Lets revisit the Regge Model
Fryrye (Q2, Q3) = T2

Obeys PN, (x,y) < f(x,y) < PY(x,y) (Stieltjes)
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Dalitz decays: 7 — 0/

n

IFI?

This Work: Data

| | —— This Work: Fit (p0=1) (@)
o A2, 2011

TL calculation

- — - Padé approxim.

I
0.2

O.‘3 ‘
m(I'T) [GeV/c?]

Compare to A2 Coll. results in Mainz [Phys.Rev. C89 (2014) 044608]
The results are excellent — reasonable to use them in our fit
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n —
Our C{ & Combined Results [exact] - Preliminary Results

o es
n — eTe” = (1.82+1.86)(7)107*° A (1.73 + 1.77)(7)10*°

0 es
0 ptu = (1.36 + 1.49)(5)10~7 2% (1,02 + 1.35)(5)107

P. Masjuan, P. Sanchez, In preparation
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n —
Our C{ & Combined Results [exact] - Preliminary Results

o es
n — eTe” = (1.82+1.86)(7)107*° A (1.73 + 1.77)(7)10*°

0 es
0 ptu = (1.36 + 1.49)(5)10~7 2% (1,02 + 1.35)(5)107

Accepted values [approximated]: Dorokhov '10

n — ete” =1.182(14) x 107 1°
n — wtp~ = 1.364(10) x 10~7

P. Masjuan, P. Sanchez, In preparation
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n —
Our C{ & Combined Results [exact] - Preliminary Results

o es
n — eTe” = (1.82+1.86)(7)107*° A (1.73 + 1.77)(7)10*°

0 es
0 ptu = (1.36 + 1.49)(5)10~7 2% (1,02 + 1.35)(5)107

Accepted values [approximated]: Dorokhov '10

n — ete” =1.182(14) x 107 1°
n — ptpT = 1.364(10) x 1077 ’

Compare to Experiment

7 — e"e” <5.6 x 107° (SND+CMD-IIl) '15
n = ptpT=—

P. Masjuan, P. Sanchez, In preparation
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