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Two-loop masses and decay constants

® Ab-initio calculation using FORM °

® |Integral classificati

on

and reduction to a minimal set

(see more later)

® Hair in the soup: Sunset!

® Framework here: Standard ChPT up to order p6,
two and three flavour cases treated separately

Regularization/Renormalization:
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Finite Volume

d 1 d
/%F(p) — 7 ZF(pn) = /VﬁF(p) Improve Lattice
neZ ) extrapolations,
-3 / 22 F(p) Poisson ChPT fits, ...

bp

split 7 =1+ 1" appears then naturally

eliminate either integral (Bessel) or sum (Jacobi): diff. convergence behaviour
periodic BC, time kept continuous: break Lorentz

Here: Infinite volume masses serve as numerical input!

— Xy (Mg — M}?hys,IV;p2 — Mg?hys,lv) }O(P4)
—X4(Mg;p* = M = Mg + Amj 1)

+X4(M§ — Mghys,.rv = Mg + Amil—v;pQ — Mghys,lv = Mg + Ami,zv)

—Sg(Mg; P = M) o)

2 2
M —>Mphys,IV
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Finite Volume

[ 2 F@) > e = [ SEFw

nez

:Z/Zfi e'”? F'(p) Poisson

bp

split =1+ 1" appears then naturally

Improve Lattice

extrapolations,
ChPT fits, ...

eliminate either integral (Bessel) or sum (Jacobi): diff. convergence behaviour

periodic BC, time kept continuous: break Lorentz

Here: Infinite volume masses serve as numerical input!

— Xy(Mg — Mﬁhys Pt — M hys.IV) }O(P4)

~Su(0M3;p* = M = MY A 1,0)
0"
+54(Mg = My 1y = Mg + Amg ry;p° = My rv = M

—X6(Mg; p* = Mp)

2 2
M—)Mh sV
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Integrals: The Devil is in the Sunset!

t, = (1,0,0,0) t,ul/ = 5/w — t,utl/ — diag(ov 1,1, 1) O

Note: Now Euclidean (!)

d%r X d%y X
X) = | o ‘/V 2 (2 + w2 (r — ) + )"

d%r d%s X
(N = |, (orys nle o G s G s~

mom. indep. sunsets:
integrals, e.g.: ()Y = HY, W= Y.
1" = 4" (ru))” = HY p,+ Hay, )" =Hp,
% e ((s,))" = Hy p, + Hy,, )" = Hy p,,
I_T'UJ_V - 07 e e <<TMTV>>V = H2V1p,up’/+H2V2 5MV+H2V7MV’ <<T,url/>>v = HQ‘/lpMpy+H2‘/2 5MV+H2‘/7tuy7
I.TMTV_ y — 5;“/1422 ‘I‘ tHVA23 <<T’M8y>>v — HQ‘gp,u,pV -+ H;jl 5/“/ - H;g;u/? <<7“M3V>>V = H;gp'upy + H;fl 5/1,1/ + H;g tMV’
[ruryra)” = 0. ((s,5,0)" = Hys pupy + Hag Oy + Hypr— ((5,8,))Y = HY p.p, + H¥ 6,0 + Higt .
2
o . ™m -
each integral expansion of type A(m®) = Aoy — +A(m?) + AY(m%) + € (A°(m®) + A7“(m?)) + -
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Simplification

integrals with diff. kind of numerator structures related
other symmetry identities (e.g. masses of the sunsets)

<<X>>E/ dir d%s X

v @) @2n)? (7 + md)" () (r + s — )

permutation symmetries, e.g.

Hy(m?2,m3,m3;p°) + Hi(m3, m2, m3; p*) + Hi(m3,m3, m3; p*) = H(

Passarino-Veltman for FV:

p° Ha + dHog @ 1H = A(m3)A(m3)
dAgg(m2 Qw mQA(m2) =0

eliminate 22-integrals as in |V computation
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Sunsets continued: Sanity checks

FV sunsets have residue in & must cancel one-loop ,,IV*FV* terms

Also, finite part for FV sunsets defined differently than in the IV splits

1
1672

(AV<(m) + AV“(m3) + AV*(m3))

> (A (m3) + AV (m))) +

167_‘_2 2 (AVG m2 —l_ Ave m?))) —I_ HY?

(AV(mQ) + AV (m3 ) (AVE m3) + AVE( m3)> + H), ,

1672 3 167T2 3
Ao

20 (A% + S Aas(md) + 5 AL () )

1 1 ..
b + AL md) ) + HY, @

€ 1 €
(AL () + 5 AL (m

This ensures cancellation of one-loop &-terms: Sanity check!
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Decay Constant in a Nutshell

Def. (0|A,(0)|7~(p)) =iV2puFr; A, =uy,sd

Q\_ Q\_ Q Wavefunction renormalization (LSZ):
—o N —ihn

out<¢1 ¢z|¢z ¢n> <¢1 > — _EGtrunc ¢17 O 7¢n)

= VZ¢ Z_1+j%p2 2

/
¢ phys
1
OP) ~ + non-pole terms
@ L
i
O'P) ~ + non-pole terms,
$9) (P? = Mphys)?

(pa*) ~ Z(p? —ZMphys)Q

1

VZ(p* — M32,,)

phys

I + non-pole terms

(¢'a’) ~

oI + non-pole terms
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Numerics: Input

F,. =922 MeV, m, = m o = 134.9764 MeV
= "770 MeV myg = 494.53 MeV
m, = 547.30 MeV

BEI4

L = —04,l, =43,l3=3.0,1, = 4.3

Finite Volume at Two Loops in ChPT Lund, 19.12.2014 Thomas Rossler



Numerics: Input

F. =922 MeV, m, = m,o = 134.9764 MeV
= "770 MeV myg = 494.53 MeV
m, = 547.30 MeV

BEI4

I, = —04,l, =4.3,l3 =3.0,l, = 4.3

Self-consistent unphysical points

My mg my F.  Fx/F: F,/Fr mM/Mphys Ms/Mgphys  Ms/M
134.9764* 494.53* 545.9 92.2* 1.199 1.306 1* 27.3
100 487.14 540.46 90.4 1.219 1.337 0.547 . 49.9
300 549.6  593.73 101.4 1.099 1.154 5.025 ) 5.43
100 400 446.53 87.3 1.199 1.293 0.518 . 33.9
100 495 549.07 90.7 1.219 1.340 0.550 . 51.4
300 495 533.00 100.3 1.094 1.138 4.867 . 4.36
495 495 495.00 108.0 1 1 12.70 . 1

Table 1: The self consistent solution for the infinite volume values of m,, F:, Fx, F,

and the output quark mass ratios compared with the physical one. Units for dimensional
quantities are in MeV. The input values for the physical case are starred.
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Numerical examples: Pion mass
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Numerical examples: Pion decay constant
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Numericale examples: Three flavour Decay constants

Kaon & eta
0.001
0.01 |
0.0001 |
' = r
LL LL
< LF
LL >LL
><|] 0.001 — <|1
1e-05 E
0.0001 | | {008
2 2.5 3 3.5 4
m_ L m, L

Figure 10: The corrections to the kaon and eta decay constant for the physical case. Plotted
is the quantity —(FY — F;)/F; for i = K,n. Shown are the one-loop, the two-loop, the sum
and the two-loop L! dependent part. (a) Kaon. (b) Eta.
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Numericale examples: Three flavour Decay constants

Unphysical points
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PQ in a Nutshell

G — SU(nval + nsea‘nval)L X SU(nval _|_ nsea’nval)R

® Goldstones ( [ qvqv } [ qvds | [ qv4B _ \ ”9X9u
b = [ qsqv ] [ qsds | [ qsqB
) ) o €6
Str < é ZB; ) —TrA—"Tr D - e ,,SUPersymmetrIC
\[QBQV} [C]BC]S_ [ BQB_)
= Str(®) = 0 (Sharpe, Shoresh 12
< > ( P ) L, = Z L, X; + contact terms
1=0
® reduction of operators: — Lo (uPuPuuu) + Ly (ufu)? 4 Lo (uhu”) (u,u,)
VHiu, — %;2_ =0 + L ((wuy)?) 4 Ly (wfu) () + Ls (uuxy)
but no Cayley-Hamilton . X L
Y'Y + Le (x)* + Lo {(x-)* + B} O +x2)
ChPT | ChPT | ChPT | PQChPT | PQCLPT X
) 'Usea 2 3 2 3 -7 1% LlO
o . — iLlg (fY Uuuv>+7< a=afie)
LO F,B | Fy,By | Fy,B F,B Fy, B P X .
0, Do 0 0, Do 4 ZL11 <X— (V“UH _ %X—)>
NLO l; L; L L) L : 2
Mpn + Nt | T+3 | 1042 | 1142 11+2 11+2 + Ly <<V“uﬂ— 32_
2
NNLO ¢ C; K; K29 K& T2 2 2 }
Nph + Nt | H2+4 | 90+4 | 11243 | 11243 11243 Hy (FL, + Fp) + Hy (xx'),
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Technicalities: Neutral propagator

Xij = (X +X5)/2

E.
—iGe(k) = / P
ZJ( ) kQ—Xij+Z€ ( #]) o —|—1 fOI' ]:1,,6
7Y -1 for j=17,8,9.
n C q
Gz’j(k) Gij(k) Oij — Gz‘j(k)/nsea Xr + X
R: R! .
—’I/ng(kﬁ) — - JTn _ 4 - i ' X7 Xn
k2 — i+t k*—x; +te
Rﬂ'i_ RZZ i # jand x; # X
+ B 4 5 I i pz
k2 — Xz +ie k% —xp+ic Riy = Risejns
de — Rf4567ma
RS = R,
, R? RS
—ngj(k) — 5 — 5+ 03 — 2
(k* — x; + 1€) ke — xi + e . Ry, =
n Ry R TN Rap.
k2 — xnt+ie k2 —x, +ig’

Z
Rabcd

Taking masses degenerate requires taking
the proper limit! Challenge!

z
Rabcde fg

g(X4+X5+X6),

1

3 (Xaxs + X5X6 + XaXs)

+ Réwn + Réwn - Rjrnn - ijm

Xa — Xb;

Xa — Xb

Xa — Xc,

(Xa — X6)(Xa = Xe)

Xa — Xd 7

(Xa — X6)(Xa — Xe) (Xa — Xa)
(Xa — Xe)(Xa — Xf)(Xa = Xg)

FV and PQ for Masses and Decay Constants

Pisa, 29.07.2015
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Double poles

one-loop diagram topologies: up to total power 4, up to 2 different mass scales

sunset {H, H, H, H,,H, Hji}(n,mf,m%,mg,p) —

pv)

d d
1 d°r d%s {1,704, Sy TuTuy TySu, S,y }

2 Jv (2m)e (2m)4 (r2 — m3)™ (82 — m3

infinite and finite parts different for every n!

Lots of new identities between integrals of
different n!

Note: related to n=1 by differentiation with
respect to mass squared!

=> systematic way to obtain new identities
& numerical crosscheck

FV and PQ for Masses and Decay Constants

Pisa, 29.07.2015

Thomas Rossler

) ((r+s—p)* —mz)"™

nq N9 ns3
n=1 1 1 1
n =2 2 1 1
n=3 1 2 1
(n =4) 1 1 2
n=>9 2 2 1
(n = 6) 2 1 2
n=-717 1 2 2
n =3y 2 2 2



Quarkloop vs Ghost

® T[wo independent calculations

® Quarkloop calculation with different anatomy: ,,open indices"

Mesons Quark Flow Quark Flow Quark Flow Quark Flow
Valence Valence Sea Ghost

Q =©+@+Q+Q

® Other checks: FV unquenched results, partially quenched IV result

FV and PQ for Masses and Decay Constants Pisa, 29.07.2015 Thomas Rossler



Degeneracy cases/Numerical study

® Notation dval = 1,2 dsea = 1,2,3
® if two masses degenerate, use ,,lowest two*,i.e.for dgeg = 2:

X4 = X5 7 X6
o (12),(22),(13),(23) as pions

® (22),(23) as kaons

® The up/down average mass is varied 1,
L, = Z L, X; + contact terms
i=0
Lo (uMu¥uu,) + Ly (whu,)? + Lo (ufu?) (u,u,)
® |nput:

+ L ((uun)®) + La (uun)(x1) + Ls (u uux+)
BE |4 (Bijnens, Ecker) with . ) i
L0 set to Zero + Lo () + Lr (6-)° + 5 (G +x2)

Lo () + (2 )

i i (T )

. i Z
v Ly <(V“uu _ 5;2_) >

+ Hy(F?+ F3) + Ha (xxP,

® ML=2 for M=0.13 GeV
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Numerical examples: ,,Pion™ mass

015 |4 T T T T T T 015 |4 T T T T T T
6p o Gp o =
01—pL|___ //// 4 01_pLi——— //// |
p°R - PR 7
N 4 6 - AN 4 6 —
I, 0.05 [P +P° —— = . . 0.05 [p+p° ——— .
[«}] P 8 —
'Ow L © (/
i 0 === % 0 F==
g CT T g ST T -
© ~ ©
>= -0.05 . >= -0.05 7
< <
0.1 f ] 0.1t .
_015 1 1 1 1 1 1 1 _015 1 1 1 1 1 1 1 h
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
2 2
Xav [GEVT] Xav [GEVT]

_015 1 1 1 1 1 1 1 _015 1 1 1 1 1 1 1
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

%oy [GEV?] %oy [GEV?]
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LPion* mass: A closer look

0.14 —
0.12
0.1
0.08
0.06

>Z 0.04
0.02
0
-0.02
-0.04

_006 1 1 1 1 1 1 1
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

Xay [GeV2]
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Numerical examples:,,Pion” decay constant

001 T T T T T T T 001 T T T T T T T
0 —— 0+
o -0.01 o -0.01
I I
7] ?
o -0.02 o -0.02
N aA
g 0.03 £ -0.03
o §e]
> >
< -0.04 < -0.04
-0.05 -0.05
_006 1 1 1 1 I 1 1 _006 1 1 1 1 1 1 1
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
oy [GEVA] Koy [GEV?]
(a) (b)
0,01 T T T T T T T 0_01 T T T T T T T
0 ¢ 0 =
o -0.01 -0.01
||8
- -0.02 -0.02
I
g -0.03 -0.03
o
>
< -0.04 -0.04
-0.05 -0.05
-0.06 -0.06
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

%ay [GEV?] %oy [GEV?]
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Numerical examples: ,,Kaon™

0008 T T T T T T T 003 T T T T T T T
0.006 0.02
0.004 |
0.01
0.002
><§ ><LL 0]
O N
4 T -0.01
-0.002 P |
poL ----
-0.004 | p*R - 0.02
4 6 6
P +P
_0006 1 1 1 1 1 1 1 _003 1 1 1 1 1 1 1
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
2 2
X4 [GeV ] X4 [GeV ]
() (b)
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* We have calculated FV corrections up to two-loop order in two- and
three-flavour ChPT. In three-flavor PQChPT, we have computed flavour-
charged meson masses and decay constants with two different techniques,
and also calculated the (simplified) cases of degenerate masses

 Analytical expressions, see papers and/or
http://home.thep.lu.se/~bijnens/chpt/

e Examples of numerical evaluations

e CHIRON http://home.thep.lu.se/~bijnens/chiron/
Calculate quantum corrections in ChPT with your own input parameters!
All FV corrections from this talk (both ChPT and PQChPT) already
implemented!

FV and PQ for Masses and Decay Constants Pisa, 29.07.2015 Thomas Rossler


http://home.thep.lu.se/~bijnens/chiron/

Template slide
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On the origin of ,,Chira
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Chiral fields, QCD, Chiral symmetry

6
_ 1
Lqcp = Z Vi (2D — my ) — Zg,uz/,aggu m; =0V <N

(u,d,s,c,b,t)

SU(N), x SUN), x U(1);, x U(1) 4,

0 # (qq) Now EFT:
U(zx) = exp (2\/§¢(x)>
Fo
SU(N),,
(%TFO—F%T] Tt K+ \
N=2,3; e.g. for SUQ3): ¢(z) = e —Zm + En KO
o e
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® Chiral symmetry, parity, time-reversal, Lorentz: most general Lagrangian

U+ RULT
F2 F2
Ly = Z”Tr[DMU(D“U)T | + ZOTr(XUT + Ux"
® Explicit breaking ... generates masses: ,,Pseudo Goldstones"
a0 0 M2, = 2By,
X=2By| 0 m O My, = Bo(r+m,),
0 0 my . 2 .
My, = 5Bo (i + 2m,)

AMp = 3M; + M? GMO
no unique elimination of m’s in terms of M’s: difference of higher order

FV and PQ for Masses and Decay Constants Pisa, 29.07.2015

Thomas Rossler



Higher orders

general structure:

L=Ly+ L4+ L+ ...
S e.g. SU(3)

L, = L {Tx[D,U(D*U)1}* + LyTx [D,U(D,U)!] Tr [D*U(D*U)']
+L3Tr [D,U(D*U)'D,U(D*U)'| + LyTr [D,U(D*U)'] Tr (xU' + Ux)
+LsTr [D,UDU) (XU + UxN)] + L [Tr (xU + UX)]”
+Ly [Tr (xUT — UXD]* + LeTr (UxTUX! + xUxUT)
~iLyTr [ful D*U(D*U)' + oo, (DU) D"U] + LioTx (U £, U f5")

+H\Tr (fu f5° + fu 17) + H2Tr (xx)
Gasser, Leutwyler 1984/85

Most general Lagrangian consistent with symmetry,
reduction operators to minimal set via EOM, Cayley-Hamilton

Low Energy Constants (LECs): to be determined via experiment/lattice

FV and PQ for Masses and Decay Constants Pisa, 29.07.2015 Thomas Rossler



Powercounting: Weinberg

Chiral dimension of a diagram

D = 4Ny —2Nr + Y 2nNs,

n=1

FV and PQ for Masses and Decay Constants Pisa, 29.07.2015 Thomas Rossler



Simple(st) example: Mass @ NLO

Chiral dimension of a diagram Self energy:

D= 4Ny —2N; + Y 2nNs, O
n=1
O B

M? — MG — 3 (M?) =0

M? = MZ + 3(M?) = M2 + S(M3) + O(p°)
5 (p?) = Ag + Bop?

M? = Mg + Ay + BsMg + O(p°)

FV and PQ for Masses and Decay Constants Pisa, 29.07.2015 Thomas Rossler



Simple(st) example: Mass @ NLO

o

{Te([6, 0,8)$0" ) + BoTr(Mg*)} .

Expanding...... SR
£ = Flog{m 8 ByTr(0,90"¢)Tr(M)

+Ls 8  ByTr(0,00"¢M)

+Ls (—32) B2Tr(M)Tr(Me¢?)

+L7 (—32) Bg[Tr(Me)]*

+Lg (—=16) Bi(Tr(pMoM) + Tr(¢2/\/l2))}
Regularization/Renormalization: ChPT version of MSbar

I 1

IOOPS A(mQ) _ 127’;2 {)\0 . ln(m2) 4 O(E)} >\0 — E — E = 1H(47T) + 1 — VE

LECs L= (u0) ™ (el L)) = (07 (gpmalida-+ L) + O(0)

FV and PQ for Masses and Decay Constants Pisa, 29.07.2015 Thomas Rossler



Simple(st) example: Mass @ NLO

Combinatorics, symmetry factors...
Result: e.g. pion

¢* term derivative term sum of both
Pion loop g;glo = ﬁ(f’)mi) ﬁ(—élmi — 4p?) ﬁ(m% — 4p?)
Kaon loop B“?LT;WQ = g2 (2mi +2m2) | gr(=2mi —2p%) | gm(2m2 - 2p?)
Eta loop g%?Z = ﬁ(mi) - ﬁ(mi)

Table 1: Coefficients of the one-loop diagram contribution to the self-energy ¥4 (p?) for the
pion, split up according to which operator of £§¢ contributes and which virtual particle
occupies the loop, given in units of the divergent integral A(m?). Note that derivatives
can come with the loop particles, thus introducing their masses into the result, as well as
with the external particles, introducing their own squared momenta. Lowest order mass
relations were applied to the symmetry-breaking terms. Observe also the cancellation of
the kaon mass dependence: In an unbroken SU(2), the pion has to remain massless.

p

M? M? M? M?
2 . 2 ,2 2 n,2 7,2
Yra = o2\ om0 m( 2 ) - m( 2 )

\

16
Fy

(2m + my)Bo(2Lg — Ly) + mBy(2Lg — L)) }

Note already GMO!

FV and PQ for Masses and Decay Constants Pisa, 29.07.2015 Thomas Rossler



Example: Kaon mass correction :-)

4 2(6) 6 T 6 T 6 T 6 T 6 T 6 T
—32mf Cf; — 32mi Cfy — 64mf Cf3 — 32mi C, + 32m2 miy Cly + 192m3 mi Gy +3/4 Hy(mj, m, m2, m¥) my — 5/2 Hi(mi, m2, m2, mi) my
—32m7rmKC§0—96mﬂm‘}(C{9 32m2 mj, Cr 4+ 64m2 mj, Cls — 16 m2 mi, Cs —5/4 Hy(m%, m2, m2,mZ) m — Hy(m2,m2, m%, m%) m
+32m2 mi, Cl, — 32m2 mf, Cly + 48 mit m3, Ch, + 48 mi m3, Chy + 48 mi m3, Cly 9 9 9 4
+16m4mKC{7—48m w2 CTL — 16mA m?. O, 1+9/4 Hyy (m2, m2, m2, m3%) my — 9/32 Hyy (m2, m2, m2, m3) my
o \2 ryr, .6 rrr, 2,4 rrro 4,02 7\2 +27/16H21(m%(am72ﬂm7277m§()m[(+9/4H21(m§(am%(am%(7m§()m%(
512 (L5)2mS, — 2048 LELImS — 768 LLLim2 m’ — 256 L Lim® m2 — 2048 (L%)* m

—2048 (L§)? m? mK — 512 (Lg)* m2 mK + 384 LTLng + 128 LTLgm mj + 768 LTLTmK
+512 Ly Lim? mK + 256 LELim: m3, — 64 (L)?> mS — 64 (LL)* m2 m3, + 1024 L} Lymb,

+384 L Lym?2 mf, + 128 L4Lgm§ m3 + 2048 LZLgm?( + 2048 LTLgm2 mi + 512 LTLgm4 m2
—384 Ly LtmS, — 256 L Lim? m4 128 Ly Lim} mK 512 (L) mS — 512 (L})? m2 mj,
—128 (L’”) mimy + 89/27 L3 —4/27 — 16 5 Lym2 mi nma m3
+122/9 — 16 > Lymg — 16/9 — 16 5 Lym2 mi + 56/9 161 s Lymymi +4 — Ton2 LTmK
(%)2 ( —4709/1728 m& — 19/108 m2 m3, — 13/24m2m3,
—763/1296 12 mS. — 73/648 72 m2 ml, — 1/8 72 m mi()
FAm2)? (= 1/2m7? ml - 27/32mk ) + A(m2) A(mi) (= 3/4m3,)
+Z(m2)Z(m§) ( — 4148 m2 + 1/12 m,%)

A(m2) ((+32 Limi + 24 Lym? i + 64 Ly + 88 Lim? mi — 16 Lmi — 12 Lim? m3,
—32 Limik — 68 Lym2 m3 + 15 Lym?2 m + 12 Lym? m3 + 48 Lim?2 m% + 3/4 16 ;)

A (m2)? ( — 951/72m2 — 3/8 mi) + A(m) A(m?) ( —9/3 mi)
+A(m) -+ 64 Lymi +128 Lim +16 Lﬁm m2 — 32 Lng 80 Limd — 8 Lim? m?

)

2, 2
my Mg

+30 Lym3, + 36 Lym3, + 72 Limy, + 3/4 my + 3/4

162 162

+A(m2)? ( — 5/36m2 — 25/128m2 — 43/1152 m m—2)

4

+27/32 Hy (mie, m?, m>, mi) my

with implicit one-loop choice
Fram2® = 4 A(m?) (—1/4m§—1/12mi)

+8 (ng _ Lg) (Qm% n mi> _sm (Lg _ 2Lg)

+A(m2) ( + 32 Lim — 56/3 Lm?2 m% + 16/3 Lim? + 64/3 Lim% — 32 Lim2 m2, + 32/3 Lim?

+128/3 Limd, — 8/3 Lim?2 mK—112/9L5mK+4/3L5m m2, — 8/9 Lim? — 32 Lim?
+4 Lym2 m3 + 28/3 Lymj, — 7/3L3m mK+16/3L my — 4/3 Lym? mK+64/3L’"mK

)

—16/3 Lym2 m3,
—15/32 H(myz, mz, mic, mi) mic + 3/4 H(mz, mz, mic, mi ) my mic
4+29/16 H(m?2, m%, m2, m3%) my + 3/4 H( 2 M, M%) M

2
Kamn My M, Mg, Mepe, M) Mege
+181/288 H(mj, m2, m2, my;) my — Hy(m2, mi, m2, mi)m

4
K

Thomas Rossler

FV and PQ for Masses and Decay Constants

Pisa, 29.07.2015



ChPT at NNLO: Two loop mass

M? — M2 =5, (M2) —=S4(M2) 4+ S4(M2) —S6(M2) = O1)
N —— S

® Pole egn 9
O(p*) O(p°) O(p°)

|

® ,renormalization part” is infinite, so is the new diagrammatic part
® dependence on choice at NLO
® can safely put physical masses (since ,,we subtract what we add")

Ci = (o)™ (5 + 24+ Cr(w)) = 17 (vaide + s + € () + O(e)

FV and PQ for Masses and Decay Constants Pisa, 29.07.2015 Thomas Rossler



Decay constant

Def. (0|A,(0)|7~(p)) =iV2puFr; A, =uy,sd

Q\_ Q\_ Q Wavefunction renormalization (LSZ):
—o N —ihn

out<¢1 ¢z|¢z ¢n> <¢1 > — _EGtrunc ¢17 O 7¢n)

= VZ¢ Z_1+d2p2 2

/
¢ phys
?
OP) ~ -+ non-pole terms
@ L
7
Q'@ ~ + non-pole terms,
o) (p? — Mphys)?

(pa*) ~ Z(p? —ZMphys)Q

1

VZ(p* — M32,,)

phys

I + non-pole terms

(¢'a’) ~

oI + non-pole terms

FV and PQ for Masses and Decay Constants Pisa, 29.07.2015 Thomas Rossler



Numerics: Two flavour

N 4
\\ p
AN 0f - - -
N \\ 6Ir I _______
0.01 ¢ 0.01 t >._ P ljonly
_ \ S 4.6
S S +p
e w N
o ] N N ]
EB >LL \‘\ S \\
> T 0.001 | Te o ]
< 0.001 " 0. SR
0.0001 | )
0.0001
2 2.5 3 3.5 4 2 2.5 3 3.5 4
m_L m_L

(a) (b)

Figure 2: The relative finite volume corrections for the mass squared and decay constant
of the pion in two-flavour ChPT at a fixed infinite volume pion mass m, = myo. Shown
are the one-loop or p* corrections, the full p® result and the part only dependent on the
I7, p°l7 and the sum of the p* and p° result. m,L = 2,4 correspond to L ~ 2.9,5.8 fm.

(a) The pion mass, plotted is (mY? —m?2)/m?2. (b) The pion decay constant. Plotted is

FV and PQ for Masses and Decay Constants Pisa, 29.07.2015 Thomas Rossler



Numerics: Two flavour unphysical

0.1 ¢

0.01 }

0.001 |

0.0001

Figure 3: The relative finite volume corrections for the mass and decay constant of the

pion in two-flavour ChPT at three values of the infinite volume pion mass. (a) R, =
mY /m, —1. (b) Rp. = FY /F, — 1, plotted is —Rp..

FV and PQ for Masses and Decay Constants Pisa, 29.07.2015 Thomas Rossler



Numerics: Three flavour

p4 Nf=2 —_——
\\ 3 p4+p6 N=2 - --- |
N 0.01
0.01 :
B L B
S £
Al B Al B
S £
> >
< < 0.001 }
0.001 ¢
0.0001
2 2.5 3 3.5 4 2 2.5 3 3.5 4
m_ L m_ L
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Numerics: Kaon and eta mass
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Figure 5: The corrections to the kaon and eta mass squared for the physical case. Plotted
is the quantity (m)? — m?)/m? for i« = K,n. Shown are the one-loop, the two-loop, the
sum and the two-loop L} dependent part. (a) Kaon, the p* is so small that p® and p* + p°
are indistinguishable. (b) Eta, note the signs, some parts are negative.
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Numerics: Three flavour unphysical

Pion mass dominance

0.1 1
g p

4
p4 +p6

0.001

'(mK=495)' ———
(Mg=495) —— |

2 2.5 3 3.5

FV and PQ for Masses and Decay Constants

0.1 ¢

0.01

2

Avmi/m

1e-05 |

1e-06

& 0.001

0.0001 ¢

m,, = 100 MeV

p4 ]

m,, = 495 MeV |

3.5

Pisa, 29.07.2015

4

Thomas Rossler



Numerics: Kaon and
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eta mass unphysical

0.01

0.001

0.0001

Avmﬁ/mﬁ

1e-05

1e-06

0.001

m_=100 MeV ——
m_ =300 MeV — — —
m_=495MeV - - - - |

Pisa, 29.07.2015

Thomas Rossler



Numerics: Three flavour Decay constant
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Numerics: Three flavour Decay constant
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Figure 10: The corrections to the kaon and eta decay constant for the physical case. Plotted

is the quantity —(F)Y — F})/F; for i = K,n. Shown are the one-loop, the two-loop, the sum
and the two-loop L dependent part. (a) Kaon. (b) Eta.
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Numerics: Three flavour Decay constant
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Numerics: Three flavour Decay constant

Appreciating the small things in life...
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Conclusions and outlook

* We have calculated FV corrections up to two-loop order in two- and
three-flavour ChPT. Analytical expressions, see paper.

* At one-loop, full agreement with literature.

e Comparisons of two-loop terms, wherever possible, with existing work,
in particular papers by G. Colangelo et al.: one analytical deviation found,
single pre-factor (details see text)

* FV corrections evaluated numerically. Found to be necessary for pion
mass and decay constant and kaon decay constant (less relevant for kaon
mass, negligible for the eta quantities)

* Next: PQChPT.We really see the need to publish longer expressions.

FV and PQ for Masses and Decay Constants Pisa, 29.07.2015 Thomas Rossler



