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Four-bosons in 3D with zero-range interaction 

Yamashita, Tomio,  Delfino & Frederico 
Four-boson scale near a Feshbach resonance. Europhys. Lett.75 (2006) 555 
 
• Tetramer ground state moves as a short-range scale collapses to zero with the trimer is fixed! 
• coupling between a closed and open channelsà  many-body forces in the open channel ? 
 
• Tetramer is fixed by the trimer information:  
 
 Platter,  Hammer, & Meissner,  
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 Stecher, D’Incao &Greene,  
Signatures of universal four-body phenomena and their relation to the Efimov physics Nat.Phys. 5(09)417                            
                  
 Deltuva 
Efimov physics in bosonic atom-trimer scattering, Phys. Rev. A 82, 040701(R) (2010) 
 
Gattobigio, Kievsky, Viviani, Birse, Hiyama… 
 

        Short range 4-body forces? 



Four-bosons 
Introduction Three-body Scaling Four-body Scaling Three- and Four-body interwoven cycles Summary

� � ��� �

��

��	��	

� �� � � �

��	

��	 ��	

Subtracted Green’s Functions: G(N)
0 = 1

E�H0
� 1

�µ2
N�H0

with µ3 (RED): 3B scale & µ4 (BLUE): 4B scale

Yamashita, Tomio, Delfino, TF, EPL 75 (2006) 555. 

Skorniakov and Ter-
Martirosian (1956)  

2 



M. R. HADIZADEH et al. PHYSICAL REVIEW A 85, 023610 (2012)

10-2 100 102 104

(µ4 / µ3)2

100

101

102

103

104

B
4(N

)  / 
B

3(0
) N=0

N=1

N=2

FIG. 2. (Color online) The first three tetramer energy levels at
unitary limit, in units of the trimer ground state, are shown as functions
of (µ4/µ3)2, where µ4 and µ3 are, respectively, the four- and three-
body regularizing scaling parameters.

In order to compare directly the numerical results for the
three- and four-body limit cycle, we present the Fig. 3 with two
panels, (a) and (b). The three-body Efimov states are shown
in (b), with the energies given in units of the trimer scaling
parameter µ2

3. The corresponding four-body Efimov-like states
are given in (a), when considering a ground-state trimer in the
unitary limit. The dependencies of B

(N)
4 with B3 are given

with the energies in units of the tetramer energy parameter
µ2

4 for N = 0, 1, and 2 (with the fixed trimer parameter
µ3 = 1). We illustrate the main qualitative phenomenon of
tetramers emerging from the atom plus trimer threshold: by
decreasing B3, an increasing number of tetramers become
bound. A similar phenomenon is shown in the panel (b) for
trimers in terms of a dimer energy, which is the Efimov effect.
In our calculations we first consider tetramers below a trimer in
the ground state, such that the tetramer spectrum is not limited
from below and can collapse as we increase the four-body scale
in relation to the three-body one. In this case, the number of
excited tetramer levels can increase with no limit. However, for
a given general excited trimer, the applicability of our results is
restricted to a region where the trimer energy varies by a factor
of about 515 (the Efimov ratio in the unitary limit). Therefore,
between two successive trimer states at most three tetramers
can be found.

The results for the four-boson binding energies, plotted
in Fig. 1(a), exhibit a limit cycle, which expresses the
universal behavior of the energies with a moving four-body
scale parameter. The curves shown in this figure reduce to a
single curve when they are plotted as the correlation between
successive tetramer energies, as presented in Fig. 4 for M = 4,
where we consider the scaling plot in the unitary limit. The

scaling function F (N)
4 (

√
B3/B

(N)
4 ; 0) was built considering up

to the third excited state. As in the case of trimer Efimov
cycles, the numerical results for tetramers also present a
very rapid convergence toward a four-boson limit cycle. For

comparison, we also present F (N)
3 (

√
B2/B

(N)
3 ), which has the
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FIG. 3. (Color online) In (a) we have the tetramer energy levels
N = 0,1,2, as functions of the trimer ground-state energy for B2 = 0.
For comparison, in (b) we have the first Efimov trimer levels as
functions of B2. The energy units are µ2

4 in (a) (where µ2
3 = 1) and

µ2
3 in (b). In both cases, the threshold is given by the diagonal line.

value of 1/22.7 when B2 vanishes. The three-body scaling
function, identified inside the plot by M = 3, was derived
in Ref. [2], being compared directly with the corresponding
four-body scaling function, identified by M = 4. The dashed
part of the tetramer scaling curve presented in Fig. 4, where√

B3/B
(N)
4 < 1/22.7, is not accessible for the excited tetramer

energies belonging to the tetramer spectrum that is obtained
for a given excited trimer. This restriction implies that a
meaningful infinite number of tetramer levels is only possible
when considering the trimer in the ground-state level.

Let us consider the unitary limit (when we have the
geometrically spaced trimer levels), to resume the global
picture suggested by our model. By increasing the tetramer
scale with respect to the trimer one, as a new excited tetramer
emerges from the threshold, the less excited ones will slide
down, moving in the direction of the next deeply bound trimer.
Actually these tetramers, between two trimers, are resonances
decaying to an atom and a trimer. They will dive into the
complex plane through the atom-trimer scattering cut with
their width increasing as the four-body scale is incremented.
This qualitative discussion deserves further investigation from
the point of view of the complex analytical structure of the
four-body scattering equations. Our picture suggests that,
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of about 515 (the Efimov ratio in the unitary limit). Therefore,
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can be found.
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in Fig. 1(a), exhibit a limit cycle, which expresses the
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4 in (a) (where µ2
3 = 1) and

µ2
3 in (b). In both cases, the threshold is given by the diagonal line.

value of 1/22.7 when B2 vanishes. The three-body scaling
function, identified inside the plot by M = 3, was derived
in Ref. [2], being compared directly with the corresponding
four-body scaling function, identified by M = 4. The dashed
part of the tetramer scaling curve presented in Fig. 4, where√
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energies belonging to the tetramer spectrum that is obtained
for a given excited trimer. This restriction implies that a
meaningful infinite number of tetramer levels is only possible
when considering the trimer in the ground-state level.

Let us consider the unitary limit (when we have the
geometrically spaced trimer levels), to resume the global
picture suggested by our model. By increasing the tetramer
scale with respect to the trimer one, as a new excited tetramer
emerges from the threshold, the less excited ones will slide
down, moving in the direction of the next deeply bound trimer.
Actually these tetramers, between two trimers, are resonances
decaying to an atom and a trimer. They will dive into the
complex plane through the atom-trimer scattering cut with
their width increasing as the four-body scale is incremented.
This qualitative discussion deserves further investigation from
the point of view of the complex analytical structure of the
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FIG. 4. (Color online) The four- and three-body scaling functions
are represented, respectively, by M = 4 and M = 3. The energies are
rescaled in terms of BN

M , where N represents the corresponding energy
level in both cases (N = 0 is the ground state). The behavior of the
excited trimer (M = 3) and tetramer (M = 4) energies is shown as
the corresponding subsystem energy (B2 or B3) varies. In the case of
M = 4, B2 is fixed to zero and the dashed part is only reachable by
tetramers below the ground-state trimer.

within the unitary limit, at most three tetramer resonances
lie between two successive trimers.

In Fig. 5, to verify the universality of the four-boson scaling
function (26) and for comparison, we include results obtained
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FIG. 5. (Color online) Our results for the four-boson scaling
function, reported in [26], are displayed in the limited region where
more recent results are available. The plots are shown for B2 = 0
(solid-black curve) and in four cases with B2 ̸= 0 [three cases with
bound dimers, B2/B3 = 0.02, 0.0044, 0.002, and one case with a
virtual dimer,

√
B2/B3 = −

√
0.02], as indicated inside the frame. In

the case of B2 = 0, this figure refers to the right-hand-side corner of
Fig. 4 for M = 4. The results were explicitly verified numerically for
N = 0 and N = 1, considering the energies BN=0,1,2

4 in case B2 = 0;
and for N = 0 in the other cases where B2 ̸= 0. The symbols refer to
other model calculations (as indicated) near the unitary limit.

TABLE II. Binding-energy ratio of tetramer ground and excited
energies to a trimer level [B (0)

4 /B3,B
(1)
4 /B3 − 1], where the results of

Refs. [17,19] refer to different trimers.

Ref. [52] Ref. [14] Ref. [21] Ref. [16] Ref. [20]

[4.46, 0.06] [4.075, 0.003] [4.41, 0.01] [5.0, 0.01] [4.55, 0.003]

Ref. [17] Ref. [19]

[4.58, 0.01] [4.5175, 0.00106]
[5.88, 0.10] [4.6041, 0.00217]
[4.58, 0.006] [4.6104, 0.00227]
[5.58, 0.03] [4.6108, 0.00228]
[4.55, 0.001] [4.9929, 0.00997]

– [4.6114, 0.00228]

in other recent calculations.1 In Table II we have listed the
available results of other authors for binding-energy ratios of
ground and excited tetramers close to the unitary limit. Within
those results we should also point out that the ones given in
Refs. [17,19] are for more than one trimer level. In our results
with zero-range interaction, we include not only the exact limit
B2 = 0, but also nonzero two-body energies (bound or virtual),
as shown in Tables I(A)–I(C). The sensibility of the scaling
function with variation of the two-body conditions is shown
when nonzero two-body energies are used. As it is shown, the
exact unitary limit scaling plot is shifted to the right-hand side
(left-hand side) when considering nonzero two-body bound
(virtual) state energies.

The results of available calculations for tetramer energies
plotted in the way we are suggesting put in evidence the effect
of the four-body scale. Consistent with our findings, they slide
along the universal correlation shown in Fig. 5. The sensitivity
of our defined scaling plot, with respect to variations of a two-
body observable such as the scattering length or range effects,
is also consistent with the results obtained by other authors.

In order to verify the sensitivity of the results (obtained
for B2 = 0) with small changes in the dimer energies, we
calculate the corresponding scaling functions for a few cases
with B2 ̸= 0. In the given results, we have three cases for bound
two-body systems, where B2/B3 = 0.02, 0.0044, and 0.002,
and one case for a virtual two-body state with

√
B2/B3 =

−
√

0.02. In Fig. 5 we have also included the Hammer and
Platter results for both a virtual and real dimer close to unitary
limit (see Fig. 2 of Ref. [16]). Despite the observed difference
in the position of both results in our plot, it is remarkable
that they both fit nicely in our scaling curve, meaning that
the four-boson model of Ref. [16] is sensitive to a four-body
scaling parameter, carried out implicitly by the momentum
cutoffs used in their calculations.

Although we calculate tetramer energies below the trimer
ground state, such that the dashed part of Fig. 4 is also verified,
the results for tetramers attached to any other Efimov state
do not change the present conclusions on the existence of a

1For an update of Fig. 5, with more recent results of other authors,
see T. Frederico, A. Delfino, M. R. Hadizadeh, L. Tomio, and M. T.
Yamashita, e-print arXiv:1201.6586.
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particles which interact via pairwise forces Vij is given by the
Schrödinger equation,

|!⟩ = G0

∑

i<j

Vij |!⟩ =
∑

i<j

|ψij ⟩, (1)

where |ψij ⟩ = G0Vij |!⟩, G0 = (E − H0)−1 is the free four-
body resolvent and H0 stands for the free Hamiltonian. The
above components satisfy

|ψij ⟩ = G0tij
∑

kl ̸=ij

|ψkl⟩

= G0tij (|ψik⟩ + |ψil⟩ + |ψjk⟩ + |ψj l⟩ + |ψkl⟩), (2)

where the two-body transition operator is tij . The FY decom-
position of |ψij ⟩ reads

∣∣Kl
ij,k

〉
= G0tij (|ψik⟩ + |ψjk⟩),

∣∣Kk
ij,l

〉
= G0tij (|ψil⟩ + |ψj l⟩), (3)

|Hij,kl⟩ = G0tij |ψkl⟩,
where |Kl

ij,k⟩ and |Hij,kl⟩ correspond, respectively, to K-type
and H -type partitions. The Faddeev components of the wave
function

|ψij ⟩ =
∣∣Kl

ij,k

〉
+

∣∣Kk
ij,l

〉
+ |Hij,kl⟩ (4)

are reconstructed through FY components.
Every |ψij ⟩ component contains two K-type and one

H -type configurations. Therefore, the total wave function |!⟩
contains twelve different K-type chains and six H -type chains,
leading to 18 independent FY components. By considering
identical bosons, the four-body wave function |!⟩ has to be to-
tally symmetric. As a consequence, all 12 K-type components
are identical in their functional form with particles permuted.
The same is true for the six H -type components. Thus it is
sufficient to consider only two independent FY components
corresponding to the K- and H -type partitions, |K⟩ ≡ |Kl

ij,k⟩
and |H ⟩ ≡ |Hij,kl⟩. The 18 coupled FY equations, for identical
bosons, shrink to two coupled homogeneous equations,

∣∣Kl
ij,k

〉
= G0tijP

[
(1 + Pkl)

∣∣Kl
ij,k

〉
+ |Hij,kl⟩

]
,

(5)
|Hij,kl⟩ = G0tij P̃

[
(1 + Pkl)

∣∣Kl
ij,k

〉
+ |Hij,kl⟩

]
,

where Pkl is the permutation operator for the pair (kl), with P
and P̃ defined by

P = (Pij + Pik)Pjk and P̃ = PikPjl. (6)

The symmetry property of |K⟩ under exchange of particles
i and j , and |H ⟩ under separate exchanges of particles i,j and
k,l, guarantee that the full wave function

|!⟩ = (1 + P + PklP + P̃ )
[
(1 + Pkl)

∣∣Kl
ij,k

〉
+ |Hij,kl⟩

]

= [1 + (1 + P )Pkl](1 + P )
∣∣Kl

ij,k

〉

+ (1 + P )(1 + P̃ )|Hij,kl⟩ (7)

is totally symmetric. In order to get insight on how the short-
range four-body scale is reflected in the bosonic wave function
for a zero-range force, we will analyze the momentum structure
of the K and H components. Following this strategy we will
be able to map where the new scale is more relevant to build
the tetramer wave function. For that purpose, we still simplify

FIG. 1. (Color online) Definition of the four-body Jacobi
momenta corresponding to the K- and H -type fragmentations.

the problem using s-wave one-term separable potentials. This
class contains, in particular, the contact interaction.

B. One-term separable potential with s-wave projection

In this section, to simplify the notation we use the particle
labels 1,2,3, and 4. Then we rewrite Eq. (5) as

|K⟩ = G0t12P [(1 + P34)|K⟩ + |H ⟩],
(8)

|H ⟩ = G0t12P̃ [(1 + P34)|K⟩ + |H ⟩].
In order to solve the coupled Eqs. (8) in momentum space,
one should project these equations into standard sets of Jacobi
momenta, corresponding to both K-type (| u1 u2 u3 ⟩) and H -
type (| v1 v2 v3 ⟩) partitions, as represented in Fig. 1.

The standard Jacobi momenta for the 4B system can be
defined in terms of the single-particle momentum variables
ki=1,2,3,4, in two possible configurations (K and H type), as
shown in Fig. 1:

u1 = (1/2)(k1 − k2),

u2 = (1/3)[2k3 − (k1 + k2)], (9)

u3 = (1/4)[3k4 − (k1 + k2 + k3)],
v1 = (1/2)(k1 − k2),

v2 = (1/2)[(k1 + k2) − (k3 + k4)], (10)

v3 = (1/2)(k3 − k4),

where we assume identical particles, with mass m = 1. Since
we are interested in the s-wave channel contribution, we
introduce the partial-wave representation of the four-body
projection operators corresponding to each Jacobi momenta
set as

|u⟩ ≡ |u1 u2 u3⟩, |v⟩ ≡ |v1 v2 v3⟩. (11)

Within the s-wave projection, we consider the following
completeness relation for both basis sets:

∫
D3U |U ⟩⟨U | = 1, (12)

where U indicates each one of u and v sets, with D3U ≡
U 2

1 dU1U
2
2 dU2U

2
3 dU3. Clearly, the projection operators |u⟩

and |v⟩ are adequate to expand the |K⟩ and |H ⟩ components,
respectively. Consequently, the projection of the coupled
equations (8) is given by

⟨u|K⟩ = ⟨u|G0tP (1 + P34)|K⟩ + ⟨u|G0tP |H ⟩,
(13)

⟨v|H ⟩ = ⟨v|G0t P̃ (1 + P34)|K⟩ + ⟨v|G0t P̃ |H ⟩.
In the following, the units are such that h̄ = 1 and m = 1.

By considering a one-term separable two-body potential
operator V = λ|χ⟩⟨χ |, the s-wave two-body t-matrix elements
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proper four-body scale or its universal manifestation through
the scaling function (26), calculated with the zero-range model
regularized within our scheme. This fact is evidenced in Fig. 5.
Distinct, short-ranged interaction models [16,17,19–21] show
that the energies of successive tetramers linked to the tower
of Efimov states scale according to the plot, thus verifying the
universality of the four-boson limit cycle.

IV. STRUCTURE OF UNIVERSAL TETRAMERS

The effect of the four-body scale on the structure of
tetramers at the unitary limit is detailed in this section. We
show results for the FY components in momentum space for
different scale ratios as well as for momentum probability
densities. A close inspection of the reduced FY components,K
and H, will show how µ4 manifests through their dependence
on the different Jacobi momenta. An analogous study will be
presented for the momentum probability densities.

A. Reduced Faddeev-Yakubovsky components

The reduced FY components K(u2,u3) and H(v2,v3) are
shown to spread out up to momentum of the order 1, due
to the relevance of the four-body momentum scale µ4 to
regularize the kernel of the set of FY equations (24) at short
distances. Both components have narrow peaks appearing at
small momenta, which are even more pronounced for higher
scale ratios µ4/µ3 and more excited states. They follow a

typical tetramer momentum scale,
√

B
(N)
4 /µ4. These features

are evident in Figs. 6 and 7. For a given ratio µ4/µ3, the
ground-state wave function is more expanded in momentum
space in comparison to excited states. The K and H channels,
and consequently, the total wave function for smaller tetramer
bindings, should extend to larger distances as compared to the
corresponding ones with larger binding.

The peaks at small momentum are due to the nearest trimer
pole in the three-boson interacting resolvent appearing in the
K-channel equation (24). This leads to a dominance of K over
H for small momentum when the tetramer energy approaches
B3.

In Figs. 6 and 7 we detail the sections of K(u2,u3) and
H(v2,v3) with one of the Jacobi momenta being zero for
scale ratios of 5, 50, and 200. The interpretation of the Jacobi
momentum with respect to the relevant scales is necessary
to proceed in the analysis of these plots. The variable u2
is the relative momentum of particle 3 with respect to the
center of mass of the pair (1,2), which belongs to a trimer
configuration (see Fig. 1). Note that in our derivation of the
FY equation for the zero range potential, we have chosen to
factor the dependence of the relative momentum of the (1,2)
pair in the definition of the reduced amplitudes, as given by
Eq. (18). Naively, for kinematical reasons, it is reasonable to
expect that, within the tetramer, the average distance between
two bosons is larger than the average distance between the
center-of-mass (c.m.) of the virtual pair to the third particle,
which is larger than the average distance of the virtual trimer
to the fourth particle. The ordering effect comes because the
clusters, being heavier, should have their c.m. closer to the c.m.
of the tetramer. This size ordering has a correspondence
with respect to the momentum variables. In K(u2,u3), the
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FIG. 6. (Color online) The Yakubovsky components K and H
as functions of the Jacobi momenta for scale ratio µ4/µ3 = 5 when
only one four-body excited state exists. In frames (a) and (b) the
components are shown as a function of u2,v2 where u3,v3 = 0,

and in frames (c) and (d) they are shown as a function of u3,v3

where u2,v2 = 0. In (a) and (c) we have results for the ground-
state level and in (b) and (d) for the first excited-state level.
The normalization is such that

∫ ∞
0 du2 u2

2

∫ ∞
0 du3 u2

3 K2(u2,u3) +∫ ∞
0 dv2 v2

2

∫ ∞
0 dv3 v2

3 H2(v2,v3) = 1.

momentum of the fourth particle in respect to the virtual
trimer u3 should explore larger momentum regions than u2,
which is the relative momentum of the third particle with
respect to a pair. An analogous reasoning suggests that the
momentum dependence of H(v2,v3) is such that v2 explores
larger momentum regions than v3 (the relative momentum of
two bosons). These qualitative properties are verified in Figs. 6
and 7.

The plots in Fig. 6 show the reduced FY components for the
ground state, frames (a) and (c), and excited state, frames (b)
and (d), for µ4/µ3 = 5. The high-momentum tails of H(v2,0)
and K(0,u3) with respect to H(0,v3) and K(u2,0) are visible
by comparing frames (a) and (c) in the case of the ground
state, and (b) and (d) for the excited state. By inspecting the
pair of frames (a) against (b), and (c) against (d), we also
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proper four-body scale or its universal manifestation through
the scaling function (26), calculated with the zero-range model
regularized within our scheme. This fact is evidenced in Fig. 5.
Distinct, short-ranged interaction models [16,17,19–21] show
that the energies of successive tetramers linked to the tower
of Efimov states scale according to the plot, thus verifying the
universality of the four-boson limit cycle.

IV. STRUCTURE OF UNIVERSAL TETRAMERS

The effect of the four-body scale on the structure of
tetramers at the unitary limit is detailed in this section. We
show results for the FY components in momentum space for
different scale ratios as well as for momentum probability
densities. A close inspection of the reduced FY components,K
and H, will show how µ4 manifests through their dependence
on the different Jacobi momenta. An analogous study will be
presented for the momentum probability densities.

A. Reduced Faddeev-Yakubovsky components

The reduced FY components K(u2,u3) and H(v2,v3) are
shown to spread out up to momentum of the order 1, due
to the relevance of the four-body momentum scale µ4 to
regularize the kernel of the set of FY equations (24) at short
distances. Both components have narrow peaks appearing at
small momenta, which are even more pronounced for higher
scale ratios µ4/µ3 and more excited states. They follow a

typical tetramer momentum scale,
√
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(N)
4 /µ4. These features

are evident in Figs. 6 and 7. For a given ratio µ4/µ3, the
ground-state wave function is more expanded in momentum
space in comparison to excited states. The K and H channels,
and consequently, the total wave function for smaller tetramer
bindings, should extend to larger distances as compared to the
corresponding ones with larger binding.

The peaks at small momentum are due to the nearest trimer
pole in the three-boson interacting resolvent appearing in the
K-channel equation (24). This leads to a dominance of K over
H for small momentum when the tetramer energy approaches
B3.

In Figs. 6 and 7 we detail the sections of K(u2,u3) and
H(v2,v3) with one of the Jacobi momenta being zero for
scale ratios of 5, 50, and 200. The interpretation of the Jacobi
momentum with respect to the relevant scales is necessary
to proceed in the analysis of these plots. The variable u2
is the relative momentum of particle 3 with respect to the
center of mass of the pair (1,2), which belongs to a trimer
configuration (see Fig. 1). Note that in our derivation of the
FY equation for the zero range potential, we have chosen to
factor the dependence of the relative momentum of the (1,2)
pair in the definition of the reduced amplitudes, as given by
Eq. (18). Naively, for kinematical reasons, it is reasonable to
expect that, within the tetramer, the average distance between
two bosons is larger than the average distance between the
center-of-mass (c.m.) of the virtual pair to the third particle,
which is larger than the average distance of the virtual trimer
to the fourth particle. The ordering effect comes because the
clusters, being heavier, should have their c.m. closer to the c.m.
of the tetramer. This size ordering has a correspondence
with respect to the momentum variables. In K(u2,u3), the
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FIG. 6. (Color online) The Yakubovsky components K and H
as functions of the Jacobi momenta for scale ratio µ4/µ3 = 5 when
only one four-body excited state exists. In frames (a) and (b) the
components are shown as a function of u2,v2 where u3,v3 = 0,

and in frames (c) and (d) they are shown as a function of u3,v3

where u2,v2 = 0. In (a) and (c) we have results for the ground-
state level and in (b) and (d) for the first excited-state level.
The normalization is such that

∫ ∞
0 du2 u2

2

∫ ∞
0 du3 u2

3 K2(u2,u3) +∫ ∞
0 dv2 v2

2

∫ ∞
0 dv3 v2

3 H2(v2,v3) = 1.

momentum of the fourth particle in respect to the virtual
trimer u3 should explore larger momentum regions than u2,
which is the relative momentum of the third particle with
respect to a pair. An analogous reasoning suggests that the
momentum dependence of H(v2,v3) is such that v2 explores
larger momentum regions than v3 (the relative momentum of
two bosons). These qualitative properties are verified in Figs. 6
and 7.

The plots in Fig. 6 show the reduced FY components for the
ground state, frames (a) and (c), and excited state, frames (b)
and (d), for µ4/µ3 = 5. The high-momentum tails of H(v2,0)
and K(0,u3) with respect to H(0,v3) and K(u2,0) are visible
by comparing frames (a) and (c) in the case of the ground
state, and (b) and (d) for the excited state. By inspecting the
pair of frames (a) against (b), and (c) against (d), we also
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Problem: Position of four-atom resonant recombination
I Positions of four-atom recombination peaks (a < 0) where two

successive tetramers become unbound (blue-solid line). Cesium
atoms wide Feshbach resonances.

I (First point from the left corresponds to B4 ' 64 B3 at the unitary
limit.)
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RANGE CORRECTION TO THE POSITION OF 4-ATOM RESONANCE 

 Private communications: 
 Von Stecher (Gaussian local)    0.38  vs. ~ 0.37    
 Deltuva (separable)                   0.33   vs. ~ 0.29         Evidence 4-B scale! 
 Hiyama (LM2M2)                     0.286 vs. ~ 0.28  

D V 

H 



r0 from the shift of the peaks of the four-atom losses

Ref. aT
1,1/a�

1 aT
1,2/a�

1 a�
1 [RvdW] r0 [RvdW]

Ferlaino et al PRL’09 0.47 0.84 -8.7(1) > 5
Berniger et al PRL’11 0.465(34) 0.903(31) -9.54(28) 2.5 ± 1.7
Ferlaino et al FBS’11 0.47(1) 0.87(1) -8.71 4.8 ± 1.0
Ferlaino et al FBS’11 0.46(2) 0.91(3) -9.64 2 ± 2

I RCs2

vdW = 101.0 a0 [Chin et al RMP82(2010)]

I āCs2 ' 0.955978 RCs2

vdW = 96.5 a0.
I 3.5 < r0 < 4.3 RvdW
I Weighted average for the fitted r0 values: 3.9±0.8 RvdW

r0 ' 2.9179 ā
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Gribakin and Flambaum PRA48 (1993)



Universal range correction 
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Suggestion from Kievsky & Gattobigio Phys. Rev. A 87, 052719 (2013) 



Zero-range model 3B and 4B systems in 3d: 
H configuration sensintive to 4-body scale  
Scaling functions & limit cycles & correlation between observables 

Summary  

4B scaling function and position of the resonance  
 evidence of 4B scale & universal range correction 
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