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Two-body scattering on the lattice

* Two spin-1/2 particles scattering.
Borasoy, Epelbaum, Krebs, Lee, MeiRner, Eur.Phys.J.A34:185-196,2007

* The LECs by fitting the experimental NN scattering data
Borasoy, Epelbaum, Krebs, Lee, MeiRner, Eur.Phys.J.A35:343-355,2008

e Regularization methods for NLEFT
Klein,Lee, Liu, Meilner, PLB 747, 2015.

* New developments in NN scattering.
Alarcon, Du, Ni, Klein, Lahde, Lee, MeiRner, work in progress

Some highlighted work...

Nuclear lattice EFT collaboration
PRL 106 (2011) 192501,
PRL 109 (2012) 252501,
PRL 110 (2013) 112502;
PRL 112 (2014) 102501.




Two-body scattering on the lattice

Processes involving alpha particles and
alpha-like nuclei comprise a major part of
stellar nucleosynthesis, and control
RN production of some elements in stellar
~ evolution.

Ab initio calculations of scattering and
reactions suffer from the computational
scaling with the number of nucleons in
clusters.

Lattice EFT computational scaling = (41 + 4,)?

Rupak, Lee. Phys. Rev. Lett. 111, 032502 (2013)

Pine, Lee, Rupak. Eur. Phys. J. A (2013) 49: 151

SE, Lee. Phys. Rev. C 90:064001 (2014)

Rokash, Pine, SE, Lee, Epelbaum, Krebs. arXiv:1505.02967

S.E., Lee, Rupak, Epelbaum, Krebs, Lahde, Luu, MeiBner, arXiv:1506.03513
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Lattice effective field theory

Lattice effective field theory is a powerful numerical method formulated
in the framework of effective field theory.

Effective field theory organizes the nuclear interactions as an expansion in
powers of momenta and other low energy scales such as the pion mass.
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Lattice effective field theory — Euclidean time projection




Lattice effective field theory — Euclidean time projection

0 O Nucleons

T=Ltat

=3 Euclidean time

 evolve nucleons forward in
Euclidean time.
 allow them to interact



Lattice Monte Carlo calculations

I = Mro = Oobservable I] — Mapprox

A pionless SU(4)-symmetric transfer
matrix is an approximation to LO
transfer matrix (My,g). Significant
supression of sign oscillation.

Chen, Lee, Schafer, PRL 93 (2004) 242302
’ Hybrid Monte Carlo sampling |
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Lattice Monte Carlo calculations

I = Mo = Oobservable [I — Mapprox
I = MnLO I = MnNNLO

’ Hybrid Monte Carlo sampling |
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Adiabatic
projection
method

Split the problem into two parts.

The first part
use Euclidean time projection to
construct an ab initio low-energy
cluster Hamiltonian, called the
adiabatic Hamiltonian.

The second part
compute the two-cluster scattering
phase shifts or reaction amplitudes
using the adiabatic Hamiltonian.

Rupak, Lee., PRL 111 (2013) 032502.

Pine, Lee, Rupak, EPJIA 49 (2013) 151.

S.E., Lee, Phys. Rev. C90, 064001 (2014).

Rokash, Pine, S.E., Lee, Epelbaum, Krebs, arXiv:1505.02967



Adiabatic projection method

Constructs a low-energy effective theory for clusters.

separation between clusters, and project them

Use initial states parameterized by the relative spatial |I_?>> . Zlf n }_é) ® |7;>>
in Euclidean time. r

!/

(ny,ny ) |}_2)>

—_
_— e HT |R> Dressed cluster states

The adiabatic projection in Euclidean time gives a
systematically improvable description of the low-
lying scattering cluster states.

|

In the limit of large Euclidean projection time
— the description becomes exact.

| Pine, Lee, Rupak, EPJIA 49 (2013) 151.

Rokash, Pine, S.E., Lee, Epelbaum, Krebs, arXiv:1505.02967



Adiabatic projection method

Normal matrix

The structure of the adiabatic Hamiltonian, [HTa]ﬁ g’ , Is similar to the Hamiltonian matrix
used in recent calculations of ab initio NCSM/RGM.

Navratil, Quaglioni, Phys. Rev. C 83, 044609 (2011).
Navratil, Roth, Quaglioni, Phys. Lett. B 704, 379 (2011).
Navratil, Quaglioni, Phys. Rev. Lett. 108, 042503 (2012).



Adiabatic projection method

Microscopic Hamiltonian Two-cluster (adiabatic) Hamiltonian
L3(A—1) % L3(A—1) > I3 x I3

lattice sizeis 73, a = 1.93 fm
25 T T T T T

fermion-dimer scattering
Pine, Lee, Rupak, EPJA 49 (2013) 151
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Scattering phase shifts from lattice EFT

Lischer’s method

s P Two-body enerqy levels below the inelastic
NN threshold in a periodic lattice are related to
the scattering phase shifts in continuum.
Lischer, Comm. Math. Phys. 105 (1986) 153; NPB 354 (1991) 531

’ Spherical wall method

Use the spectrum of the adiabatic Hamiltonian
and the fact that the cluster wave function
vanishes forr = R,y to compute the scattering
phase shifts directly from

Yo(r) = N [cos6,(p) Fp(p 1) + sind,(p)G,(p 1)]

Borasoy, Epelbaum, Krebs, Lee, MeiRRner, EPJA 34 (2007) 185




Scattering cluster wave functions

=]}

—L/2

L/2

During the Euclidean time interval T,
each cluster undergoes spatial
diffusion

de,i = 4/ Te/Mi

|}_€| > de,i = |R>

Te

only non-overlapping clusters.

Define the asymptotic region where
the amount of overlap between
cluster wave packages is less than €

R| > R,

Rokash, Pine, S.E., Lee, Epelbaum, Krebs, arXiv:1505.02967



Scattering cluster wave functions

For |R| > R, , the dressed cluster states are widely separated, and we

can describe the system in terms of an effective cluster Hamiltonian, Heff,
which is a free lattice Hamiltonian for two clusters plus infinite-range
interactions.

Nelgpr = (RIR'), = c[e2#°"7]
N / _peff _gyeff
Helgg = (RIHIR), = c[e™#*" T pefte=n*]

| g]ﬁﬁ’ — [Heff]ﬁl_é’

Rokash, Pine, S.E., Lee, Epelbaum, Krebs, arXiv:1505.02967



Adiabatic Hamiltonian

the adiabatic

two-cluster simulations
L3~ (16 fm)3

A+ A,

c Hamiltcnian

/

single cluster simulations
L3~ (120 fm)3

cluster A; and cluster A,

includes only infinite-range
interactions such as Coulomb
between the clusters.



Radial adiabatic Hamiltonian

microscopic Hamiltonian two-cluster (adiabatic) Hamiltonian
L3(A—1) % L3(A—1) I3 x I3

Define “radial adiabatic Hamiltonian” by coherently adding 3D
position states |nx,ny,nz) weighted by the spherical harmonics

R = % Yyp, (R) 8y 1) IR')
R/

Moinard, S.E., Lu, Ldhde, Lee, Meillner, work in progress
S.E., Lee, Rupak, Epelbaum, Krebs, Lahde, Luu, Meil3ner, arXiv:1506.03513

Precise determination of lattice phase shifts and mixing angles
Lu, Lahde, Lee, MeiRRner, arXiv:1506.05652



Radial adiabatic Hamiltonian
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Alpha-alpha scattering

the same lattice action as in the Hoyle state of 12C and the
structure of 10,

a new algorithm for Monte Carlo updates and alpha clusters,

the adiabatic projection method to construct a two-alpha
(adiabatic) Hamiltonian,

the spherical wall method to extract the scattering phase shifts.

S.E., Lee, Rupak, Epelbaum, Krebs, Lahde, Luu, MeiBner, arXiv:1506.03513



Alpha-alpha scattering

S-wave at NNLO
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Alpha-alpha scattering
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Afzal, Ahmad, Ali, Rev. Mod. Phys. 41, 247 (1969)
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Alpha-alpha scattering

D-wave at NNLO
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Alpha-alpha scattering ‘
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Summary

The adiabatic projection method is a general framework for
scattering and reactions on the lattice.

Scattering and reaction processes involving alpha particle are in
reach of ab initio methods.

The computational scaling for A{-body and A,-body clusters is
(41 + A4,)?

The problem of sign oscillations is greatly suppressed for alpha-like
nuclei, and this approach appears to be a viable method to study
important alpha processes involving heavier nuclei.

Thanks for your attention!






neutron-deuteron scattering (pionless EFT)
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S.E., Lee, Phys. Rev. C90, 064001 (2014).
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Two clusters spectrum

Nuclear binding

energy
shift

|

free
scattering
energy

Signal-to-noise problems for finite-volume
energy extraction

Low-energy phase shifts are
computed using very large box sizes
where the level spacing is small.

This magnifies any small error in the
energy values.

For very large boxes very long
Euclidean time projection is
required.



