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The renormalization group program followed by K. Wilson and collaborators is of particular 
interest as it allows one to parameterize


�  the physics of the high momentum states and work with effective degrees of freedom.  
The main idea is to use an effective renormalized Hamiltonian that, in the interaction 
between low-momentum states, includes the coupling with high momentum states.


�  The renormalized Hamiltonian carries the physical information contained in the quantum 
system in states of high momentum.


_____________________________________________________________


�  As an example, in the nuclear physics context, the use of effective interactions 
containing singularities at short distances is motivated by the development of a chirally 
symmetric nucleon-nucleon interaction,   which contains contact interactions (Dirac-
delta and its higher order derivatives)


�  Singular contact interactions have also been considered in specific treatments of scaling 
limits and correlations between low-energy observables of three- and four-body 
systems (atomic and nuclear)


(See, for example,  Amorim et al [PRC56(1997)R2378; PRA60(1999)R9] and Hadizadeh et al 
[PRL107(2011)135304; PRA85(2012)023610]).


"
INTRODUCTION"






Renormalized fixed-point Hamiltonians


�  Renormalized fixed-point Hamiltonians are formulated for 
systems described by interactions that originally contain 
point-like singularities (as Dirac-delta and/or its derivatives).


�  We consider a renormalization scheme for few-nucleon 
interactions, relying on a subtracted T-matrix equation. 


�  The fixed-point Hamiltonian, which is Hermitian, contains the 
renormalized coefficients/operators that carry the physical 
informations of the quantum mechanical system, as well as all 
the necessary counterterms that make finite the scattering 
amplitude.


�   It is also behind the renormalization group invariance of 
quantum mechanics. 


�  Renormalization group techniques, Callan-Symanzik equation, 
scale invariance and universality are discussed in this context. ︎︎︎︎︎︎ ︎ 
︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎ ︎︎ ︎ ︎ ︎︎︎︎︎ ︎︎︎︎︎︎︎︎︎︎ ︎︎︎ ︎︎︎︎︎︎︎︎︎︎︎︎ ︎︎︎ ︎︎︎︎︎︎︎︎︎ ︎︎ ︎︎︎︎ ︎︎︎︎︎︎︎︎ 



•  Long-range part due to One-Pion-exchange


•  Short-range pieces, modeled phenomenologically,


     Describe the existing NN data  

•  Have typically 40-50 parameters


Nucleon-nucleon (NN) system - Conventional approaches


Standard high-precision NN potentials:

 Bonn 2000, CD Bonn, Av18, Nijm I,II, …  


Common features:




Effective Field Theory


S.Weinberg, Physica A96 (79) 327 

•  Identify  the  relevant  degrees  of  freedom  and  symmetries


•  Construct the most general Lagrangian consistent with    


•  Do standard quantum field theory with this Lagrangian.




How to treat the singular interaction?








Subtracted Equations with only


Singlet   1S0  :


Coupled-channel  3S1-3D1 




phase shifts with only




3S1   phase shifts with only Vπ+δ    




phase shifts with only




mixing angle with only




•  Reasonable agreement for the coupled channel, where 
the pion dominates. 





•  Only one subtraction is enough to obtain a finite             
T-matrix.





•  Poor description of the singlet state. Need next order in 
NN interaction. More subtractions required.


Features of             




Renormalized Hamiltonian


�  The renormalized Hamiltonian is the sum of the free 
Hamiltonian with the renormalized interaction: 

HR = H0 + VR




TR(E)  = VR+VRG0

(+)(E) TR(E)


G0
(+)(E) = (E+iε-H0)-1





   VR  = TR(-µ2)Σn[-G0(-µ2) TR(-µ2)]n


             = TR(-µ2)/[1+G0(-µ2) TR(-µ2)] 
         = {1/[1+TR(-µ2)G0(-µ2)]} TR(-µ2) 
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renormalized coupling from Eq. (15), we get

k3 cot δ = − 1
λ1(k2, µ2)

− µ

2
(3k2 + µ2). (16)

The evolution of λ1 according to Eq. (15) shows that it should
be a linear function of k2, which demands two constants.
Indeed, if we rewrite Eq. (16) taking into account the constant
plus the k2 term from λ1 only two independent quantities
appear, that is, a scattering volume and an effective momentum.
In fact, the form we obtain for k3 cot δ is similar to the one
obtained in Ref. [37].

III. RENORMALIZATION OF THE NNLO POTENTIAL
WITH n = 4

Once we have established the recursive procedure to
renormalize the NN interaction, we need a potential in
momentum space. For the NNLO chiral potential, we adopt a
momentum-space form as explicitly given by Epelbaum [19].

Even though our method is powerful enough to renormalize
the full TPE potential, we consider the version with the spectral
representation regularization such that the comparison with
results obtained by other calculations can be more straight.

For the sake of completeness and the reader’s convenience,
we repeat here the analytical expressions for the chiral NNLO
momentum space potential. The LO interaction is given by
the one-pion exchange (OPE) plus a contact interaction. The
strength of the isospin conserving contact terms and their
derivatives depends on the orbital-spin channel of the total
angular momentum J, considering also angular momentum
mixing. We simplify our notation for the contact terms so
that the total angular momentum and isospin dependence
are not shown explicitly in the expressions for the potential.
The corresponding S-wave projected matrix elements of the
interaction is given by

VLO(p, p′) = VOPE(p, p′) + λ0, (17)

where the unprojected OPE potential, for q⃗ ≡ p⃗ − p⃗′, is given
by

VOPE(p⃗, p⃗′) = −1
(2π )3

(
gA

2fπ

)2

τ 1.τ 2
(σ⃗1 · q⃗) (σ⃗2 · q⃗)

q2 + M2
π

, (18)

At NLO, we have some TPE diagrams plus derivative contact
interactions. After partial wave projection, it is given by

VNLO(p, p′) = V NLO
TPE (p, p′) + λ1(pp′)δL,1δL′,1

+ (λ2(p2 + p′2) + λ3(p2p′2))δL,0δL′,0

+ λ4(p2δL,2δL′,0 + p′2δL′,2δL,0) , (19)

where the unprojected NLO TPE potential is

V NLO
TPE (p⃗, p⃗′) = −

(
τ 1 · τ 2

384π2f 4
π

)
L(q)
(2π )3

{
4M2

π

(
5g4

A − 4g2
A − 1

)

+ q2(23g4
A − 10g2

A − 1
)
+ 48g4

AM4
π

4M2
π + q2

}

−
(

3g4
A

64π2f 4
π

)
L(q) {(σ⃗1 · q⃗) (σ⃗2 · q⃗)

− q2 σ⃗1 · σ⃗2}. (20)

The term proportional to λ1 contributes only in the P waves,
the terms proportional to λ2 and λ3 appear only in the S waves,
and the the term proportional to λ4 enters only in the coupled
channels with j = 1. The λ3 term (p2p′2) actually appears at
N3LO in the Weinberg’s power counting, but we promoted
it to NLO to improve the S waves fit. It could have been
promoted to NNLO, but because the iteration of the NLO λ2
term (p2 + p′2) leads to p2p′2 terms, we included it at NLO
so that all the p2p′2 terms combine at once. This has also been
done in Ref. [10].

Finally, at NNLO, we have other TPE diagrams, with the
corresponding unprojected potential given by

VNNLO(p⃗, p⃗′) ≡ V NNLO
TPE (p⃗, p⃗′) = 1

(2π )3

(
3g2

A

16πf 4
π

){
g2

AM5
π

16m
(
4M2

π + q2
)−

[
2M2

π (2c1−c3)−q2
(

c3+
3g2

A

16m

)](
2M2

π+q2)A(q)
}

− g2
A

128πmf 4
π

(τ 1 · τ 2)
{
− 3g2

AM5
π

4M2
π + q2

+
[
4M2

π + 2q2 − g2
A

(
4M2

π + 3q2)](2M2
π + q2)A(q)

}

+ 9g4
A

512πmf 4
π

[
(σ⃗1 · q⃗ )(σ⃗2 · q⃗ ) − q2(σ⃗1 · σ⃗2)

] (
2M2

π + q2)A(q) − g2
A

32πf 4
π

(τ 1 · τ 2)

×
[

(σ⃗1 · q⃗ )(σ⃗2 · q⃗ ) − q2(σ⃗1 · σ⃗2)
]{(

c4 + 1
4m

) (
4M2

π + q2)− g2
A

8m

(
10M2

π + 3q2)
}
A(q)− 3g4

A

64πmf 4
π

i(σ⃗1 + σ⃗2)

· (p⃗′ × p⃗)
(
2M2

π + q2)A(q) −
g2

A

(
1 − g2

A

)

64πmf 4
π

(τ 1 · τ 2)i(σ⃗1 + σ⃗2) · (p⃗′ × p⃗)
(
4M2

π + q2)A(q), (21)

where the loop integrals L(q) and A(q) are given by

L(q) = 1
q

√
4M2

π + q2 ln

√
4M2

π + q2 + q

2Mπ

≈ θ (&̃ − 2Mπ )

√
4M2

π + q2

2q
ln

(
&̃

√
4M2

π + q2 + q
√

&̃2 − 4M2
π

)2

4M2
π (&̃2 − q2)

,

(22)

A(q) = 1
2q

arctan
q

2Mπ

,≈ θ (&̃ − 2Mπ )
1

2q
arctan

q(&̃ − 2Mπ )
q2 + 2Mπ&̃

.
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For the NNLO chiral potential, we adop a momentum space form, which 
is explicitly given by Epelbaum in Prog.Part.Nucl.Phys.57(2006)654.

See also in PRC  83(2011)064005.


Model results with OPE, NLO and NNLO






phase shifts with only




Contributions to the 
 phase shifts




 

Results for NN Phase-shifts and Mixing Parameters  
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FIG. 9. (Color online) On-shell V (n)(k, k; k2) and T (k, k; k2) for
the coupled channels with J = 2. The legend for the curves appearing
in the three panels is the same as the one given in Fig. 7.

of V (4)(k, k; k2; −µ2), which also is an indication of the
contribution of the NNLO potential to this wave.

IV. RESULTS FOR NUCLEON-NUCLEON PHASE SHIFTS
AND MIXING PARAMETERS

For the analysis of the phase shifts and mixing parameters
obtained with the renormalized strengths and subtraction
energies presented in Tables I to IV, we adopt a systematics
which splits the calculations in four sets:

(i) LO, as given in Eq. (17);
(ii) LO plus NLO contact interactions (LO + NLO CI), as

given in Eq.(19);
(iii) full NLO, consisting of one-pion exchange, two-pion

exchange at NLO, and contact interactions;
(iv) NNLO, which is the NLO plus TPE diagrams at NNLO.

In particular, set (ii) was inspired by the idea to promote
some NLO terms to LO as a way to overcome difficulties
with the Weinberg power-counting rule (see Ref. [3]). One
consequence of the failure of the NDA is that contact
interactions that are subleading in Weinberg’s power conting
are, in fact, necessary to make sense of the T matrix even at
LO. In Refs. [2–4], it is shown how the origin of the failure of
NDA is the singularity of one pion exchange (OPE), for which
a single counterterm suffices at LO.

For the LO potential in the singlet and triplet channels, the
respective scattering lengths are fitted. Indeed this calculation
reproduces the results obtained in Ref. [5], which we supply
here for completeness and to compare with the results obtained
in NLO and NNLO. The results for the phase shifts for the
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FIG. 10. (Color online) Uncoupled channels for J = 0. Phase
shifts for the 1S0 wave with the subtraction point at −50 MeV and for
the 3P0 wave with the subtraction point at −100 MeV. The legend for
the curves, given in the top panel, is the same for both panels.

waves 1S0 and 3P0 are shown in Fig. 10. We should observe
that results corresponding to the LO + NLO CI were already
presented in Ref. [10]. The NLO and NNLO calculations
were done by using the same renormalized strengths for the
derivative of the contacts (see λ2 and λ3 in Tables II–IV) and
only refitted the singlet scattering length by changing slightly
λ0. This means that at the range of energies we perform
our calculations the contributions of TPE potentials in this
wave are small. Moreover, the NLO and NNLO calculations
present a small systematic deviation steadily increasing with
energy. This is possibly attributable to the strong attraction
of the corresponding TPE NLO and NNLO potentials which
increases at higher momentum.

In the 3P0 shown in the bottom panel of Fig. 10 there is a
contact interaction of the type Vcontact = λ1pp′ at NLO along
with one-pion and two-pion exchanges. The LO calculation
is not able to fit the scattering volume of 3P0, while with
λ1 given in Tables II to IV we obtain a better fit as shown
by the corresponding adjustment of the low-energy Nijmegen
phase shifts. It is seen that a small change in λ1 is enough to
give the scattering volume for sets (ii), (iii), and (iv). The small
change in the contact term which fits the singlet scattering
length is similar to what is found for 3P0 in respect to the
scattering volume.

The phase shifts for the waves 1P1 and 3P1 are shown in
Fig. 11. In both channels there is a contact interaction of the
type Vcontact = λ1pp′ at NLO along with one-pion and two-
pion exchanges. In this case, we observe that the LO + NLO
CI is already giving a quite good fit, when comparing with
the Nijmegen results. The TPEP contribution is marginal as
observed by the slight change of λ1 required to keep the fit
(see Tables II to IV).

The results for the phase shifts for the uncoupled channels
1D2 and 3D2 are shown in Fig. 12. As already mentioned, no
contact terms are presented, in this case.

In the following, we discuss the results for the coupled
channels for the spin triplet j = 1 in the 3S1–3D1 states and
j = 2 in the 3P2–3F2 states. The phase shifts for the 3S1–3D1
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FIG. 11. (Color online) Phase shifts for the 1P1 and 3P1 waves.
The legend for the curves is given in the bottom panel for both the
cases.

coupled channels are shown in Fig. 13 and for 3P2–3F2 in
Fig. 14.

For the mixing parameter 3S1-3D1, we consider ϵ1, as
defined in Ref. [43], instead of the Blatt-Biedenharn definition,
ϵBB [44]. The reason for this choice is related to the precise
measurements available for ϵ1. We observe in Fig. 13 that the
mixing parameter ϵ1 can be well fitted with only the LO plus a
small contact term in the mixed states (see λ4 in Table II). This
indicates that the physics of ϵ1 seems well controlled by OPEP,
as long ago predicted by a shape-independent expansion [42].

What do we see when the NLO and NNLO potentials
are inserted in our method? The aforementioned nice fitting
of ϵ1 by the LO potential plus small contact term in the
mixed channel disappears (see Fig. 13). We met the widely
recognized difficulty that the effective potential has problems
in the describing ϵ1. To make concrete this point we mention
that different renormalization approaches, coordinate space
renormalization method [30], and subtraction plus cutoff [34]
also faced the same difficulty to fit ϵ1 in NLO and NNLO.
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FIG. 12. (Color online) Phase shifts for the 1D2 and 3D2 waves.
The legend for the curves is given in the top panel for both the cases.
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FIG. 13. (Color online) Phase shifts and mixing parameter ϵ1 for
the 3S1–3D1 coupled channels. The legend for the curves appearing
in the three panels is shown in the top and bottom panels.

In particular, Ref. [34] exploited the strong momentum cutoff
dependence to fit ϵ1; however, the fit is not robust in the sense
that it should be smoothly cutoff dependent. This common
difficulty in different and independent calculations reveals the
distinct role played by the singularities in different waves.

From the results shown in Fig. 13, we see that the TPEP
does not exhibit a systematic behavior in the different partial
waves regarding the NLO and NNLO potentials. From our
point of view a systematic behavior would require a cutoff for
TPEP or its inclusion only after higher-order singular terms are
included. This problem is acute in the mixing parameter of the
coupled channel 3S1–3D1. The mixing parameter with OPEP
plus NLO contact is well fitted up to 100 MeV laboratory
energy. The introduction of NLO and NNLO TPEP clearly
worsens the fit to the Nijmegen phase-shift analysis [45]. To
fit the mixing parameter it is important to have the deuteron
asymptotic D/S ratio within their accepted values. This was
pointed out in a recent work [31], where the authors have
also included the contribution of the δ excitation. Indeed, long
ago, it was already concluded that the mixing parameter at low
energies is determined by the deuteron properties and by OPEP
[42]. By considering the Blatt-Biedenharn [44] definition, it
was demonstrated in [42] that the correct long-range behavior
of the tensor potential is essential for a realistic reproduction of
the mixing parameter. As shown in Ref. [42], separable tensor
Yamaguchi and square-well potentials, which do not possess
the OPE tail, when fitted to reproduce the deuteron binding and
asymptotic normalization, badly fail to reproduce the correct
value of the mixing parameter. The NLO and NNLO potentials
for the deuteron channel seem to give a too strong contribution,
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coupled channels are shown in Fig. 13 and for 3P2–3F2 in
Fig. 14.

For the mixing parameter 3S1-3D1, we consider ϵ1, as
defined in Ref. [43], instead of the Blatt-Biedenharn definition,
ϵBB [44]. The reason for this choice is related to the precise
measurements available for ϵ1. We observe in Fig. 13 that the
mixing parameter ϵ1 can be well fitted with only the LO plus a
small contact term in the mixed states (see λ4 in Table II). This
indicates that the physics of ϵ1 seems well controlled by OPEP,
as long ago predicted by a shape-independent expansion [42].

What do we see when the NLO and NNLO potentials
are inserted in our method? The aforementioned nice fitting
of ϵ1 by the LO potential plus small contact term in the
mixed channel disappears (see Fig. 13). We met the widely
recognized difficulty that the effective potential has problems
in the describing ϵ1. To make concrete this point we mention
that different renormalization approaches, coordinate space
renormalization method [30], and subtraction plus cutoff [34]
also faced the same difficulty to fit ϵ1 in NLO and NNLO.
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FIG. 13. (Color online) Phase shifts and mixing parameter ϵ1 for
the 3S1–3D1 coupled channels. The legend for the curves appearing
in the three panels is shown in the top and bottom panels.

In particular, Ref. [34] exploited the strong momentum cutoff
dependence to fit ϵ1; however, the fit is not robust in the sense
that it should be smoothly cutoff dependent. This common
difficulty in different and independent calculations reveals the
distinct role played by the singularities in different waves.

From the results shown in Fig. 13, we see that the TPEP
does not exhibit a systematic behavior in the different partial
waves regarding the NLO and NNLO potentials. From our
point of view a systematic behavior would require a cutoff for
TPEP or its inclusion only after higher-order singular terms are
included. This problem is acute in the mixing parameter of the
coupled channel 3S1–3D1. The mixing parameter with OPEP
plus NLO contact is well fitted up to 100 MeV laboratory
energy. The introduction of NLO and NNLO TPEP clearly
worsens the fit to the Nijmegen phase-shift analysis [45]. To
fit the mixing parameter it is important to have the deuteron
asymptotic D/S ratio within their accepted values. This was
pointed out in a recent work [31], where the authors have
also included the contribution of the δ excitation. Indeed, long
ago, it was already concluded that the mixing parameter at low
energies is determined by the deuteron properties and by OPEP
[42]. By considering the Blatt-Biedenharn [44] definition, it
was demonstrated in [42] that the correct long-range behavior
of the tensor potential is essential for a realistic reproduction of
the mixing parameter. As shown in Ref. [42], separable tensor
Yamaguchi and square-well potentials, which do not possess
the OPE tail, when fitted to reproduce the deuteron binding and
asymptotic normalization, badly fail to reproduce the correct
value of the mixing parameter. The NLO and NNLO potentials
for the deuteron channel seem to give a too strong contribution,
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coupled channels are shown in Fig. 13 and for 3P2–3F2 in
Fig. 14.

For the mixing parameter 3S1-3D1, we consider ϵ1, as
defined in Ref. [43], instead of the Blatt-Biedenharn definition,
ϵBB [44]. The reason for this choice is related to the precise
measurements available for ϵ1. We observe in Fig. 13 that the
mixing parameter ϵ1 can be well fitted with only the LO plus a
small contact term in the mixed states (see λ4 in Table II). This
indicates that the physics of ϵ1 seems well controlled by OPEP,
as long ago predicted by a shape-independent expansion [42].

What do we see when the NLO and NNLO potentials
are inserted in our method? The aforementioned nice fitting
of ϵ1 by the LO potential plus small contact term in the
mixed channel disappears (see Fig. 13). We met the widely
recognized difficulty that the effective potential has problems
in the describing ϵ1. To make concrete this point we mention
that different renormalization approaches, coordinate space
renormalization method [30], and subtraction plus cutoff [34]
also faced the same difficulty to fit ϵ1 in NLO and NNLO.
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In particular, Ref. [34] exploited the strong momentum cutoff
dependence to fit ϵ1; however, the fit is not robust in the sense
that it should be smoothly cutoff dependent. This common
difficulty in different and independent calculations reveals the
distinct role played by the singularities in different waves.

From the results shown in Fig. 13, we see that the TPEP
does not exhibit a systematic behavior in the different partial
waves regarding the NLO and NNLO potentials. From our
point of view a systematic behavior would require a cutoff for
TPEP or its inclusion only after higher-order singular terms are
included. This problem is acute in the mixing parameter of the
coupled channel 3S1–3D1. The mixing parameter with OPEP
plus NLO contact is well fitted up to 100 MeV laboratory
energy. The introduction of NLO and NNLO TPEP clearly
worsens the fit to the Nijmegen phase-shift analysis [45]. To
fit the mixing parameter it is important to have the deuteron
asymptotic D/S ratio within their accepted values. This was
pointed out in a recent work [31], where the authors have
also included the contribution of the δ excitation. Indeed, long
ago, it was already concluded that the mixing parameter at low
energies is determined by the deuteron properties and by OPEP
[42]. By considering the Blatt-Biedenharn [44] definition, it
was demonstrated in [42] that the correct long-range behavior
of the tensor potential is essential for a realistic reproduction of
the mixing parameter. As shown in Ref. [42], separable tensor
Yamaguchi and square-well potentials, which do not possess
the OPE tail, when fitted to reproduce the deuteron binding and
asymptotic normalization, badly fail to reproduce the correct
value of the mixing parameter. The NLO and NNLO potentials
for the deuteron channel seem to give a too strong contribution,
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the 3P2–3F2 coupled channels. The legend for the curves appearing in
the three panels is the same as that given in Fig. 13.

enhanced by the singular behavior of OPEP at short distances
in this channel. Although the diagonal and off-diagonal NLO
contact plus OPEP and LO contact are enough to give a nice
fitting to the mixing parameter up to Elab = 100 MeV, the
inclusion of NLO and NNLO TPEP does not provide a good
fit, and the results systematically deviate from the Nijmegen
data for ϵ1. This indicates that by keeping the OPEP potential
intact, the NLO and NNLO TPEP potentials have to have a cut
at short distances.

It is appropriate to summarize the comparison between our
method of multiple subtractions and that used in Ref. [34]. In
ours no cutoff is needed while in the latter one just one sub-
traction is required because higher order singularities coming
from the δ derivatives are tamed by a cutoff. Numerically, in
general, both procedures lead to a similar fitting for the S and
P waves up to energies of about 200 MeV. We also remark
that the mixing parameter, ϵ1, presents the same deficiency in
the fit by both methods, as well as for a different regularization
and renormalization method in coordinate space without the
contribution of the δ excitation [31].

We note that, once the parameters are fitted (renormalized
strengths and subtraction points) the subtraction scale can be
moved without changing the T -matrix results. Our method
is RG invariant by construction. The flow equation (8),
which transforms the driven term of the subtracted scattering
equation (27) under the dislocation of the subtraction point,
was derived from the invariance of the scattering matrix under
variations of µ.

FIG. 15. Phase shifts for the 1S0 (left) and 3P0 (right) waves, for
Elab = 50 MeV, exemplifying a general behavior of the phase shifts
for increasing cutoffs. Both the cases presented here were calculated
considering the NNLO potential, using the n = 4 subtracted scatter-
ing equation (27), with parameters given in Table IV. The same kind
of behavior is verified for the other orders of the potential (LO and
NLO), as well as for other waves and Elab energies.

To conclude this section, we illustrate the cutoff inde-
pendence of our method. We choose to present results for
two singular cases, the 1S0 and 3P0 phase shifts at 50 MeV.
They were obtained by considering the NNLO potential,
with n = 4 subtracted scattering equation (27). As shown
in Fig. 15, the phase shifts stabilize when the cutoffs are
driven toward infinity. The same kind of cutoff behavior is
verified for the other orders of the potential (LO and NLO), as
well as for other partial waves and Elab energies. Our results
shown in this paper were obtained for infinite cutoffs, with the
verified convergence owing to the subtractive renormalization
approach we are considering.

V. CONCLUSION

We present a systematic methodology to renormalize
the nucleon-nucleon interaction using a recursive subtracted
approach with multiple subtractions in the kernel. Within
the subtractive scheme we studied the two-nucleon scattering
T matrix for the NLO and NNLO potentials for all partial
waves up to j = 2. The renormalized strengths of the contact
interactions, the so-called low-energy constants, were fitted
to the low-energy phase-shifts and mixing parameters from
the Nijmegen partial wave analysis for a reference subtraction
point.

To show how the multiple subtraction renormalization
scheme can be implemented, an analytical example is given for
the P -wave channel. In that case, two subtractions are required
to eliminate the ultraviolet singularity of the interaction. We
give explicitly the solution of the RG equation. Although we
have not fully explored the analytical form of this P -wave
amplitude, we call the attention of the reader to the richness
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enhanced by the singular behavior of OPEP at short distances
in this channel. Although the diagonal and off-diagonal NLO
contact plus OPEP and LO contact are enough to give a nice
fitting to the mixing parameter up to Elab = 100 MeV, the
inclusion of NLO and NNLO TPEP does not provide a good
fit, and the results systematically deviate from the Nijmegen
data for ϵ1. This indicates that by keeping the OPEP potential
intact, the NLO and NNLO TPEP potentials have to have a cut
at short distances.

It is appropriate to summarize the comparison between our
method of multiple subtractions and that used in Ref. [34]. In
ours no cutoff is needed while in the latter one just one sub-
traction is required because higher order singularities coming
from the δ derivatives are tamed by a cutoff. Numerically, in
general, both procedures lead to a similar fitting for the S and
P waves up to energies of about 200 MeV. We also remark
that the mixing parameter, ϵ1, presents the same deficiency in
the fit by both methods, as well as for a different regularization
and renormalization method in coordinate space without the
contribution of the δ excitation [31].

We note that, once the parameters are fitted (renormalized
strengths and subtraction points) the subtraction scale can be
moved without changing the T -matrix results. Our method
is RG invariant by construction. The flow equation (8),
which transforms the driven term of the subtracted scattering
equation (27) under the dislocation of the subtraction point,
was derived from the invariance of the scattering matrix under
variations of µ.

FIG. 15. Phase shifts for the 1S0 (left) and 3P0 (right) waves, for
Elab = 50 MeV, exemplifying a general behavior of the phase shifts
for increasing cutoffs. Both the cases presented here were calculated
considering the NNLO potential, using the n = 4 subtracted scatter-
ing equation (27), with parameters given in Table IV. The same kind
of behavior is verified for the other orders of the potential (LO and
NLO), as well as for other waves and Elab energies.

To conclude this section, we illustrate the cutoff inde-
pendence of our method. We choose to present results for
two singular cases, the 1S0 and 3P0 phase shifts at 50 MeV.
They were obtained by considering the NNLO potential,
with n = 4 subtracted scattering equation (27). As shown
in Fig. 15, the phase shifts stabilize when the cutoffs are
driven toward infinity. The same kind of cutoff behavior is
verified for the other orders of the potential (LO and NLO), as
well as for other partial waves and Elab energies. Our results
shown in this paper were obtained for infinite cutoffs, with the
verified convergence owing to the subtractive renormalization
approach we are considering.

V. CONCLUSION

We present a systematic methodology to renormalize
the nucleon-nucleon interaction using a recursive subtracted
approach with multiple subtractions in the kernel. Within
the subtractive scheme we studied the two-nucleon scattering
T matrix for the NLO and NNLO potentials for all partial
waves up to j = 2. The renormalized strengths of the contact
interactions, the so-called low-energy constants, were fitted
to the low-energy phase-shifts and mixing parameters from
the Nijmegen partial wave analysis for a reference subtraction
point.

To show how the multiple subtraction renormalization
scheme can be implemented, an analytical example is given for
the P -wave channel. In that case, two subtractions are required
to eliminate the ultraviolet singularity of the interaction. We
give explicitly the solution of the RG equation. Although we
have not fully explored the analytical form of this P -wave
amplitude, we call the attention of the reader to the richness
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The choice of n is made by requiring the minimal number of subtractions which gives a finite T -matrix by solving of
Eq. (48). By counting the momentum powers in the loop integrals from the iteration of the T -matrix equation, one can
determine n for different singular terms in potentials like (47). The transition matrix has a parametric dependence on
µ, which can be moved without changing the T -matrix, as long as the driven term runs with µ, as a solution of a RG
equation [165].

Applications to NN scattering [166,167] with potentials at next-to-next-to-leading-order (N2 LO) in chiral effective
theory [45], shows the practical use of the subtractive renormalization method. The construction of the driven term by
the recursive formula (49) is discussed in detail in [166,167] up to d-waves. In particular, the one-pion exchange plus
a contact interaction in the 3S1–3D1 coupled waves has been renormalized with one subtraction [161] and the problem
presents a limit cycle [231]. Further implementations of subtractive renormalization to treat the scattering amplitude in
chiral effective theory is found in [232,233]. Applications of contact interactions tomodel one-neutron halowere performed
for s-waves [11] and in p-waves [117], and in Section 3.2 the method of subtracted equations for the scattering amplitudes
with contact potentials is reviewed for both the cases.

3.1.1. Renormalized Hamiltonian
The renormalized Hamiltonian (fixed point) should have the property to be stationary in the parametric space of

Hamiltonians, as a function of the subtraction point [228]. At the arbitrary subtraction point the T -matrix is known as
input to fix the Hamiltonian. A sensible theory of singular interactions exists if and only if the subtraction point can move
without affecting the physics of the renormalized theory [229]. This property is realized through the vanishing derivative
of the renormalized Hamiltonian, in respect to the renormalization scale, which in our context is the subtraction point. This
implies in the independence of the T -matrix in respect to the arbitrary subtraction scale, and in the renormalization group
equations for the scattering amplitude.

The renormalized Hamiltonian is build starting from the subtracted T -matrix equation (48), which is composed by the
free Hamiltonian (H0) and the renormalized potential (VR) [168]:

HR = H0 + VR. (51)
The Hamiltonian HR and the potential VR should be ‘fixed-point’ operators, as they do not depend on the subtraction point
and from that the transition matrix. The T -matrix is a solution of the scattering equation corresponding to the fixed-point
Hamiltonian:

T (E) = VR + VRG(+)
0 (E)T (E), (52)

which is exactly equivalent to the subtracted form (48). The renormalized potential comes by comparing (48) with (52):

VR = [1 + V (n)G(+)
0 (E) (1 � (�1)n(µ2 + E)nGn

0(�µ2))]�1V (n). (53)
The above fixed-point interaction is not well defined for singular interactions. Nevertheless, the corresponding T -matrix is
finite, from the equivalence of the scattering equation with the n-subtracted T -matrix equation. Essentially, in addition to
the renormalization subtraction procedure that was used in Ref. [165], it is satisfactory to have at hand the renormalized
fixed-point interaction (53), with the purpose to relate to other approaches that make use of Hamiltonian diagonalization
methods to solve problems with singular potentials.

The operator VR is itself singular for contact interactions, we could also employ an ultraviolet momentum cutoff (⇤),
defining a regularized interaction, to obtain the regularized T -matrix equation. By performing the limit⇤ ! 1, the results
for observables converge to the ones obtained through the direct use of the renormalized interaction. In particular, it implies
that the eigenvalues of a renormalized Hamiltonian are stable in the limit ⇤ ! 1 (see e.g. [168]).

3.1.2. Renormalization group invariance
The subtraction point in the renormalized interaction (53) is arbitrary and can be moved without affecting the physics

of the model. The invariance under dislocations in µ requires that the driving term V (n) of subtracted equation should
be changed by a definite prescription. The coefficients that appear in the driving term V (n) have to evolve according to
the renormalization group method. The physical condition to derive the prescription to modify V (n) without altering the
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reads:
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This states that the renormalized Hamiltonian does not depend on µ; it is a fixed-point Hamiltonian in this respect and
therefore the T -matrix, which is a solution of the scattering equation (52), and therefore @T (E)
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group equation, satisfied by the driving term V (n) of the subtracted scattering equation is derived from the vanishing
derivative of the renormalized potential in respect to µ [168], and it results in:
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The choice of n is made by requiring the minimal number of subtractions which gives a finite T -matrix by solving of
Eq. (48). By counting the momentum powers in the loop integrals from the iteration of the T -matrix equation, one can
determine n for different singular terms in potentials like (47). The transition matrix has a parametric dependence on
µ, which can be moved without changing the T -matrix, as long as the driven term runs with µ, as a solution of a RG
equation [165].

Applications to NN scattering [166,167] with potentials at next-to-next-to-leading-order (N2 LO) in chiral effective
theory [45], shows the practical use of the subtractive renormalization method. The construction of the driven term by
the recursive formula (49) is discussed in detail in [166,167] up to d-waves. In particular, the one-pion exchange plus
a contact interaction in the 3S1–3D1 coupled waves has been renormalized with one subtraction [161] and the problem
presents a limit cycle [231]. Further implementations of subtractive renormalization to treat the scattering amplitude in
chiral effective theory is found in [232,233]. Applications of contact interactions tomodel one-neutron halowere performed
for s-waves [11] and in p-waves [117], and in Section 3.2 the method of subtracted equations for the scattering amplitudes
with contact potentials is reviewed for both the cases.

3.1.1. Renormalized Hamiltonian
The renormalized Hamiltonian (fixed point) should have the property to be stationary in the parametric space of

Hamiltonians, as a function of the subtraction point [228]. At the arbitrary subtraction point the T -matrix is known as
input to fix the Hamiltonian. A sensible theory of singular interactions exists if and only if the subtraction point can move
without affecting the physics of the renormalized theory [229]. This property is realized through the vanishing derivative
of the renormalized Hamiltonian, in respect to the renormalization scale, which in our context is the subtraction point. This
implies in the independence of the T -matrix in respect to the arbitrary subtraction scale, and in the renormalization group
equations for the scattering amplitude.

The renormalized Hamiltonian is build starting from the subtracted T -matrix equation (48), which is composed by the
free Hamiltonian (H0) and the renormalized potential (VR) [168]:

HR = H0 + VR. (51)
The Hamiltonian HR and the potential VR should be ‘fixed-point’ operators, as they do not depend on the subtraction point
and from that the transition matrix. The T -matrix is a solution of the scattering equation corresponding to the fixed-point
Hamiltonian:

T (E) = VR + VRG(+)
0 (E)T (E), (52)

which is exactly equivalent to the subtracted form (48). The renormalized potential comes by comparing (48) with (52):

VR = [1 + V (n)G(+)
0 (E) (1 � (�1)n(µ2 + E)nGn

0(�µ2))]�1V (n). (53)
The above fixed-point interaction is not well defined for singular interactions. Nevertheless, the corresponding T -matrix is
finite, from the equivalence of the scattering equation with the n-subtracted T -matrix equation. Essentially, in addition to
the renormalization subtraction procedure that was used in Ref. [165], it is satisfactory to have at hand the renormalized
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of the model. The invariance under dislocations in µ requires that the driving term V (n) of subtracted equation should
be changed by a definite prescription. The coefficients that appear in the driving term V (n) have to evolve according to
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µ, which can be moved without changing the T -matrix, as long as the driven term runs with µ, as a solution of a RG
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equations for the scattering amplitude.
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finite, from the equivalence of the scattering equation with the n-subtracted T -matrix equation. Essentially, in addition to
the renormalization subtraction procedure that was used in Ref. [165], it is satisfactory to have at hand the renormalized
fixed-point interaction (53), with the purpose to relate to other approaches that make use of Hamiltonian diagonalization
methods to solve problems with singular potentials.

The operator VR is itself singular for contact interactions, we could also employ an ultraviolet momentum cutoff (⇤),
defining a regularized interaction, to obtain the regularized T -matrix equation. By performing the limit⇤ ! 1, the results
for observables converge to the ones obtained through the direct use of the renormalized interaction. In particular, it implies
that the eigenvalues of a renormalized Hamiltonian are stable in the limit ⇤ ! 1 (see e.g. [168]).

3.1.2. Renormalization group invariance
The subtraction point in the renormalized interaction (53) is arbitrary and can be moved without affecting the physics

of the model. The invariance under dislocations in µ requires that the driving term V (n) of subtracted equation should
be changed by a definite prescription. The coefficients that appear in the driving term V (n) have to evolve according to
the renormalization group method. The physical condition to derive the prescription to modify V (n) without altering the
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group equation, satisfied by the driving term V (n) of the subtracted scattering equation is derived from the vanishing
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The choice of n is made by requiring the minimal number of subtractions which gives a finite T -matrix by solving of
Eq. (48). By counting the momentum powers in the loop integrals from the iteration of the T -matrix equation, one can
determine n for different singular terms in potentials like (47). The transition matrix has a parametric dependence on
µ, which can be moved without changing the T -matrix, as long as the driven term runs with µ, as a solution of a RG
equation [165].

Applications to NN scattering [166,167] with potentials at next-to-next-to-leading-order (N2 LO) in chiral effective
theory [45], shows the practical use of the subtractive renormalization method. The construction of the driven term by
the recursive formula (49) is discussed in detail in [166,167] up to d-waves. In particular, the one-pion exchange plus
a contact interaction in the 3S1–3D1 coupled waves has been renormalized with one subtraction [161] and the problem
presents a limit cycle [231]. Further implementations of subtractive renormalization to treat the scattering amplitude in
chiral effective theory is found in [232,233]. Applications of contact interactions tomodel one-neutron halowere performed
for s-waves [11] and in p-waves [117], and in Section 3.2 the method of subtracted equations for the scattering amplitudes
with contact potentials is reviewed for both the cases.
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Hamiltonians, as a function of the subtraction point [228]. At the arbitrary subtraction point the T -matrix is known as
input to fix the Hamiltonian. A sensible theory of singular interactions exists if and only if the subtraction point can move
without affecting the physics of the renormalized theory [229]. This property is realized through the vanishing derivative
of the renormalized Hamiltonian, in respect to the renormalization scale, which in our context is the subtraction point. This
implies in the independence of the T -matrix in respect to the arbitrary subtraction scale, and in the renormalization group
equations for the scattering amplitude.

The renormalized Hamiltonian is build starting from the subtracted T -matrix equation (48), which is composed by the
free Hamiltonian (H0) and the renormalized potential (VR) [168]:

HR = H0 + VR. (51)
The Hamiltonian HR and the potential VR should be ‘fixed-point’ operators, as they do not depend on the subtraction point
and from that the transition matrix. The T -matrix is a solution of the scattering equation corresponding to the fixed-point
Hamiltonian:
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0 (E)T (E), (52)

which is exactly equivalent to the subtracted form (48). The renormalized potential comes by comparing (48) with (52):

VR = [1 + V (n)G(+)
0 (E) (1 � (�1)n(µ2 + E)nGn

0(�µ2))]�1V (n). (53)
The above fixed-point interaction is not well defined for singular interactions. Nevertheless, the corresponding T -matrix is
finite, from the equivalence of the scattering equation with the n-subtracted T -matrix equation. Essentially, in addition to
the renormalization subtraction procedure that was used in Ref. [165], it is satisfactory to have at hand the renormalized
fixed-point interaction (53), with the purpose to relate to other approaches that make use of Hamiltonian diagonalization
methods to solve problems with singular potentials.

The operator VR is itself singular for contact interactions, we could also employ an ultraviolet momentum cutoff (⇤),
defining a regularized interaction, to obtain the regularized T -matrix equation. By performing the limit⇤ ! 1, the results
for observables converge to the ones obtained through the direct use of the renormalized interaction. In particular, it implies
that the eigenvalues of a renormalized Hamiltonian are stable in the limit ⇤ ! 1 (see e.g. [168]).

3.1.2. Renormalization group invariance
The subtraction point in the renormalized interaction (53) is arbitrary and can be moved without affecting the physics

of the model. The invariance under dislocations in µ requires that the driving term V (n) of subtracted equation should
be changed by a definite prescription. The coefficients that appear in the driving term V (n) have to evolve according to
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group equation, satisfied by the driving term V (n) of the subtracted scattering equation is derived from the vanishing
derivative of the renormalized potential in respect to µ [168], and it results in:

@V (n)

@µ2 = �V (n) @G
(+)
n (E; �µ2)

@µ2 V (n), (55)

T. Frederico et al. / Progress in Particle and Nuclear Physics 67 (2012) 939–994 963

an associated fixed-point (renormalized) Hamiltonian. The general concept of fixed-point Hamiltonians can be found in
[224–228]. The fixed-point Hamiltonian should have the property to be stationary in the parametric space of Hamiltonians,
as a function of the subtraction point [228]. The subtraction point is the scale at which the quantum mechanical scattering
amplitude is known [165]. In this context, the renormalization scale is given by an arbitrary subtraction point [229]. A
sensible theory of singular interactions exists if and only if the subtraction point slides without affecting the physics of the
renormalized theory [229]. This property is realized through the vanishing derivative of the renormalized Hamiltonian, in
respect to the renormalization scale. This implies in the independence of the T -matrix in respect to the arbitrary subtraction
scale, and in the renormalization group equations for the scattering amplitude. In one example, the discrete eigenvalues of a
renormalized two-body Hamiltonian for a contact plus a Yukawa potential has been calculated and the eigenvaluesmatches
the poles of the renormalized T -matrix in the negative energy region (see [168]).

A point-like Dirac-delta interaction in the configuration space, which is given by a constant in momentum space, i.e., the
first term of the bare interaction (47) with i = j = 0, has been used to study the s-wave three-particle problem of two-
neutrons and a core. This is the case of the halo nuclei 11Li, 14Be, 20C [11,70–72,74,75,230] and, more recently, 22C [6].
The model needs an ultraviolet scale to regularize the kernel of the correspondent three-body equations. The need of a
new parameter, beyond the two-particle scattering lengths to determine the properties of the low-energy s-wave state of
n–n–c systems in the state of maximum symmetry, is a consequence of the Thomas–Efimov effect, extensively discussed in
Section 2.

The subtraction technique was applied to regularize the three-body zero-range equations with Dirac-delta interaction
[157] and in particular to n–n–c systems [70]. The step to renormalize themodel is done after the regularization of the kernel
of the three-body equations by introducing a subtraction at an energy scale �µ2

3, as exemplified in Section 2 for the three-
boson problem. The subtraction parameter should be traded with a three-body physical observable in the renormalization
procedure and let to infinity. Then, s-wave observables are determined by the correlation with a known physical quantity
which achieves a limit cycle and the scaling function is determined (see Section 2).

The subtraction method used to regularize and renormalize the three-body zero-range model is associated with a
renormalized Hamiltonian (fixed point), which builds the subtracted form of the scattering equation resulting in a finite
three-body T -matrix. The renormalized interaction can be separated in a two-body part and a three-body part which
completely render the three-body T -matrix finite. The physical three-body scale is brought to the system by the three-body
part of the renormalized interaction. The consequences of the renormalization group invariance of the three-body theory,
like the Callan–Symanzik equation, and properties such as scale invariance and universality are discussed in this context.
Furthermore, the method developed in Ref. [155], with a three-body potential that has a strength running to a limit-cycle,
can be related to the subtraction method where the renormalized Hamiltonian interaction demands a three-body term.

There is no room for a four-body scale in the neutron-halo systems, which is expected just to be sensitive up to the
short-range effects carried by a three-body scale as the Pauli principle forbids configurations with three or more neutrons
close together. However, in general, new limit cycles are expected in the four-boson problem in s-wave with the zero-
range two-body interaction, which requires another regularization parameter and a scale. The existence of four-body limit
cycles, which aremanifested in a scaling function correlating four-body observables, was numerically demonstrated in Refs.
[172,173]. In a broad sense, in nuclear physics the sensitivity on the number of short range scales stops at the three-body
level, because the nuclear interaction is dominated by two-body forces, such that one can verify the strong correlation
between the triton the and 4He binding energy, as given by the Tjon line [140].

3.1. Subtracted T-matrix equations

A subtracted Lippmann–Schwinger equation allows to treat singular interactions of delta-type and higher derivatives, as
e.g. the potential (47) and construct the RG equations for the nth order subtracted T -matrix. The scattering equation with n
subtractions at an energy �µ2 is given by [165]:

T (E) = V (n)(E, �µ2) + (�1)n(E + µ2)nV (n)(E, �µ2)G(+)
0 (E)Gn

0(�µ2)T (E) (48)

where the free Green’s function for the two-body system, with the appropriate boundary condition, is G(+)
0 (E) = (E + i� �

H0)
�1 and the free Hamiltonian is H0. The driven term is built recursively:

V (n)(E, �µ2) = (1 + (�1)n(E + µ2)n�1V (n�1)(E, �µ2)Gn
0(�µ2))�1V (n�1)(E, �µ2). (49)

The form of the n-subtracted T -matrix equation is constructed by performing successive subtractions of the scattering
equation in �µ2, that for convenience is chosen to be negative. For a regular potential (48), it is exactly equivalent to the
Lippmann–Schwinger equation T (E) = V + VG(+)

0 (E)T (E), provided that V (0)(E, �µ2) = V .
For singular interactions, such as the one given by Eq. (47), the higher-order singularities of the two-body potential are

introduced in the driving term of the n-subtracted T -matrix through V (n)
sing(�µ2). The finite renormalized strengths of the

interaction, V (n)
sing(�µ2), are determined by physical observables. The driving term reads:

V (n)(E, �µ2) = (1 + (�1)n(E + µ2)n�1V (n�1)(E, �µ2)Gn
0(�µ2))�1V (n�1)(E, �µ2) + V (n)

sing(�µ2). (50)

n-subtracted T-matrix equation (for Dirac-delta n=1) 

Subtracted-Faddeev equations 3B:  

Invariance of T-matrix by dislocations of the 
subtraction point: 

Renormalized Hamiltonian: 
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where particles are labeled by i, j, k, and given cyclically as [(ijk) = (123), (231), (312)]. The argument of the two-body
T -matrix is the energy of the two-particle subsystem in the center-of-mass of the three-body system. The Jacobi relative
momentum canonically conjugated to the relative coordinate of the particle k to the center-of-mass of the pair (ij) is qk, and
the corresponding reduced mass is mij,k ⌘ (mi + mj)mk/(mi + mj + mk) with mi the mass of the particle i = 1, 2, 3. The
matrix elements in momentum space of the renormalized two-body transition operator for the zero-range interaction are
given by

hEp0|t(ij)(E)|Epi = 1
4⇡2mij(±

p
2mij|E(ij)| + i

p
2mijE)

, (77)

wheremij ⌘ mimj/(mi +mj) is the reducedmass of the two-particle subsystem (ij), with E(ij) being the bound (+) or virtual
(�) energy state.

The subtracted integral equation for the three-body T -matrix is formally given by (48) with n = 1 [160], which is enough
to avoid the Thomas collapse4:

T (E) = T (�µ2
(3)) + T (�µ2

(3)) (G(+)
0 (E) � G0(�µ2

3))T (E)

=
X

(ij)

t(ij)
✓

�µ2
3 � q2k

2mk(ij)

◆
[1 + (G(+)

0 (E) � G0(�µ2
3))T (E)]. (78)

Each term in the above sum is a Faddeev component of the three-body T -matrix. By writing the three-body T -matrix as a
sum of the three components, the Faddeev equations are derived from (78) and are given by:

Tk(E) = t(ij)
✓
E � q2k

2mij,k

◆
[1 + (G(+)

0 (E) � G0(�µ2
3)) (Ti(E) + Tj(E))]. (79)

The bound-state equation comes from (79) considering the pole of the T -matrix at the corresponding energy. One example
obtained in this form is the regularized Skorniakov and Ter-Martirosian equation for the three-boson bound state (see
Eq. (22)). The subtracted three-body scattering equation (79) leads to the Skorniakov and Ter-Martirosian original model
when naively one let µ3 ! 1. However, the scale invariance of the zero-range three-body T -matrix equation in the
ultraviolet momentum region is broken by the introduction of the finite scale µ3, which stops the Thomas collapse in the
s-wave state of maximum symmetry.

The only inputs in the Faddeev integral equations are given by ✏(ij) = E(ij)/µ
2
3. Therefore, the observables are determined

by dimensionless parameters. As µ3 ! 1, an infinite tower of three-body states appear. The correlations between three-
body observables tend to achieve a limit cycle, where the dependence onµ3 does not matter anymore and the theory in this
sense is fully renormalized.
• Renormalized three-body Hamiltonian

The renormalized three-body interaction Hamiltonian, H(3)
RI , is a solution of (53) with n = 1, where V (1) is identified with

(76) at the subtraction point �µ2
3. An integral equation can be written as:

H(3B)
RI =

X

(ij)

t(ij)
✓

�µ2
3 � q2k

2mk(ij)

◆
(1 � G0(�µ2

3)H
(3B)
RI ). (80)

It is decomposed in three-terms in straight analogy to the Faddeev decomposition of the T -matrix:

H(3B)
RI =

3X

k=1

H(3B)
RI(k), (81)

where

H(3B)
RI(k) = t(ij)

✓
�µ2

3 � q2k
2mk(ij)

◆
(1 � G0(�µ2

3)H
(3B)
RI ). (82)

To obtain the set of equations which have the Faddeev components of the renormalized Hamiltonian as solution, we make
use of the following form of the renormalized potential of the (ij) subsystem, which is given by Eq. (53) with n = 1:

V (2B)
R(ij) =


1 + t(ij)

✓
�µ2

3 � q2k
2mij,k

◆
G0(�µ2

3)

��1

t(ij)
✓

�µ2
3 � q2k

2mij,k

◆
, (83)

4 Note that for n = 1 the driving term satisfies: V (1)(E, �µ2) = T (�µ2).
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where the two-body subsystem is immersed in the three-body Hilbert space. The argument of t(ij) can be chosen arbitrarily,
as long as the two-body T -matrix is a solution of the one-subtracted equation, or it is found by evolving the appropriate RG
equation.

By algebraic manipulation of Eq. (82), one gets:

H(3B)
RI(k) = V (2B)

R(ij)[1 � G0(�µ2
(3)) (H(3B)

RI(i) + H(3B)
RI(j))]. (84)

It is recognized from (84) that the renormalized three-body interaction can be written in a way where the two-body
renormalized potential is separated out:

H(3B)
RI =

X

(ij)

V (2B)
R(ij) + V (3B)

R . (85)

The components of the three-body renormalized potential are finally defined as:

V (3B)
R =

3X

k=1

V (3B)
R(k), (86)

with each component given the integral equation:

V (3B)
R(k) = �V (2B)

R(ij)G0(�µ2
3) (H(3B)

RI(i) + H(3B)
RI(j)), (87)

and the solution of Eq. (87) is:
2

664

V (3)
R(1)

V (3)
R(2)

V (3)
R(3)

3

775 =
 

1

1 + K̂RG0(�µ2
3)

� 1

!
2

664

V (2)
R(23)

V (2)
R(31)

V (2)
R(12)

3

775 , (88)

where the three-body kernel K̂R is given by:

K̂R =

2

664

0 V (2)
R(23) V (2)

R(23)

V (2)
R(31) 0 V (2)

R(31)

V (2)
R(12) V (2)

R(12) 0

3

775 · (89)

The three-body renormalized potential (86) that carries subtraction point is the counterpart in the subtraction method of
the EFT three-body potential [155] necessary to renormalize the zero-range Skorniakov and Ter-Martirosian equations. As in
the case of the renormalization of the two-body potential, the ill-defined integrals of the three-body formalism also requires
cutoffs, if one wants to diagonalize the corresponding three-body Hamiltonian. After the diagonalization is performed, the
cutoff can be removed. The subtraction and the EFT methods to treat the three-body problem should agree in respect to the
limit-cycles which defines the scaling functions expressing correlations between three-body observables.

3.4. Effective field theory and halo nuclei

Recent reviews on effective field theory program describe in detail its application to halo and light nuclei (see e.g.
[47,111,236]). Here, we aim to discuss the relation of the EFT method with the renormalization techniques exposed in the
preceding subsection. In Section 4,we review calculations of halo nuclei that are also consistentwith EFT approach at leading
order as well.

The method of effective field theory used to investigate the nuclear force problem keeping pion exchanges and chiral
constraints (see e.g. [45,109,141]) aims for a systematic expansion of the potential, while contact terms consistent with the
symmetries of the problem are introduced to manage the short-range physics effects in the low-energy nuclear properties.
The success of this program relies on the short-range property of the nuclear interaction, which allows to identify two
well separated scales: a low-momentum and a high-momentum scales. For few-nucleon problems the nucleon–nucleon
scattering lengths and the pion range are identified with these scales. The unknown short-range part of the interaction
is expanded by contact terms, which can be encoded by an effective non-relativistic Lagrangian with local terms carrying
powers of derivatives of the fermion fields.

The two-particle interaction originated by using the field-theoretic language without pions is equivalent to the
introduction of separable potentials in an effective quantum mechanics framework (see e.g. [237]). As an example we
have the separable s-wave contact potential given by Eq. (47). Although, the matrix elements of the potential has a finite
number of momentum powers, the expansion of k cot �, Eq. (60), has an arbitrary power of k2. That happens in part because
the RG evolution introduces a parametric dependence on the energy for the four-term separable potential of (47). The
correspondent renormalized Hamiltonian (62) depends on the energy with any power of k2. Of course one can control the
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Final Remarks

•  The scheme works very well, with a T-matrix and Hamiltonian 

formalism, which doesn’t depend on the subtraction point     . 


•         is the component of the effective interaction which dominates in 
the       channel.


•  Next orders are included in the effective interaction  (more 
subtractions may be required).


•  The calculations can be extended to higher partial waves.


•  The singlet and triplet scattering lengths are given to fix the 
renormalized strengths of the contact interactions.




•  Very good agreement with neutron-proton data, particularly for the 

triplet. Mixing parameter for 3S1-3D1 is shown to be the most 
sensible observable related to the renormalization scale.


•  Rule to modify the driving term follows a non-relativistic Callan-
Symanzik equation (Group invariance).
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In the above expressions, !̃ is a spectral regularization scale
defined in Ref. [19] for the two-pion exchange, to improve
the convergence of the chiral expansion. As suggested !̃ ≈
four-pion mass, we set !̃ = 600 MeV.

A. Evolving the potentials through the recursive
renormalization process

We start by calculating V (1)(−µ2) from the LO interaction
VLO, by solving the Callan-Symanzik equation (8) for n = 1
starting at a negative infinite µ̄2 up to a finite µ2. The
integral form of RG equation (8) for n = 1, after partial wave
decomposition, is

V (1)(p, p′; −µ2)

= VLO(p, p′; −µ̄2) + 2
π

∫ ∞

0
dqq2

× VLO(p, q; −µ̄2)(µ2 − µ̄2)
(µ̄2 + q2)(µ2 + q2)

V (1)(q, p′; −µ2), (23)

which brings the LO interaction to a scale −µ2 from its
infinitely large fixed-point −µ̄2 [5,10,13,22]. This generates
an interaction for the one subtracted scattering equation,
which gives the same observables as the LO interaction
when µ ≫ !QCD. Now we obtain V (2)(p, p′; k2; −µ2) from
V (1)(p, p′; −µ2):

V (2)(p, p′; k2; −µ2)

= V (1)(p, p′; −µ2) − 2
π

∫ ∞

0
dqq2

× V (1)(p, q; −µ2)(µ2 + k2)
(µ2 + q2)2

V (2)(q, p′; k2; −µ2).

(24)

At the third step we evolve from V (2) and introduce the NLO
terms

V̄ (3)(p, p′; k2; −µ2) = V (2)(p, p′; k2; −µ2) − 2
π

∫ ∞

0

× dqq2 V (2)(p, q; k2; −µ2)(µ2 + k2)2

(µ2 + q2)3

× V̄ (3)(q, p′; k2; −µ2),

V (3)(p, p′; k2; −µ2) = VNLO(p, p′; −µ2)

+ V̄ (3)(p, p′; k2; −µ2). (25)

At the fourth step, the higher order we consider here, we evolve
from V (3) and add the NNLO two-pion exchange:

V̄ (4)(p, p′; k2; −µ2) = V (3)(p, p′; k2; −µ2)

− 2
π

∫ ∞

0
dqq2V (3)(p, q; k2; −µ2)

× (µ2 + k2)3

(µ2 + q2)4
V̄ (4)(q, p′; k2; −µ2),

V (4)(p, p′; k2; −µ2) = VNNLO(p, p′; −µ2)

+V̄ (4)(p, p′; k2; −µ2). (26)

TABLE I. Strengths of the LO contact interactions, which
reproduce the scattering lengths for the S waves. The values of λ

1S0
0

and λ
3S1
0 , in units of fm, are given at the energy scale −µ̄2, with

µ̄ = 30 fm−1 (µ̄2 = 41.47 × 900 MeV).

Strengths 1S0
3S1

λ0 (fm) −0.0203 −0.24142

With the above, the half-on-shell T matrix with four subtrac-
tions is a solution of

T (p, k; k2) = V (4)(p, k; k2; −µ2) + 2
π

∫ ∞

0
dp′p′2V (4)

× (p, p′; k2; −µ2)
(

µ2 + k2

µ2 + p′2

)4 1
k2 − p′2 + iϵ

× T (p′, k; k2). (27)

Note that in the above equation the term given by [(µ2 +
k2)/(µ2 + p′2)]4 works effectively as a regulator, canceling
the singularity presented in the starting interaction. The driving
term is generated by consecutive subtractions in the kernel at
some defined energy scale µ2, with the advantage that such
scale can be moved freely as long as V (4) satisfies the RG
equation, given by Eq. (8), that guarantees that the scattering
amplitude is unaltered.

It is important to explain the strategy used to insert the
potential in the recursive to obtain the driving term V (4) that
enters in Eq. (27). We include each order of the interaction (LO,
NLO, NNLO) in the step where there is enough subtractions
to renormalize it. Consequently, we insert the LO potential in
the first subtraction, the NLO potential in the third subtraction,
and so on. Tables I to IV list the parameters for the potentials
used in this work.

Before closing this section, we discuss briefly our scheme
and the one used in Ref. [34], where S waves have been
considered with more than one subtraction. In that work,
the successive subtractions are performed in a rather different
form compared to our approach. They call it a mixed scheme.
The main difference is: To handle the momentum-dependent
contact interaction p2 + p′2, the cutoff also plays an important
role in Ref. [34], because according to our method this
interaction actually requires three subtractions. In our case,
we can approach any kind of interaction as long as we perform

TABLE II. Strengths of the contact interactions for the fits with
the LO potential plus the NLO contact interactions. The values of
λ

1S0
0 and λ

3S1
0 are given at the same energy scale as in Table I (−µ̄2 =

−41.47 × 900 MeV); with λ
1S0
2 and λ

1S0
3 at −µ2 = −50 MeV. The

other strengths are given at −µ2 = −100 MeV.

Strengths 1S0
3P0

3S1
1P1

3P1
3P2 ϵ1

λ0 (fm) −0.0165 – −0.2480 – – – –
λ1 (fm3) – 0.25 – 0.04 0.007 −0.07 –
λ2 (fm3) 2.2660 – 0.1 – – – –
λ3 (fm5) 2.0047 – – – – – –
λ4 (fm3) – – – – – – 0.001
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In the above expressions, !̃ is a spectral regularization scale
defined in Ref. [19] for the two-pion exchange, to improve
the convergence of the chiral expansion. As suggested !̃ ≈
four-pion mass, we set !̃ = 600 MeV.

A. Evolving the potentials through the recursive
renormalization process

We start by calculating V (1)(−µ2) from the LO interaction
VLO, by solving the Callan-Symanzik equation (8) for n = 1
starting at a negative infinite µ̄2 up to a finite µ2. The
integral form of RG equation (8) for n = 1, after partial wave
decomposition, is

V (1)(p, p′; −µ2)

= VLO(p, p′; −µ̄2) + 2
π

∫ ∞

0
dqq2

× VLO(p, q; −µ̄2)(µ2 − µ̄2)
(µ̄2 + q2)(µ2 + q2)

V (1)(q, p′; −µ2), (23)

which brings the LO interaction to a scale −µ2 from its
infinitely large fixed-point −µ̄2 [5,10,13,22]. This generates
an interaction for the one subtracted scattering equation,
which gives the same observables as the LO interaction
when µ ≫ !QCD. Now we obtain V (2)(p, p′; k2; −µ2) from
V (1)(p, p′; −µ2):

V (2)(p, p′; k2; −µ2)

= V (1)(p, p′; −µ2) − 2
π

∫ ∞

0
dqq2

× V (1)(p, q; −µ2)(µ2 + k2)
(µ2 + q2)2

V (2)(q, p′; k2; −µ2).

(24)

At the third step we evolve from V (2) and introduce the NLO
terms

V̄ (3)(p, p′; k2; −µ2) = V (2)(p, p′; k2; −µ2) − 2
π

∫ ∞

0

× dqq2 V (2)(p, q; k2; −µ2)(µ2 + k2)2

(µ2 + q2)3

× V̄ (3)(q, p′; k2; −µ2),

V (3)(p, p′; k2; −µ2) = VNLO(p, p′; −µ2)

+ V̄ (3)(p, p′; k2; −µ2). (25)

At the fourth step, the higher order we consider here, we evolve
from V (3) and add the NNLO two-pion exchange:

V̄ (4)(p, p′; k2; −µ2) = V (3)(p, p′; k2; −µ2)

− 2
π

∫ ∞

0
dqq2V (3)(p, q; k2; −µ2)

× (µ2 + k2)3

(µ2 + q2)4
V̄ (4)(q, p′; k2; −µ2),

V (4)(p, p′; k2; −µ2) = VNNLO(p, p′; −µ2)

+V̄ (4)(p, p′; k2; −µ2). (26)

TABLE I. Strengths of the LO contact interactions, which
reproduce the scattering lengths for the S waves. The values of λ

1S0
0

and λ
3S1
0 , in units of fm, are given at the energy scale −µ̄2, with

µ̄ = 30 fm−1 (µ̄2 = 41.47 × 900 MeV).

Strengths 1S0
3S1

λ0 (fm) −0.0203 −0.24142

With the above, the half-on-shell T matrix with four subtrac-
tions is a solution of

T (p, k; k2) = V (4)(p, k; k2; −µ2) + 2
π

∫ ∞

0
dp′p′2V (4)

× (p, p′; k2; −µ2)
(

µ2 + k2

µ2 + p′2

)4 1
k2 − p′2 + iϵ

× T (p′, k; k2). (27)

Note that in the above equation the term given by [(µ2 +
k2)/(µ2 + p′2)]4 works effectively as a regulator, canceling
the singularity presented in the starting interaction. The driving
term is generated by consecutive subtractions in the kernel at
some defined energy scale µ2, with the advantage that such
scale can be moved freely as long as V (4) satisfies the RG
equation, given by Eq. (8), that guarantees that the scattering
amplitude is unaltered.

It is important to explain the strategy used to insert the
potential in the recursive to obtain the driving term V (4) that
enters in Eq. (27). We include each order of the interaction (LO,
NLO, NNLO) in the step where there is enough subtractions
to renormalize it. Consequently, we insert the LO potential in
the first subtraction, the NLO potential in the third subtraction,
and so on. Tables I to IV list the parameters for the potentials
used in this work.

Before closing this section, we discuss briefly our scheme
and the one used in Ref. [34], where S waves have been
considered with more than one subtraction. In that work,
the successive subtractions are performed in a rather different
form compared to our approach. They call it a mixed scheme.
The main difference is: To handle the momentum-dependent
contact interaction p2 + p′2, the cutoff also plays an important
role in Ref. [34], because according to our method this
interaction actually requires three subtractions. In our case,
we can approach any kind of interaction as long as we perform

TABLE II. Strengths of the contact interactions for the fits with
the LO potential plus the NLO contact interactions. The values of
λ

1S0
0 and λ

3S1
0 are given at the same energy scale as in Table I (−µ̄2 =

−41.47 × 900 MeV); with λ
1S0
2 and λ

1S0
3 at −µ2 = −50 MeV. The

other strengths are given at −µ2 = −100 MeV.

Strengths 1S0
3P0

3S1
1P1

3P1
3P2 ϵ1

λ0 (fm) −0.0165 – −0.2480 – – – –
λ1 (fm3) – 0.25 – 0.04 0.007 −0.07 –
λ2 (fm3) 2.2660 – 0.1 – – – –
λ3 (fm5) 2.0047 – – – – – –
λ4 (fm3) – – – – – – 0.001
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TABLE III. Strengths of the contact interactions for the fits with
the full NLO potential. The values of the λ’s are given for µ̄2 and µ2

as in Table II.

Strengths 1S0
3P0

3S1
1P1

3P1
3P2 ϵ1

λ0 −0.0190 – −0.1602 – – – –
λ1 (fm3) – 0.37 – 0.063 −0.078 −0.04 –
λ2 (fm3) 2.2660 – 0.1 – – – –
λ3 (fm5) 2.0047 – – – – – –
λ4 (fm3) – – – – – – 0.17

enough subtractions. The cutoff has no physical relevance
because the multiple subtractions allow us to sum up to
arbitrarily large momentum values.

B. Half-on-shell amplitudes for the recursive
renormalization process

Now, let us consider the calculation of the half-on shell
matrices V (n)(q, k) for n = 1 to 4, from the solution of
Eqs. (23)–(26) and the half-on-shell matrix elements of
T (q, k; k2) solution of Eq. (27). Before starting our discussion,
a side remark is worthwhile. As we have seen before, from
the above equations, the recursive driving terms obey integral
equations with kernels defined by subtracted free Green’s
functions multiplied by recursive driving terms one order
below. From the subtracted method itself the lowest order
recursive driving term satisfies an equation which is energy
independent. In the following orders the integral equations
for the driving term depend on k2, and the subtracted
Green’s function is negative, which brings a curious effect
on the respective solutions of Eq. (6). The corresponding
homogeneous equation, in the case of attractive recursive
interaction, suffers an enhancement by increasing k2, owing
to the factor (µ2 + k2) inside the kernel, which may allow
it to have a solution. When this happens, an unphysical pole
will occur in the recursive interaction of the integral equation.
This can be realized even with a regular attractive potential
if multiple subtractions are used to compute the scattering
amplitude. This unphysical pole is completely washed out in
the solution of the n-subtracted LS equation given below.

We can observe the half-on-shell recursive driving terms
evolving through the four subtractions from V (1)(q, k) up to
t(q, k) for some values of the on-shell momentum k in Figs. 1
to 4 for the 1S0 and 3S1 channels. In Figs. 1 and 3 we have the

TABLE IV. Strengths of the contact interactions for the fits with
the NNLO potential. The values of the λ’s are given for µ̄2 and µ2 as
in Table II.

Strengths 1S0
3P0

3S1
1P1

3P1
3P2 ϵ1

λ0 (fm) −0.0189 – −0.1217 – – – –
λ1 (fm3) – 0.303 – 0.066 −0.19 −0.1 –
λ2 (fm3) 2.2660 – 0.1 – – – –
λ3 (fm5) 2.0047 – – – – – –
λ4 (fm3) – – – – – – 0.17
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FIG. 1. (Color online) Half-on-shell recursive driving terms
V (n)(q, k; k2) for the 1S0 channel, corresponding to the energies
E = (h̄k)2/mN = 50, 100, 150, and 200 MeV (with units such
that h̄ = 1 and mN = 1). The lines’ identification, shown inside the
bottom-left panel, is given for all four panels. The values of the
strengths, as well as the subtraction energy scales (not explicitly
shown here), are given in Tables I–IV.

driving terms and half-shell T -matrix elements, respectively,
for the 1S0 channel. Correspondingly, we have the results for
the 3S1 channel in Figs. 2 and 4. These figures exhibit us
an interesting finding owing to Redish and Stickbauer [41].
They observe that distinct half-on-shell potentials may lead
to similar half-on-shell T matrixes. In other words, given
different V (q, k) which fit the same on-shell observables
their corresponding half-on-shell T matrix should be quite
equivalent despite the V (q, k) discrepancies. That is why we
observe a smooth behavior of the scattering amplitude with
energy in Fig. 2 while the recursive driving terms, in particular
V (4), vary considerably, as can be seen in the bottom right
panel of Fig. 1.

The set of integral equations for the subtracted driving terms
Eqs. (23)–(26) given above also deserves further comment to
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FIG. 2. (Color online) Half-on-shell T -matrix elements for the
1S0 channel, for the energies k2 = 50, 100, and 200 MeV. As in Fig. 1,
the values of the strengths, as well as the subtraction energy scales
(not explicitly shown here), are given in Tables I–IV.
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