Revision of the Kick-map Theory
And Integration of s-dependent Hamiltonian
Weiming Guo, NSLS-II
09/18/2014

EER>, U.S. DEPARTMENT OF BH““KHA"E“

ENERGY . NATIONAL LABORATORY
BROOKHAVEN SCIENCE ASSOCIATES




Outline

*Brief on NSLS-ll commissioning

*Problem to solve

*Revision of the kick-map theory

*Higher order effects found in NSLS-II IDs
*Integration of the s-dependent Hamiltonian
*Example: soft-edged quadrupole

*Summary

&SI, U.S. DEPARTMENT OF BROOKHFAEN

ENERGY ) NATIONAL LABORATORY
)"'\/ > ”\\s" BROOKHAVEN SCIENCE ASSOCIATES




NSLS-Il Phase | Commissioning

*First turn was obtained after minor orbit correction.

*There was no need to adjust dipoles

‘Beam stored after orbit correction.

*First time tune measurement shows 0.42 (H) and 0.17 (v), compared to the design

values of 0.22(h) and 0.26(v).

Two loose contact springs in the bellows took us about 2 weeks to identify

*Close to 100% injection efficiency was achieved after tune, orbit, and beta beat correction.
*The dynamic aperture is >12mm and the beam lifetime is >3h.

*Phase | commissioning took about 5 weeks.
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Problem to Solve

** Hard-edge model K1 |

Q1: QUAD, K1=1.2, L=0.3

B,=b,x,B,=Db,y,B,=0
A=A, =0, As= "2 b, (x%-y?)

d b

v

Hard-edge model

+%* 3-d Hamiltonian system a b
" H(p,9,8)

paaqa at sa pb!qb at sb

** Applications
Modeling of insertion devices—extending the Kick-map theory

Modeling of fringe fields
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The Concept of Pascal’s Kick-map

- = - g - = - 2
U(xq, yo, z) = f[ dz; By(xo, yo. 71)) —[/ dzy By (o, yo, 21))

-
oF L

|} - T
o o [
Az’ Ip. i[]\:I = ——— W (0. yo. ) TForn v — 8 1
(0, Yo, 3 by | (To, Yo, 2] where o = = = 5.
0 ; -
o= O [
Ay . i[]xj = —— = Wz, o, z)
:)II l; :.JII & .2 I:_.};;[] I :” i, r.?jl /

*The integration is along a straight line instead of the reference
trajectory: contradictory to edge focusing

*The kicks depend only on the initial position—=> symplecticity

*Kicks at (x,y) can be obtained from interpolation on the grid

Assumptions:
*The first and second integrals are negligible
*Ax and Ay are not defined—> incomplete phase space transformation

*Only the leading order term is kept BROOKHEVEN
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Revision of KM: Equations of Motion

-*‘;,-'m; = e(v,B B.)

—

L Y

~TT, — E’( 'I-’yB:r — Up B ’5")

ym—s = e(v.B, —v.B,)

" = —an/1+ 22 + y2y'B, +2'y'B, — (1 + 1"2)By].

y' = a1+ 22 +y2[a'B, +2'yB, — (1 +y*)B,].

- d
where 2/ = 9 = oy =4

Py a=elymv=1/Bp
dz Pz
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First and Second Order Equations

Now expand x and y as power series of o,

r = xo+ TH2 —|—011—l—a To + -
y = Z/O+;l/o~+a"yl+a: Yo + - - -

Expanding the field around the initial position (zg,vyy) as

Bu(z,y.2) = Buy(zo, 0. ,)-|-—B (0, Y0, 2) 12 —|——B (0, Y0, 2)Yp=
dxg o

0 |
+ O—B (70, Y0, )71 + a=—DBy(T0, Y0, 2)11 + - -,
dxg Jyo
? 1+ 22+ 4h2[Byo(2) — Bao(2)yh + B (2)xhz + BY (2)vh
) )

]
i~ V14202 + yh2[=Buo(2) + Bao(2)zh — B (2)xhz — BY (2)wipe].

l

{

A
rly = 1+ 252 + yh?

Jxg

[, | o
vz~ =V 1+ a6 + up?l5 —Ba(2)x1 — Ba(2)a) + 5 - Ba(2)vi]
0



Phase Space Transformation up to o’

o(om) = o(s) +ap(ea)(om = ) +aF/ (1,.2/
— —aQF / (1,2/ d,l\If—%—aQF/ dza'
()10 a
l
' (zp) = x5(z 4)—{—0F/ d=F, — —a’*F,— / Az + o2 F,x2% (zB)
2 ()l()
zZB
y(zB) = wo(za) +yp(za)(2B +GF/ (1«2/
ZA ZA
— —a / (1,2/ (l,l\If—l—aQF/ A=y (
()1/0 a
1
(e8) = (= 4>+aF/ d:F, a?F—/ A=V + 02 Fou (25).
92 Yo

T — / d2B,0())? + ([ d2Bua(2))’
F, = /1 + 242 + yl,2 h
F, = By(2) — B:o(2)vo + By (2)70= + B.;%)«:)ya:
F, = —Bao(2)+ B.o(2)zh — BE)(2)z
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The Supplemental Terms

*The leading extra terms are the 15t and 2" integrals
*The kicks depend on both the initial position and angle
*Kicks can be also obtained from interpolation of many maps

' ' 7 ¥, 2 ) 7 1
[i'FJBr. /ff.:BH. dzB,. (— dz(Byz), 2 - (Byz), 2 /{I:LBJ..:T. (— dz(Brz
. ] o dr =0 Oy dr y

and double integrals.

Questions:

*How to make the transformation symplectic
*How to calculate the path length

*What is the magnitude of these terms in IDs
*How to extend to even higher order
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Results from NSLS-II Damping Wigglers

NSLS-II damping wiggler: 33 periods+2 end halves, A=0.1m, B=2T
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Results from NSLS-I1 EPU49

2
NSLS-Il EPU49: 40 periods, A=0.049m, B=04T ~ _ Jdz/dzBy Tcm

T . i
9
SdzSdzBx Tcm“ 2l —8i
5[ ' ' 3 ' ' ]
5.0 N 1_ T
20 ‘ c 7
. A | = é oL 16
E 2.0 _1
e oL K > u 15
- _1 N | 0.0| _2 i |
-1.0] 4
-3 jh , , : | , ; 30 20 0 0O T0 20 30
-30 -20 -10 (o : 10 20 30 x (mm)
Upper: design data, gap=11.5mm, phase=14.3 degree, helical mode
Lower: measurement, gap=11.5mm, phase=-24.6 degree, helical mode
gap=11.5mm,phase=-24.6° gap=11.5mm,phase=-24.6°
T T T T T - 8x1 074 T T P T T ] 0.0T
g &E\ 6x1 04| — -0.21
e < €
m %> 4x 04| j -0.41
§ o 5 2104| -0.61
i e p— 0 5 10 ok 20 10 0 10 20
x (mm) phase (°)
BxII = -0.000134692 +3.38374e-06xxm +9.81193e-07+xm?2 X (mm)

Byll = 0.000641008 +3.42261e-06+xm-3.7061 4e-06+xm?
NT 0y
Ry U-S. DEPARTMENT OF BROOKHEVEN

| (7 ENERGY T NATIONAL LABORATORY
RN BROOKHAVEN SCIENCE ASSOCIATES




Hamiltonian Integration: Taylor Map

df of of
i f, H] + {}df f+—
= —[H, f]+ 5 = H:f

f(p" q}lfzfa: E_:H:ff(p'- q}lfzfa

f(p,q.t)|=,=€ HHTfP ¢, t)|i=t,= e f(p, q, )| 1=t,

| | 1d .
flta+ At) = f(t f )JAt + 3? (ta) At” +
= f(t )+AtHf AtH)--'-( Q)+
= exp(At:H:) f(t,)
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Integration I

oH LoHO OHO 0 0H
si+As) = @ s A5 = A5
tst8s) = alst) 5 e 2v(c)p PR R RN
1 oHd oOHoO o 0OHo od0Hd o 0H .-
+ ()i A5

31 dp or  Or dp ds" dpdr  drdp  dsdp

Collecting all the 2 o a H torms, one finds

< OH 1 0 0H 1 0% OH
iz = — g A5+~ | AP —— | AS L.
L dp =i+ 210s dp o= A7+ 3 ds? dp = A7+
0 OH 1 o2 OH 1 O OH
= d As + d As? + d. As® + -
5 | Wl T arga | Syl T gga bc)-p‘s a8
. s1+As
Ly | | | oOH
T =t,1(s1 +Ag) —tr1(s1) = / ds—.
' | st dp
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Integration 11

OH 1 d OH

5) = ——|emy As + —(— 1 H 1 + —)—| =y, A5?
t(s1+ As) (s1) + dp Js=s1 B8 + 2!( Gk ds’ dp s=e1 2
I d 0 OH . 3
+ i(_  H - +I)( H : + ()_s)()—p s=s; AS
1 0 0 0 OH . 4
T 41(  H +()\)( 1 H +()S)( H +£)(3)p s=s1 AS" +
L H o 10 oH, ., 1,0 oH,
Ir = 91( - c)p)|s B gl a5+ ﬂo—ﬁ‘ f: )c)pHS nls

= 1 1 As® + 1()3 1 1 As®
P ()s b1 | doal- dp”s Tl e ”S e

1 C)4 oH
+ /dsl/ dsy(— H:),—]|S:SIAS4-|—

4! ds dp
()H
= / (Igl / ([SQ
C)p
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Integration-All Terms

General solution: (s)

Equivalent formula:

ﬁ[sb—sgjtff:

T2 U.S. DEPARTMENT OF
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) S
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r(s.) + ds:H:x

Sp Z]
/ dsy / dss(— : H : :H:)=x

S;b 521 L] 2
/ dm/ dﬁg/ dsa(— : H : :H: )x

L8 Sy 1 n—I1
— / dm---/ ds,(—: H ::H: o+ -
s
r(s,) = l-l—/ ds:H:
5q
n—1

H:E i “a

: Sp Sn—1
/ dsy - - f dsp(— :
= 2
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Remarks

*It is not a time-ordered series

*The two methods are equivalent

*The integration is carried out for elements of full length L, convergence
*The physical interpretation of the multiple integrals: f f(2)7" dz

*The method can be used to solve differential equations.
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Modelling of Soft-edged Quadrupoles

Lr=PFP, Iyx=uxB,
where By = &-bL
1 By 144°

and P, =

Ix = P,B;.

1-+—6

For hard-edged model a magnetic length is defined as:

Iy

= 1,008 \/—T;?l [+P,

sny/-BiL

\/__Bl Ib p—
l

= 5fl; BH BQL“ 4P (L+-BL )

)" 6 +
(JordsBu(s))® ([ dsBi(s))*
= s e 23,5 LU ;4331 +oo) +
* dsBy(s))?

b P+ e (GB;( L .

m

Hard-edge model <«—
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Iy = xB? + P, B,

L= be dsBl(S)J’HBn
Bm is the peak field
Sh 81
‘l‘a[1‘|‘/ d-Sl/ (1’-8281(_8-2)
N Sa . Sa . o |
/ dsy / dsy / ds3 / dsyBy(s) +
- Sﬂsb SaSl Sasz
PTG[L+/ fll-Sl/ ({—92/ ngBl(Sg)
o e s
/ df"l/ d‘-‘i/ d—5’3/ dsyBy(sy) +

Differs in two aspects |—

Hamiltonian Integration
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Summary

*Revised Pascal’s Kick-map theory, and kept all the lower order terms
*For NSLS-Il EPUs we found the 2" integrals introduce a sextupole effect
*Showed an equivalent 3-d Hamiltonian integration method

*This method can be used to model 3-dimentional electromagnetic

devices as well as solving differential equations.
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Second Order Transfer Map

1
Hy ~ —1+ S[(P; - az)? + (P, — a,)?.

%
——
O

G-d
e
I

Po(za) + [2dzly P+ [ dz [T dey s P,

1Py = (Pr — ﬂ'ﬂ‘)a(xﬂ + (Py — a.y)a-,g,x}

féPT = —(ab, a ) +a, (z(xy) + ?aya(‘ry) +a a(”))Py
+ (Q'Bzaéﬂ — (z.y(l.gfy) - 2(1‘1(1..:(1,“) - (l.ya.;”))PI.

Here we kept terms to the first order of P,andP, and up to o’
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Comparison of the Two Approaches

A(z,y,2)=— fd.:By(;r..y. ?)
2) = [ dzBy(x,y,2)

d
T (p:r + aiqx)

[
)
H-——-
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H
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[ Ser}
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Here we kept tm ms to the first order

Substituting )
l‘ll ~ —A.(x0.v0.2) — 3/6/ B.(xo,y0.21)dz

—Ay(x0.v0. 2) + 1‘6/ B.(xo, yo. z1)dz1.
—00

)10+4 (550 10, 2)3)
(4 (20, U, HUIO 1, 2))
2,10, 20)Bx0. 90, 1) — th A (0. 30, 2) B 20, w0, 1))

oy QA (0,0, 1) Au 0,10, 1) + A (20,90, 20) Ay (20, 0. 1)

+4ém (20, Y0, 21)Ay (20, Yo 21))

- d 13 4;” 10, Yo, 21) A (1?0-310.21]+2445"’@’](.1‘-013/0'31)z4y(«1?0-'y0-31l

+4f‘” 0:71)Aa(20, Y0, 1))

of x;, and yh. and up to a?.
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Remarks

* The multiple integrals come from three sources: Y
1) the single or double integration of the field expansion terms, such as — B (2)(x;z)"
2) The iterative relations such as x,”’=x, ox
3) The crossing terms of the above two types.

* If the magnetic field is sinusoidal, the multiple integral will converges as (1/k)", where k=2p/I
is the wave number. For insertion devices k,~100 which result in quick convergence.

* Momentum and longitudinal position can be added to the phase space variables. Radiation
energy loss can be included.

* Even though not presented here the path length can be calculated analytically using this
method.

* The expansion to >3 order becomes very messy for the general Hamiltonian; however, it is
not that complicated for a particular magnet type. We proposed to keep terms up to 8" order
in the paper, and can be realized by a script.

* Truncation at any order will lead to non-symplecticity of the transformation. However the
deviation will be of higher order. This is similar to Taylor map.
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Application to the Halbach Field

k., :
B, = —DBysinhk,xsinhk,ycosk,z Where xi.‘_,% +k2=k= (27‘* )‘2
A,y - Y = fj'tw
k, , , Ay 18 the period length.
., = ——DBgcoshk,rsmhk,ysmk,z
ky B,=1.8T, k,=62.83 1/m, k =0.875 1/m,
o= osh k,x cosh k,y cos k., z _ _
B, By cosh kyx cosh kyy cos k, a=0.1 1/(Tm), Aw=0.1m
1 .
— 2aBoF,m—(k2ubyo + k2xhxo) =~ 0.018yHyo + 3.5 x 10 %xLxo
AX=x+x o T gz o o o
F o
AX,-X !+x ’ Ty = —TT aQBOF Aj.’l‘o ~ —1.6 x 10 %z
=Xe 4
e = 0
. £
Yy = —ma’B2F, LBID ~ —3.1 x 10 "xq
AY=y +Y 72
YF y Y — —QQ-BoFl.?rk—g(;rayg + yiro) = —3.5 x 1[)_6(;1?’0-3;0 + yoTo)
AY'=y +y ' k2
yF yy Yy = —TT aQBQF ;l4af0 ~ —8.1 x 1[]_J
Y — O
.2
vy = —frangFl.k—gyg ~ —1.6 x 103y
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Comparison with Runge-Kutta Tracking

Runge-Kutta
Leading-order @

2e-09 -

-2e-09 r

-10

Ay’

3e-06 -

-3e-06 |
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Modelling of a 3-d Quadrupole

1 1 1 1
B, = by — ZWy’ + b1 - —b1 y+ mbg )y +
1 | | 1
By, = bizy — Ebga);rgﬁ + Tb{ )ru — —b( )xy 1+ O'b( )J:-yg 1.,
1 1 1l (6 1
By = byr — ibff;r.yg + 4]{}5 }u,f — abﬁ };r.y + 8?5{ Jo 4
Vector potential
1 1 3y 4 1 1 1
A, = Tb'l.z’g/Q - jbg”)’)rgﬁ + G'bl u/ — 8_'b1 ll/ + 10‘51 ll/
B 1 | 1,4 1 1 1 10,
A, = —b11 ——blz/ +_1|b Y —ab y® +8'b Y _Wb Y
A, = ().
Sextupolg and Octupole harmonics 1
Agp= ei—f(;}:a —3?) + E—(J — 3 y)+ i (J: — 6yt + ) +agzy’ - ;1?3-3;).
)
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