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Introduction/Outline

® Goal: derive the evolution of gluon TMDPDFs
|

® [For that we need to properly define individual TMDs in the context of a factorization theorem!!
|

® We take the Higgs transverse momentum distribution as a benchmark where gluon TMDPDF's
are relevant.
|
® Steps:
1.- Factorize the Higgs transverse momentum distribution
2.- Define gluon TMDPDFs by combining soft and collinear matrix elements.
* Motivation behind? Cancellation of Rapidity Divergences!!
3.- Unpolarized gluon TMDPDF at NLO (free from RDs)
4.- For an unpolarized proton: OPE coetficients for unpolarized and Boer-Mulders TMDPDFs.

5.- Derive the evolution kernel for all (un-)polarized gluon TMDPDFs
6.- Discuss non-perturbative inputs for TMDs

7.- Show a preliminary application of their evolution.
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Factorization: Overview

® | will show the derivation of the factorization theorem for

ha(P,Sa) +hg(P,Sg) — H(gr) + X

® Problem with different relevant scales:

Cy(mi/p?) Ci(mi /p?)

Cy(myi /1) Spin-Independent

Cr(m3y/p?) Cr(m3 /) Spin-Independent
SM
Ng = 6
n S:M5 - T Spin-Dependent
! Gg)p (Xa,brimy, W) Ur
SCETqT l fg/P(xA;:u)
SC ET][ ! QCD

Same IR physics

Factorizatio = Multistep Matchi
Theorem Procedure
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Factorization of the Top Quark

® The glue-glue fusion process i1s well approximated by an effective lagrangian:

2
Top quark /‘ Lo = O‘i(é“ )Ct (m2, u?) EFM!,a L?!
T v

dominates!!

® The coetficient (and thus its anomalous dimension) is known up to 3-loops:

dlnCy (m?, u? . S
g =" el 7" (o) = a? - A0

Not surprising, Jsince the effective
lagrangian bas pure Yang-Mills piece...

® The cross-section can then be written as:

1 | O‘s(ﬂ) ; 2, 2 9 d3q "
=% 1zme UM )(277)22Eq
| % D g a Uv,a " b af,b %D D
. PS4, PSp FWF (y) | X #X|Fa5F (0)PS 4, PSp

d4ye—iq-y
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Hard Part & Relevant Modes

® Now we integrate out the Higgs mass: 1
B = ~[n-PW]iD +*W,]
g
Froefs, — —20°Ch (-, u%) g, B (S, 5@) B i e '
W, (z) = Pexp / dsn aA; (x + ns)t®
~ 0 .
( Known at 3-loopys!! Its Sp(x) = Pexp / dsn 4A%(x + ns)t?

anomalous dimengion as well
Adjoint representati¢r)® = —if 3¢

® And the cross section is given by:

mH quJ_ 2 —igr -y
m g (1) = 1o(p) Co(mE, W) H(my , p) = (2#)2 d7y, e " ¥

727‘(‘(]\702 — 1)31}2 |

|20 (XA, Y1, W) Jnp (XB,YL,U) S(y.L, W)

oo(p) =

= |Cul

® Collinear and soft matrix elements are defined by:

xr P+. d - P G ) " " v,a
JE (T A, YL, p) = A2 Qy—We izeay PT PG BRO(yT gy ) [ X# "X BY(0) | PSat
Xn
1 ) " # $ " $ba’
Syiw) =~y 01 SIS (yu) 1X# X "sts. ™ (0)10#
c ° Xs

® Individually they are ill-defined!! They contain rapidity divergences (RDs)...
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Definition of TMDPDFs: Cancellation of RDs

MGE, Idilbi, Scimemi JHEP’12, PLB'13
® Pictorially, the relevant (anti-)collinear and soft modes are represented as:

ko ~ (1, 0%\

<2 ) 1 |kt
ka ~ (A%, 1,)) y=5in
ke ~ (XN, A\

® Naive collinear = A+B

¢ Soft = B

® Naive anticollinear = C+B

® (Pure collinear = A)

® (Pure anticollinear = C)

® [Fach piece is boost invariant and depends on
the difference of rapidities at the borders.

® x-section = (A+B) + (C+B)-B = A+B+C

|

® Divergences at yn and ynbar as spurius...

® (Anti-)Collinear and Soft are ill-defined!!!

So in order to cancel rapidity divergences,we debne the TMDPDFs as:

Gg!/A (za,Kni,Sa;Ca, %) = A+ By
GSI/B (xB ) kW_LasB;CB 7:“2) =C + BW
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Definition of TMDPDFs: Cancellation of RDs

The goal is to cancel Rapidity Divergences The particular regulator is irrelevant!!

MGE, Idilbi, Scimemi JHEP’12, PLB'13
® Rapidity regulator I: A-regulator (MGE, Idilbi, Scimemi1 JHEP'12)

GSIIA (Q?A,bT,SA;CA,,LL2) = j#' (fUA,bTasAQQQMUQ;A_'_)g—l_—l(bT;CB “LLQ;A_'_) 2; 22;(1
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Definition of TMDPDFs: Cancellation of RDs

The goal is to cancel Rapidity Divergences The particular regulator is irrelevant!!

MGE, Idilbi, Scimemi JHEP’12, PLB'13

® Rapidity regulator I: A-regulator (MGE, Idilbi, Scimemi1 JHEP'12)
~ ~ ~ — 2
GS!/A (za,b1,S0;Ca, %) = JN (za,br,Sn; Q% 1 AT) ST by (e, u% AT) EA_ 225
5=
® Rapidity regulator 11: rapidity-regulator (eta) (Chiu, Jain, Neill, Rothstein PRL'12 )

GS/VA(XA, br,Sa;!a, 1?) = IO (x4, by, Sa; Q% %" _;#) S_(bp; u%; $" _ #) gAi gz/&
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Definition of TMDPDFs: Cancellation of RDs

The goal is to cancel Rapidity Divergences The particular regulator is irrelevant!!

MGE, Idilbi, Scimemi JHEP’12, PLB'13

® Rapidity regulator I: A-regulator (MGE, Idilbi, Scimemi1 JHEP'12)

11! ~ ~__ = 2 o
GS}A (za,b1,S0;Ca, %) = JN (za,br,Sn; Q% 1 AT) ST by (e, u% AT) 22: 222
® Rapidity regulator 11: rapidity-regulator (eta) (Chiu, Jain, Neill, Rothstein PRL'12 )
GHY (X4, 07, Sa; 14, 1%) =I5 O (x4, br, Sa; Q% %" s #)S_(br; p% 8" #) ?“ ] gz/a
B~ Q
® Rapidity regulator I1I: "combining integrands" (Collins'l 1)
G" (x4, br,Sa;Ca, 1) = UHm  J* (x4, by, Sa;p?yn) 4] = S(y"lyc) Ca= (") =
94 yn—Foo " S(YesyYn) S(Yn, yn) o=@ )™
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Definition of TMDPDFs: Cancellation of RDs

The goal is to cancel Rapidity Divergences The particular regulator is irrelevant!!

MGE, Idilbi, Scimemi JHEP’12, PLB'13
® Rapidity regulator I: A-regulator (MGE, Idilbi, Scimemi1 JHEP'12)
~ ~ ~ — 2
GS!/A (za,b1,S0;Ca, %) = JN (za,br,Sn; Q% 1 AT) ST by (e, u% AT) 22: 225
® Rapidity regulator 11: rapidity-regulator (eta) (Chiu, Jain, Neill, Rothstein PRL'12 )
é,uy (XA, bT, SA; I A |J.2) = \]N?’ffy 0) (XA, bT, SA; QZ, |J.2; " _;#) SN_(bT; |J.2; $" _;#) Ca = QQ/&

g/A (= Q°«

® Rapidity regulator I1I: "combining integrands" (Collins'l 1)

~ . ~ S’(yn yc) Ca = (p*)2e! 2
G,UV L 7b 75 : ’ 2 — lim J,uv X ,b ,S ; 2; 7 — : A p )e

® One could also use off-shellnesses, masses, “real A's”, analytic regulator, etc... Yet they all
mean (pictorially):

GS;A (Xa,b1,Sa;!A,1%) = A + Bj Previous slide!

® For partonic calculations we pick up the A-regulator (has nothing to do with “SCET?” label...)
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Cancellation of RDs at NLO

. N
Forola b Q% p?) = 61 —2) + °

KR B
+ Cy 2L7In 'QZ 5(1 —x) — Py, Ly + 505(1 — )L
$
! ! . + 2 .
—In—-Pyy — 2C4IN(1 — z) d-oid+ ) 2C 4 In(l = )
v x l—xz
# ,$ &
n s
— (1 —2) ?A—Ef—zcﬂ Ca
B X (1 —x)(1+x?) Iy
ng 2CA (1 — X)_|_ X 7 (]. — X)

® There are un-cancelled rapidity divergences!! It's ill-defined no matter which regulator we use.

® Only combining it with the (“right piece of the”) soft function we get the well-defined TMDPDF
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Splitting of the Soft Function

- asCa 2 2  ATAT A-AT 72
S(bT;Q2’M) =1 827'(' ! 5%_\/ L é‘len M2Q2 +L% et MQQQ " F

Rapidity divergences!! Ms linear in the log(Q”2) and

thus can be split in two pieces

® With the A-regulator, the soft function can be split to all orders as:

S(br;m%, 0% = S (br;ta,p! 7 ) Sy (brit g, %! )

Sy (bri!s 5! ) = \/S (%!p:’ !Pl‘+)
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Unpolarized Gluon TMDPDF: Result

® Only combining it with the (“right piece of the”) soft function we get a well-defined TMDPDF:

N CN Ca,pp?) = 5(1) x)+ 2—{ [CA — (520' CAmCA)](S(l! )

1 Ca, Bo
+ Oy (l SLi ! Lol 1—2> 51! @) 1P gLy + (1! #)Lr
| ! | 2 |
P, 1 2C4In@t 2) D) o0 '”(1' “)
(2 X 'z /,
CA TLf 7'('2
| 5(1! ey F O,z
5(1 x)( e 2)}

Rapidity divergences have been cancelled

® zeta_A 1s NOT a rapidity regulator, it is actually the hard scale (a "fraction" of it)

® Now let me continue with the re-factorization of the TMDPDFs (for an unpolarized proton)...
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3 Unpolarized Proton: Re-Factorization 1/4

® Inside an unpolarized proton we can have unpolarized or linearly polarized gluons:

1 2kE, ki
Gon (k)= 1 gl [ ki) + 5 (gt” |t )  9(a, k)
n!

o 1 [ . 20D
GM/L](ﬂfb)_'g f1(5’3 b7) + 2<9!M! 2 )hl (2, b7)

];Lg b2 —_ dzknJ— —ik,, 1 b k

B8 = 1 2 [ by b Jallurlr) W, k)

® The OPEs of (renormalized) unpolarized and Boer-Mulders gluon TMDPDFs are both given in

terms of the (renormalized) collinear quark/gluon PDFs:

- Ca b-%— g (bT;H) d:l? y )

fl,g/A (2, b5 Ca, 1) = (462!E) / 7 g<—j (Z,b15 1) frjm (2/T5p) + O(br Aqep)
J—qqg

o CAb%— g (br;p) )

hgin (@,b75CA, 1) = (4@2! E) / I) i (Z,br; ) fijm (x/Z;p) + O(br Aqep)
i =9.q.9
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Unpolarized Proton: Re-Factorization 2/4

® [First, the unpolarized collinear gluon PDF (gg channel):

" ! _ 2
flg’g/g (X, p) =1(1—-x)+ ﬁ {(% — lnAu—Q) Pyg|— 2Caln(1 — x) 1 X))((l +x9)
ln(l—X) Ca Nt #2
20 (M9) 20 g[S e, ]
P, = 2C. (1_xx)+ (1—x))((1+x) +|70 (1—x)

® Single UV pole: evolution given by DGLAP

® [R is regulated by A-regulator

® [Finite terms are regulator dependent. Only matter to obtain matching coefficients
® Rapidity divergences cancel between virtual and real diagrams
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Unpolarized Proton: Re-Factorization 3/4

® [ already showed you the result for the unpolarized TMDPDF in the gg channel.

® [For the gq channel we have (there are no rapidity divergences at this order):

~ 048 2b2
f?,g/q (z,b1; A, :u2) = o { Lt Pygq+ Crx Lt = 1H45_2!TE
A!
— ln_qu — CF ln(l — 33) — CF X N2
:u2 } Pyq = C'}:':L-l-(laj 7)
® The collinear quark/gluon PDFs necessary for gq channel are:
P 1 A~ _
fiq,g/q(a?,,u) — % [(gU—V ' ln?> qu I CFIH(]_ I ZC) I OFx 1q/q (X l,l) = | (1 — X)
® The OPE coetficients for unpolarized gluon TMDPDF are then:
" L% #? )
g/g(x br;p) = (1 —x)+ o '(1—X) Ca—- +$o ngLT—CAl—Z'(l—X)

(X bT1 l-l) - ;f [_quI—T + CFX]

g/q
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Unpolarized Proton: Re-Factorization 4/4

® For Boer-Mulders function the results are simpler (starts at order alpha and there are no rapidity
divergences to cancel):

Lg 2 1 Qk#ukév pv (O]
hl (Qf, knT) — g,uy o kg Gg/A (ZC, knT)
nl

Gluon to gluon channel:

Q 1—=«
220
27 F

Quark to gluon channel: ﬁig/q(w, br;Ca, MQ) =

® Using the previous results of collinear quark/gluon PDFs, the OPE coefficients for gluon Boer-
Mulders function are then:

® Next, the evolution of gluon TMDPDFs...
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Evolution (Resummation) 1/2

® We derive the evolution properties of gluon TMDPDFs from the factorization theorem:
, .
do ~ as(p) CZ(m, ) H(mi , 1) GYp (za, b1, SasCas i) Ggrp (28,b1, 585 (B , 1)

YG (O‘s(ﬁb)aln%> — _F?usp( ( ))ln% o WQ(QS(M))_/Yt(aS(M)) o BE;XS) d 4 5=
S n ,yO
dIn
16 (x5 ) = ~Tp () = 97(anu) () - P T
d o dD
t Known at 5-loopat! GGy (xn b1 Saita )= —Do(brip) ot =1,

® The evolution of all (un-)polarized gluon TMDPDFs is driven by the same evolution kernel:

| | | | ~ :
GS/A[pO](CUnabJ_aSAQQA,f E) = GS/A[pO](xnabJ_ysAECA,i i) RY by Cai s iy Car 5

' d —D g (br;ui)
RO(br;Cai s 17, Cas 5 1F) = €Xp {/u. fye (O(s(ﬂ) |nZAf >} (ZZAAfI )
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Evolution (Resummation) 2/2

® Similar to the quark case, the D, can be resummed:

glcginlji]g;ilscc'}llgfen DR(b+: i) = Da(br: a dji TA W, =2€ " /by
g(TaﬂLI)_ g(Talub)+ " E cusp X = al oLt
Y | T, | A a="!s(u) (4")
Dg(br;pi) =" Toln(ll.' X0t 5 x| 2 (X +In(1 ! X))+ WX
a2 A | 117 oV 2l 10A
o Ty 2)+ TO(X(z. X)) + 57 (X (X! 2)! 2In@1! X))+ o2 X
!Z!A ) $
+ lego(ln (1! X)! X?) + ..
® We obtain D, at 2-loops from - 404 - 112
e P 9(0)= CaCa - ! 143 | == CaTen

the quark case (Casimir scaling):

Widely separated
pxed scales!!
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Non-Perturbative Inputs for TMDs

® Take the unpolarized TMDPDF as an example (this discussion applies to quark/gluon TMDs).

! br ;10

f_:g’PERT(X b | _ !A,Ob%w Dy (b1 ;100) 1 dmﬁf o o -

179/A : T"A’IJ)_ 4e| 2vE Z ; g" ](E’ Tin) 1,3/A(X w’ l.l())
7=q,3,9" "

7’ d | | ' Dy (bT 3,“0)
X exp{/ﬂ #’"G (#S(p),lnEé)} (ﬁ) + O(br! qcp)

0

® The perturbative and non-perturbative regions are not well-separated:

br! Agép br" Agop
7 a0 D2 ) = FETERT (bt ) e B9 R br 1 )

k Should go to 1 for small br
® Different ways of parameterizing non-perturbative part and matching it with the perturbative:

' - — #9,PERT I, :g,NP _ 3 —DyNP (by)
f_llg,g/A (X’ bT ! !A ! u) - f_lg,g/A (X1 bll_ y !A ) “‘) f_lg’g/A (X1 bT y IA) flg:g]\;i(x,bT;CA) = gNP(gj7bT) (%)

F7 a0Gbr L a ) = FE00 0 by La, ) £770% (%, brs ! a)
For quarks: Talk by Ignazio

: . _ ¢0,PERT . | NP3 : |
f_f,g/A (X, br;ta, )= f_f,g/A (X’bT’!A’u)!b<bc f_f’g/A (X’bT’!A)!thC
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Measurement of Gluon BM at LHC

® Ratio of gluon Boer-Mulders and unpolarized TMDPDF contributions:

dzbe'baqTﬁ I(Xa, br;1a, u2) M} 9(xg, brile, 1)
dzbe'baqTf_iq(XA,bT,!A,Hz)f_f(XB,bT,!B, u?)

R(Xa,Xg,0r;mg,u%) =

® To give a quick prediction and a rough estimate, we take the b* prescription and the NP model
from Drell-Yan (Konichev-Nadolsky fit):

ff(anbT;m%I7m§—I) — ~g(ajA7bT;:ug :ub) ( !7/'LbamH)FNP(mA7bT7mH)

ﬁlg(anbTam%I7mH) B (anbTwub Hp )R(b' ;Mb7mH)FNP(CCA7bT7mH)
1Cx

FNP(g4 br.my) =expd! =2 [0.184111@ T 0.332} b2,
2 3.

® We integrate the anomalous dimension in the kernel analytically and take into account the c- and
b-quark thresholds.

® Consistent evolution at NLL (cusp anomalous dimension at 2 loops!)
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Measurement of BM at LHC...

® We plot the ratio R with evolution at NLLL

= 2€ E
f]?(xabT;Mgaﬂb) :fg/P (CIJI;,ub)‘I‘O(OéS), My = b
' N #
~ asCa  1dz = _
h'lg(xabT;:u%a:ub) == E EI 1 fg/P (xalub) b
AP # >0 = A b
OéSCF $ dr =T B 5 max
— =11 fyp (T;up) +O(ag)
Ty x T

0.12, Q=126 GeV

Q=99 GeV

0.10°

NLL Evolution

Boer, den Dunnen 1404.6753
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Conclusions and Outlook

® We derived the factorization theorem for the Higgs transverse-momentum distribution

® The cancellation of rapidity divergences between collinear and soft matrix elements leads us to

the proper definition of all (un-)polarized gluon TMDPDFs.
® We showed explicitly at 1-loop for unpolarized and Boer-Mulders TMDPDFs that rapidity

divergences cancel.
® We obtained the perturbative tails of the unpolarized and Boer-Mulders functions at NLO.

® We got the evolution for all (un-)polarized gluon TMDPDFs at NNLL (unpolarized TMDPDE,

gluon Sivers function, etc) and showed one preliminary application (gluon Boer-Mulders).

® [“xploit the evolution at NINLL to make more reliable predictions.

® Write explicitly the OPEs for all gluon TMDPDFs.
® Phenomenology... Waiting for the EIC!!
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Back up slides
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Definition of Gluon TMDPDFs

® With the A-regulator the gluon TMDPDPFs are defined as:
Gon (Ta,kn1, SasCa, 23 A7) = d?br € N N (za, by Sas i AT) S (b G, p A7)

!
Gg!/B (z8,kai,S8:¢s, p5 A" )= d®b €™ Ko J§ (zs,b ,Ss;pu% AY) Sk (b3 G, u% AY)

® At leading twist we have 8 different distributions:

kH k! k2
I [O ! | I ! !
Gha (% Kot ) = o ff’(x,kﬁT)+( e+ QM—TZ> hy 9(x, kit ),
A A

L] SRTURT. 2 !FT{UKH vl g 2 They include th
Gg/A (X, knt ) =it "g7 (XK ) + = oM 2 —"h " (X Kar ), o e el

ul [T] ul KT ST | g 2 G Knm - ST g 2
Gy (X Kot ) = —0 M—Af i (% Kgp ) — 1t M A Oit (X, Kir )

!FT{uk!% Kot - ST !FT{U !}_I_!IST{Hk!}
T - 5 : hif (X, Kir ) + = > | "Thi (x,Kir )
OM2  Ma
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