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Introduction/Outline

® Goal: derive the evolution of gluon TMDPDFs

® [For that we need to properly define individual TMDs in the context of a factorization theorem!!

® We take the Higgs transverse momentum distribution as a benchmark where gluon TMDPDF's

are relevant.

® Steps:

1.- Factorize the Higgs transverse momentum distribution
2.- Define gluon TMDPDFs by combining soft and collinear matrix elements.
* Motivation behind? Cancellation of Rapidity Divergences!!
3.- Unpolarized gluon TMDPDF at NLO (free from RDs)
4.- For an unpolarized proton: OPE coetficients for unpolarized and Boer-Mulders TMDPDFs.
5.- Derive the evolution kernel for all (un-)polarized gluon TMDPDFs

6.- Discuss non-perturbative inputs for TMDs

7.- Show a preliminary application of their evolution.
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Factorization: Overview

® | will show the derivation of the factorization theorem for

ha(P,Sa)+hg(P,Sp) — H(qr) + X

® Problem with different relevant scales:

Cy(mi/p?) Ci(mi /p?)

Cy(myi /1) Spin-Independent

Cr(m3y/p?) Cr(m3 /) Spin-Independent
SM
nf = 6
n Si/[ 5 _ T Spin-Dependent
! Gy p(@a,brymu, p) o
SCETqT l fg/P(xA;:u)
SCET][ AQCD

Same IR physics

Factorization = Multistep Matching
Theorem Procedure
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Factorization of the Top Quark

® The glue-glue fusion process i1s well approximated by an effective lagrangian:

’ 2 H
Top quar/c /:'eff — ai(é“ )Ct(mf, MZ) _~ pHvsa FS}/
(s ()

dominates!!

® The coetficient (and thus its anomalous dimension) is known up to 3-loops:

dInCy(m?, u? t . S
Zl(lzlu ) 7 (s () = o dov, BEXO; )

Not surprising, Jsince the effective
lagrangian bas pure Yang-Mills piece...

® The cross-section can then be written as:
1 O‘s(ﬂ)Qz 2 2 d’q /4—'-
do = C d iq-y
77 9 (12m> cm ) aeaE, | e
x Y (PSa, PSp|Ff, ' *(y) |X) (X| FaFP*(0) |PSa, PSp)
X
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Hard Part & Relevant Modes

® Now we integrate out the Higgs mass:

B = ~[n-PW]iD +*W,]

1
a ab v 9
Froe po o —s —2¢°Cr(—¢°, )gWB’nfL (STS) BY? o _
Wn(x)zpexp/ dsn - A% (x + ns)t®

0 _
( Known at 3-loopys!! Its Sp(z) = Pexp / dsn - A%(x + ns)t®

anomalous dimengion as well

Adjoint representation: (t*)°¢ = —ifobc

® And the cross section is given by:

2H d2QJ_ ]
do = oo(p) C?(m?, 1) H(myg, 1 iLyie d /d2 LYl
oo (1) m2; () O( ) t(mt7 ) ( H; ) J y(2 )2 YL €

72m(N2 — 1)sv? y
X 205 (@A, Yy, 1) Jnw (@B, Y1, 1) S(YL, 1)

= |Cul’

® Collinear and soft matrix elements are defined by:

U X P+ dy_ il — p+ v,a

I (@ayi,p) = —=5— [ 5= e TN PS4 BTy yn) [Xa) (Xal BT (0) |PSA)

Xn

1 ab ba
S(yL,pn) = NZ ] > {01 (SESR) " (yo) 1 Xs) (XS] (SIS.)™(0) |0)
C Xs

® Individually they are ill-defined!! They contain rapidity divergences (RDs)...
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Definition of TMDPDFs: Cancellation of RDs

MGE, Idilbi, Scimemi JHEP’12, PLB'13
® Pictorially, the relevant (anti-)collinear and soft modes are represented as:

ko ~ (1, 2%, )

( ) 1. |kt
kn ~ (A%, 1,)) y=gln =
ke ~ (A AN

® Naive collinear = A+B

¢ Soft = B

® Naive anticollinear = C+B

® (Pure collinear = A)

® (Pure anticollinear = C)

® [Fach piece is boost invariant and depends on
the difference of rapidities at the borders.

® x-section = (A+B) + (C+B)-B = A+B+C

® Divergences at yn and ynbar as spurius...

® (Anti-)Collinear and Soft are ill-defined!!!

So in order to cancel rapidity divergences, we define the TMDPDFs as:

G/;/VA(anknJ_aSA;CA7:u2) = A+ B,
GZ/VB(xBakﬁLaSB§CBaM2) =C + B,
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Definition of TMDPDFs: Cancellation of RDs

The goal is to cancel Rapidity Divergences. The particular regulator is irrelevant!!

MGE, Idilbi, Scimemi JHEP’12, PLB'13

® Rapidity regulator I: A-regulator (MGE, Idilbi, Scimemi1 JHEP'12)

ég}/A(mAabTaSA;CAaNQ) = J}" (w4, b1, Sa; Q% 1% AT) S (bri G, 173 AT) ?zgjé&
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Definition of TMDPDFs: Cancellation of RDs

The goal is to cancel Rapidity Divergences. The particular regulator is irrelevant!!

MGE, Idilbi, Scimemi JHEP’12, PLB'13
® Rapidity regulator I: A-regulator (MGE, Idilbi, Scimemi1 JHEP'12)
GZ/UA<CCA, br, Sa;Ca, ) = JH (x4, b7, Sa; Q% 1 A1) ST by Ca, 25 AT) EA - gz/a
B — (87
® Rapidity regulator 11: rapidity-regulator (eta) (Chiu, Jain, Neill, Rothstein PRL'12 )

é/;/VA(ajAabTasA;CAMUQ) — jﬁ’/ (O)(anbTasA;Qzaluz;V—;n) g—(bT;Mz;aV_;n) E:A:gz/&
B = 87
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Definition of TMDPDFs: Cancellation of RDs

The goal is to cancel Rapidity Divergences. The particular regulator is irrelevant!!

MGE, Idilbi, Scimemi JHEP’12, PLB'13
® Rapidity regulator I: A-regulator (MGE, Idilbi, Scimemi1 JHEP'12)

G (w4, br, a5 Cay pi?) = JBY (x4, br, Sa; Q% 1% AT) STHbrs Ca, % AT) EAZ;QZQ

® Rapidity regulator 11: rapidity-regulator (eta) (Chiu, Jain, Neill, Rothstein PRL'12 )
é/;/VA(ajAa bT7 SA7 CA) MZ) — jﬁ’/ (©) (QjAa bT7 SA7 Qza :u27 V_; 77) g— (bT7 :u27 av_, 77)

® Rapidity regulator I1I: "combining integrands" (Collins'l 1)

GhY (2a,br,Sa3Ca,s i) = Jm JF (2.4, b7, Sa; 1% yn)
Yn—>—0OC

\/ g(yn lyc) (a = (pT)Pe 2

S un) Sy ) o=
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Definition of TMDPDFs: Cancellation of RDs

The goal is to cancel Rapidity Divergences. The particular regulator is irrelevant!!

MGE, Idilbi, Scimemi JHEP’12, PLB'13
® Rapidity regulator I: A-regulator (MGE, Idilbi, Scimemi1 JHEP'12)
GZ/VA<CCA, br, Sa;Ca, ) = JH (x4, b7, Sa; Q% 1 A1) ST by Ca, 25 AT) EA - ng
5=
® Rapidity regulator 11: rapidity-regulator (eta) (Chiu, Jain, Neill, Rothstein PRL'12 )
~ ~ ~ N2
G/;/VA(an bT7 SA7 CA) MQ) — Jﬁy (©) (QjAa bTa SA7 Qza Mza V_; 77) S- (bT7 Mza av_, 77) =G /o

® Rapidity regulator I1I: "combining integrands" (Collins'l 1)

GhY (2a,br,Sa3Ca,s i) = Jm JF (2.4, b7, Sa; 1% yn)
Yn—>—0OC

\/ S(yn :yc) Ca = (p—|—)26—2yc

S un) Sy ) o=

® One could also use off-shellnesses, masses, “real A's”, analytic regulator, etc... Yet they all
mean (pictorially):

ég;jA(aZA,bT,SA;CA,,LLQ) = A+ B, Previous oslide!

® For partonic calculations we pick up the A-regulator (has nothing to do with “SCET?” label...)
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Cancellation of RDs at NLO

~

J

g/g

(z,br; Q% 1?) = 6(1 — x) + g;{ LUV > + QC’Aln%>] 6(1 —x)

AT Bo
_ o 2 .
— lnA—Qng — 2C4In(1 — x) L=zl +e7) 2C4 (ln(l :13))
7 T 1—= n
CA nf 7T2

Pyy = 2C.1 [(1 _xx)+ U _x):(cHx )] + %5(1 )

® There are un-cancelled rapidity divergences!! It's ill-defined no matter which regulator we use.

® Only combining it with the (“right piece of the”) soft function we get the well-defined TMDPDF
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Splitting of the Soft Function

as.C 4 2 2 A-AT A-AT) 7?2
br: Q% ) =1+ — S 1 L2 +2L71 —
(T»Q p) =1+ [ €%v+5UVnM2Q2 + Lp + THMQQQ + 6

Rapidity divergences!! Ms linear in the log(Q”2) and

thus can be split in two pieces

® With the A-regulator, the soft function can be split to all orders as:

S(br; myy, 1) = 5- (br; Ca, 1% A7) Sy (br; (o, p?; A7)

~ ~ (A~ A~

[ ] 2. - —
5= (bria s A >\/S(—p+ ) B
Bnbar

- - 1 AT AT
Sy (br; Cp, p? AT) = \/S (— )

apt’ p
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Unpolarized Gluon TMDPDF: Result

® Only combining it with the (“right piece of the”) soft function we get a well-defined TMDPDF:

ﬁwgummm¢6&1w+9i{F§%l (3 - cams )| o0

2T 8%\/ EUV v
1 (a Bo

—+ CA <_§Lf21” — LTIHP — 1—2> 5(1 — CE) — ngLT + 7 (1 — CIZ)LT

A~ — 2 —
—In—-Pyy — 2C4In(1 — z) Lol +o7) 204 (ln(l $)>

7 x 1 —=x n

CA TLf 7'('2

—0(1 — — — 2 -

-0 (P CAHMQ>}

Rapidity divergences have been cancelled!!

® zeta_A 1s NOT a rapidity regulator, it is actually the hard scale (a "fraction" of it)

® Now let me continue with the re-factorization of the TMDPDFs (for an unpolarized proton)...
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3 Unpolarized Proton: Re-Factorization 1/4

® Inside an unpolarized proton we can have unpolarized or linearly polarized gluons:

G,uz/[O] L L Uy pg 1.2 1 % Qk’iLLJ_kZJ_ hJ—g L2
g/A (':C7 nT)__gJ_ fl (ZC7 nT)+2 gJ_ k2J_ 1 (CE, nT)

G0 w,br) = g w b3) + 2 (g = 2L ) o, 83
g/A L g1 JilL,07) T 5 i 72 1 \T, 0
1

- ki o b,
ff(x7b%):/ (271') € fon s b f1<x7k721T>

hi?(z,b%) = —ZW/dknT bt Jo(knrbr) hy? (z, ko)

® The OPEs of (renormalized) unpolarized and Boer-Mulders gluon TMDPDFs are both given in

terms of the (renormalized) collinear quark/gluon PDFs:

_ CAbCQF Dy (br;u) 1 dz -
1 g/4@ b3 Ca, 1) = ( ) > / - — I (2,0 p) f15/4(x /%5 1) + O(brAqep)

de—27VE e
i=4q,4,9

Ae—27E

~ 1 g CAbCQF Dg(br;p) 1 A7 . )
hlyg/A(x,bT;CA,,u) = Z €]g<_j(37 br; 1) f1 J/A(CU/CU 1) + O(brAqep)
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Unpolarized Proton: Re-Factorization 2/4

® [First, the unpolarized collinear gluon PDF (gg channel):

2

flg,g/g(x,,u) =0(l—x)+ %s {(L — lng) Pggl— 2C aln(1 — x) L=-a)d+27)

27 EUV v i
In(1 — 2
_QCA(ni 2) _5<1_:,;>[Q4_W—20A+c,4”]}
- 47 6 9 2
_ z L-—2)A+2*)]  Bosy
Pgg =2C4 [(1—w)++ . +75(1 z)

® Single UV pole: evolution given by DGLAP

® [R is regulated by A-regulator

® [Finite terms are regulator dependent. Only matter to obtain matching coefficients
® Rapidity divergences cancel between virtual and real diagrams
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Unpolarized Proton: Re-Factorization 3/4

® [ already showed you the result for the unpolarized TMDPDF in the gg channel.

® [For the gq channel we have (there are no rapidity divergences at this order):

g

flg,g/q(x’ br: . 1%) = o { ~ LrPgq + Cra Lt = IH4Z—Q§E
A_

— 1H_P — CFIH(]. — 33) — CFCC N2

p2 9 } P, :CF1+(1 )

® The collinear quark/gluon PDFs necessary for gq channel are:

P 1 A~ q _
11 g/q(@ 1) = - K(SU—V - hlﬁ) Pgq — Crin(l —z) — CFxl f1q7q(@p) =0(1 —x)

® The OPE coetficients for unpolarized gluon TMDPDF are then:

I’ (2,bryp) = 6(1 == 1501 = N B S . 10
9/9\@ 013 p) = 0(1 —x) + o |0(1 — @) ( Ca—- + Po—- | = PygLr — Cap50(1 — 2)
~ Qg

I;/q(xa br; p) = o [—PgqLr + Cra]
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Unpolarized Proton: Re-Factorization 4/4

® For Boer-Mulders function the results are simpler (starts at order alpha and there are no rapidity

divergences to cancel):

v
o

2%kt Lt

nu'Vny v|O .
hng(a:, kiT) = (9[; — k’; ) Gg/ix ](xaknT> :
nl Q

—
>,
3
>,
>,
3
b,
*

~ Qg 1l —=x

Gluon to gluon channel: hig/g (z,br;Ca, 1?) = %QCA - >
~ Qg 1l —=x

Quark to gluon channel: hig/q(x’ br; Ca, p*) = %QCF .

® Using the previous results of collinear quark/gluon PDFs, the OPE coefficients for gluon Boer-

Mulders function are then:

® Next, the evolution of gluon TMDPDFs...
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Evolution (Resummation) 1/2

® We derive the evolution properties of gluon TMDPDFs from the factorization theorem:

do ~ CVS(,LL) Ctz(mt27 M)H(m%{7 ,u) GS/VA(an bJ_a SA; CA? :UJ) ég/B,ul/(xBa bJ_a SB; CB? :u)

‘ Blas
G (Oés(,u),lni—g> = —F?usp(cys(u))lnﬂ—g — 79(048(M))_%(045(,LL)) _ E)é ) ;
i —In0O = YO
C C 6 Qg dln,u
16 (.05 ) = Ty 0105 — 99 () 0) - P
4G dD
t Known at 3-loops!! InC lnG[gp/ji] (n,b1,54;Ca, ) = —Dy(br; 1) dlnz = F?usp

® The evolution of all (un-)polarized gluon TMDPDFs is driven by the same evolution kernel:

~uv |pol v [pol B
Gg/f[xp ]<xn7bj_75A;gA,f,,LL?v) ZGZ/AP @y b1, Sa;Casis pu2) RY (b3 Cavis 175 Ca g5 17)

N 2 2 . —Dg(br;ps;)
R (brs Casis 1> Ca.ps Hy) = X {/ Z 7 )
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Evolution (Resummation) 2/2

® Similar to the quark case, the D, can be resummed:
MGE, Idilbi, Schafer,

. . , Hi di — 26—’7E/b
Scimemi EPJC'13 DR = ) = D. (br: / _IMFA Hb T
J (b ) o(br3 1) + wy, M TP X =apfoLr
4 A A a = os(pq)/(4m)
1 ’ T4 NG rA
+ 3 (1 _‘LX> [2d2(0) + 2—520()((2 - X)) + 521581 (X(X —2)—2In(1 - X)) + 522530 X2
+ﬁfr6‘ (In*(1 — X) — X2)] + ...
265

® We obtain D, at 2-loops from 404 112
Co : d5(0) = CaCp | — — 14 — | —= | CAT
the quark case (Casimir scaling): 2(0) AxA ( 27 C?’) ( 27 ) ALFTS

Widely separated
fixed scales!!

QQ
S“eay o
..-----.. T

| | | | | | | i el el el Bl

0.15 0.2

r(GeV™
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Non-Perturbative Inputs for TMDs

® Take the unpolarized TMDPDF as an example (this discussion applies to quark/gluon TMDs).

79, PERT GA ObQT ~Palbrino) b dz rf
Fga (x’bﬂ@h“):( ’ ) > / — Ly (T, b1 10) 1 ;14 (2/T; 10)

de=2E )y
J=4q,9,9
Hdi ) " " —Dg(br;po)
X exp {/ T,u ole (ozs(,u), ln<—2>} <C—> + O(brAqcp)
MO ILL ILL CA,O
® The perturbative and non-perturbative regions are not well-separated:

br <AGeD br>>AGEp

5 9. PERT , 29, NP .
flg,g/A(xabT;CAmu) — iq,g/A (vaT7CA7:u) flg’g/A(xabT7CA)

L Should go to 1 for small br

® Different ways of parameterizing non-perturbative part and matching it with the perturbative:

£ 9, PERT o ;g,NP . 3 —DyNP (br)
ff,g/A(x’bT;CA’“) ~ iq,g/A (, b73 Cas 1) flg,g/A (,b13Ca) fi (@, br; Ca) = g™ (2, br) (%)

5 ~9.PER 29 NP
f]g_],g/A(xabT;CAmUJ) — iq,g/z T(wabT;CAnu) fiq,g/Az(xabT;CA)
For quarks: Talk by Ignazio

- . _ 79,PERT . Fo, VB3 ,
f1,g/A(£IZ,bT,CA7M) — J1,g/A (2, br;Ca, 1) b<b, * 19/A 2, br3a) b>be
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Measurement of Gluon BM at LHC

® Ratio of gluon Boer-Mulders and unpolarized TMDPDF contributions:

fd2b€2b ar hJ_ (a:AabT7CA7 )ili_g(xBabT;CBmuz)

R(CCA,IB,QT;TTLQ 7“2) — ~
" fdeGZb qr fl (:EAabTng) )flg(xBabT;CBmu2)

® To give a quick prediction and a rough estimate, we take the b* prescription and the NP model
from Drell-Yan (Konichev-Nadolsky fit):

fg(anbTam%—Iamil) ~1g(ajA7bT;:ug7:ub)

( *7/’LbamH)FNP(:UA7bT7mH)
hi_g(anbT;milvmz ) — hl (33AabT§H%aMb)R( >l<7:ub7mH)FNP(ajAabT7mH)

1 C
FNP (34 by my) = expd —= -2 [0.184111@ T 0.332} b2,
2 3.

® We integrate the anomalous dimension in the kernel analytically and take into account the c- and
b-quark thresholds.

® Consistent evolution at NLL (cusp anomalous dimension at 2 loops!)
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Measurement of BM at LHC...

® We plot the ratio R with evolution at NLLL

£ (2, b pd ) = foyp (5 1) + Olas)

~ C'a Ydz /7
P9 b 2 _ Qs / ax (_ _ 1) -

;C ' dz (3 .
* ;/x % (g N 1) fayp(T; ) + O(a3)

Q=126 GeV
Q=9.9 GeV

0.12;
0.10°

NLL Evolution

Boer, den Dunnen 1404.6753
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Conclusions and Outlook

® We derived the factorization theorem for the Higgs transverse-momentum distribution

® The cancellation of rapidity divergences between collinear and soft matrix elements leads us to

the proper definition of all (un-)polarized gluon TMDPDFs.
® We showed explicitly at 1-loop for unpolarized and Boer-Mulders TMDPDFs that rapidity

divergences cancel.
® We obtained the perturbative tails of the unpolarized and Boer-Mulders functions at NLO.

® We got the evolution for all (un-)polarized gluon TMDPDFs at NNLL (unpolarized TMDPDE,

gluon Sivers function, etc) and showed one preliminary application (gluon Boer-Mulders).

® [“xploit the evolution at NINLL to make more reliable predictions.

® Write explicitly the OPEs for all gluon TMDPDFs.
® Phenomenology... Waiting for the EIC!!
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Back up slides
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Definition of Gluon TMDPDFs

® With the A-regulator the gluon TMDPDPFs are defined as:
G (x4, kn1,Sa5Ca, n% A7) = /deJ_ et Fnl JHY (24,01, Sa; s A7) S_(br; Ca, p*s A7)

GLs(x, kai, Sp;Cp, u AT) :/d%L et Fnt JH(2p, b1, Spy s AT) Sy (b Cp, 0% AT)

® At leading twist we have 8 different distributions:

VN 2
v[O] _ 1% 2 knJ_knJ_ v knT 1 2
G/;/A (517, knT) - gi fiq($7 knT) -+ ( Mi T gi 2M31> hl 9(337 knT) Y

kr{p v} .
pv|L] . uvy g 2 € kg 2 They include the
Gg/A (, knr) = i€ \" X gl (xz,kip) + e ANhi7 (x kor)

pv T Uv elj_TST lg 2 : k. - St
Gg/A (2, knr) = =9 My T (@, knp) — i€ M4 9i7(2, kyp)

kr{p qv} Sr{p v}
Ll Bt Sty 2y ¢ LI R g2

AM 5
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