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Outline: 

*focus entirely on helicity structure 



Introduction 



!∆q(x) =

!∆g(x) =

• in QCD: ∆q(x, µ2), ∆g(x, µ2)

• DGLAP evolution: 



•  proton helicity sum rule: 

•  known for past ~25 years: ∆Σ ∼ 0.25� 1

Jaffe, Manohar; Ji, Hoodbhoy, Lu;  Brodsky; 
Ji, Yuan; Wakamatsu; Chen et al.; Burkardt;  
Leader et al.; Ji, Zhang, Zhao; Lorce; 
Hatta; … 



Δq, Δg  “beyond the proton spin sum rule” 

•  flavor / sea structure  

∆ū vs. ∆d̄

large-Nc,  
chiral quark models,  
meson cloud,… 
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Models of nucleon structure, e.g.: 

•  lattice    (à recent work by X. Ji et al.) 



•  connection to hyperon β-decays, SU(3) 

•  strangeness?  

(axial charges) 

Bjorken;  
Ellis, Jaffe; 
Sehgal; 
Karliner, Lipkin; 
Ratcliffe;… 

? 
Savage, Walden; … 



Overview of global analyses 



Key players over past ~4 years: 

DSSV: De Florian, Sassot, Stratmann, WV, PRL 113 (2014) 012001 

NNPDF: Nocera, Ball, Forte, Ridolfi, Rojo, NPB 887 (2014) 276 

LSS: Leader, Stamenov, Sidorov, PRD 82 (2010) 114018; 
                                                       arXiv:1410.1657 

BB: Blümlein, Böttcher, NPB 841 (2010) 205 

JAM: Jimenez-Delgado, Accardi/Avakian, Melnitchouk, (+Sato),
                                       PRD 89 (2014) 034025; PLB 738 (2014) 263

(also:  COMPASS (Andrieux et al.), Arbabifar et al.
          “older generation” GRSV, AAC,…) 

BBS: Bourrely, Buccella, Soffer, PRD 83 (2011) 074008, 
                                                       arXiv:1408.7057
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(Some) news and highlights 



Not so new: 

Strangeness “puzzle”               (DSSV 2008) 

(NNPDF) 

inclusive
DIS &
3F-D  

SIDIS 

(see also LSS) 



Evidence for ∆g �= 0

à see talk C. Aidala 



à see talk M. Stratmann 

DSSV 



à see talk E. Nocera 

reweighting based on 
1000 replicas; about 
250 survive 

NNPDF 



Implications: 

1
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≈ 1
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∆Σ + ∆G + 0 ?
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W bosons at RHIC �−

ν̄

W−
ū

d

Ae−

L ∼ ∆ū(x1)d(x2)(1− cos θ)2 −∆d(x1)ū(x2)(1 + cos θ)2

ū(x1)d(x2)(1− cos θ)2 + d(x1)ū(x2)(1 + cos θ)2

ūd
∼ (1 + cos θ)2θ

∼ (1− cos θ)2
ū d

θ



DSSV ‘14 

GRSV 2000 
Based on: 

∆uv +∆dv = 3F −D

∆d̄

∆ū
=

∆u

∆d

(Glück, Reya) 

(new NLO calc. 
  by F. Ringer) 

BBS 



NNPDF 



NNLO evolution 

Moch, Rogal, Vermaseren, Vogt 2008 
Moch, Vermaseren, Vogt 2014 

• DGLAP evolution: 

Ahmed,Ross 
Altarelli,Parisi,… 
1977 

Mertig, van Neerven 
WV  1995 

∆Pij =
αs

2π
∆P (0)

ij +
�αs

2π

�2
∆P (1)

ij +
�αs

2π

�3
∆P (2)

ij + . . .



−→ (∆)PN
qq , (∆)PN

qg

Gluons in unpol. case: 

scalar 
−→ PN

gq , P
N
gg

Pol. case: 

graviton 
−→ ∆PN

gq , ∆PN
gg



•  however, tensor-structure à huge number of integrals 

•  one can prove that final answer contains only harmonic  
   sums, e.g., 
 
 
 
 
    with integer coefficients (in suitable overall normalization)  

Sm(N) =
N�

i=1

1

im

•  à if enough fixed moments are known, one can reconstruct 
        full result for arbitrary N  

N = 25 : −1890473255283802937678830745102921869938637

2341941741351147451035212

       part of             : ∆P (2)
gqC3

A



∆P (2)
gg (x)



•  another important aspect: 
   (dimensional regularization)   γ5, εµνρσ

•  ‘t Hooft-Veltman or Larin treatments 

•  requires one to do scheme transformation at NLO 
    to avoid problems w/ non-singlet axial current and Bj sum rule 

•  already an issue at NLO WV  1995 

LO: 
+

+

−4CF �(1− x)

d = 4− 2�(                     dimensions) 

P (0)
qq (x) = ∆P (0)

qq (x)



•  in accordance with large-x helicity arguments 
Brodsky, Burkardt, Schmidt 

•  discovery of interesting large-x feature: 
Moch, Rogal, Vermaseren, Vogt  

LO: P (0)
ij (x) − ∆P (0)

ij (x) ∼ (1− x)2 + . . .

NLO: 

P (1)
qg (x) − ∆P (1)

qg (x) ∼ (1− x)2 + . . .

P (1)
gg (x) − ∆P (1)

gg (x) ∼ (1− x) + . . .

P (1)
qq (x) − ∆P (1)

qq (x) ∼ (1− x) + . . .

P (1)
gq (x) − ∆P (1)

gq (x) ∼ log(1− x) + const.+ . . . ?! 



•  can be “repaired” by simple fact. scheme transformation: 

∆P̃ (1)
qq = ∆P (1)

qq − β0 z
(1)
qq −∆P (0)

qg z(1)gq

∆P̃ (1)
qg = ∆P (1)

qg +∆P (0)
qg z(1)qq

∆P̃ (1)
gq = ∆P (1)

gq −∆P (0)
gq z(1)qq +

�
∆P (0)

qq −∆P (0)
gg − β0

�
z(1)gq

∆P̃ (1)
gg = ∆P (1)

gg +∆P (0)
qg z(1)gq

where z(1)gq = −CF (2− x)z(1)qq = −4CF (1− x)

•  after this: 
P (1)
gq (x) − ∆P (1)

gq (x) ∼ (1− x)2

•  can be extended to NNLO 



Moch, Vermaseren, Vogt 2014 

NLO 



effects of NNLO evolution 



Toward high x 



∆u + ∆ū

u + ū

∆d + ∆d̄

d + d̄

DSSV ‘08  

Avakian, 
Brodsky, 
Deur, 
Yuan  d−(x) =

1

xα

�
Cd(1− x)5 + C �

d(1− x)5 log2(1− x) +Dd(1− x)6
�



à bright future also at JLab12 

~4 units in χ2 



•  recent refined analysis: Jimenez-Delgado, Avakian, Melnitchouk 

force 
Δd/d à1  

∆q +∆q̄ = Nxα(1− x)β +N �xα�
(1− x)β

�
log2(1− x)



•  however: perturbation theory also generates log2(1-x): 

Ci
q = e2q

�
δ(1− x̂) +

αs

2π
CF

�
(1 + x̂2)

�
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1

2
log2(1− x) f(x)

where 

Same logarithms for unpol. and pol. cases 

Logarithms recur at all orders of perturbation theory 



•  Mellin moments: 
αs

�
ln(1− x̂)

1− x̂

�

+

←→ αs log
2(N)

•  kth order of perturbation theory: 

αk
s log

2k(N), αk
s log

2k−1(N), αk
s log

2k−2(N), . . .

•  can be resummed to all orders: Sterman; Catani, Trentadue; … 



Cresum
q ∼

Aq(αs) =
αs

π
CF +

�αs

π

�2
. . . Bq(αs) =

αs

π

�
−3

2
CF

�
+

�αs

π

�2
. . .

•  recent development: resummation for spin asymmetry 

Anderle, Ringer, WV ’13; 





“resummed PDFs”: 



Anderle, Ringer, WV ‘13; 
Sterman, WV 

αk
s

�
lnm(1− x̂)

1− x̂

�

+

�
lnn(1− ẑ)

1− ẑ

�

+

(m + n ≤ 2k − 2)

•  another recent development: resummation for SIDIS 

•  à double Mellin moments: 



SIDIS multiplicity spin asymmetry: 



Conclusions: 
Many exciting new developments: 

• gluons may contribute (significantly) to proton spin! 

25-30% 70% ?? 

• new information on nucleon sea   (SIDIS vs W± ?) 

• state of the art global analyses:  DSSV, NNPDF, … 

• new frontiers of perturbation theory: NNLO, resummation  


