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Eikonal Scattering

Rapidity Evolution: Integrate quantum fluctua-

tions aµ with effective action obtained by expansion

around classical eikonal solution (in A+ = 0 gauge)

ÔY+∆Y ∝
∫

∆Y [Daµ]δ(a+)eiS0[a
µ;A−]ÔY [A

− + a−]

S0[aµ;A−] = SYM[δµ−A−] +
δ2SYM[Aρ+aρ]

δaµδaν

∣∣
aµ=0

aµaν

= 1
2

∫
d4x[ai(−D2)ai + (∂+a− + ∂ia

i)2]

= −1
2

∫
Λ0<|p+|<Λ0e∆Y

dp+

2π

∫
x+y+xy a

µ
b (x+,x, p+)

×G−1, bc
µν (x+,x; y+,y; p+)aνc (y

+,y, p+)
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The target field is strong (gA− ∼ O(1)), but one can expand in gaµ � 1 to get

∆H = 1
2

∫
Λ0<|p+|<Λ0e∆Y

dp+

2π

∫
x+

1 x
+
2 x1x2

Ja(x+
2 ,x2)G−−ab (x+

2 ,x2;x+
1 ,x1; p+)Jb(x+

1 ,x1)

ÔY +∆Y − ÔY ≡ ∆HÔY
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Lorentz Contraction in
High-Energy Scattering

Target = Shock-
wave at x+ = 0

⇓
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JIMWLK Hamiltonian

For a gluon crossing a shockwave target, the background
field propagator is essentially a Wilson line

U
†
x = P exp

[
ig
∫

dx+A−a (x+,x)T a
]

and then (
∫

dp+/p+ → ln(1/x))

∆H = ln 1
xHJIMWLK

HJIMWLK = 1
(2π)3

∫
Kxyz(U †x − U †z)ab(U †y − U †z)acRb

xR
c
y

+ + + + + + + · · ·

Ra
uU

R†
x = igδuxU

R†
x T aR

Kxyz = KixzKiyz ︸ ︷︷ ︸
=2gta

ελ·k
k2

∫
d2k
(2π)2e

ik·(x−z) = ig
π t

aεiλ
(x− z)i

(x− z)2︸ ︷︷ ︸
≡Kixz
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Color Glass Condensate: Target Average

valence quarks and a few of these fluctuations are visible. Moreover, in a low

rgy nucleon, there will typically be interactions between its constituents during

collision with the probe, thus making low energy reactions very complicated.

4. Parton content of a nucleon or nucleus at high energy, as seen in the laboratory frame.
: boosted nucleus and its gluonic content. Right: fluctuations inside a boosted nucleon.

However, this picture is dramatically modified when the reaction involves a high

rgy nucleon, due to relativistic kinematics (see the figure 4). Firstly, the geometry

he nucleon changes due to Lorentz contraction: at very high energy, the nucleon

pears essentially two-dimensional in the laboratory framea. Simultaneously, all

internal timescales of the nucleon –in particular the lifetimes of the fluctuations

Lorentz contraction allows to consider the scattering with the tar-
get as an average ovedr different field (Wilson line) configurations
in the target [Color Glass Condensate Factorization]

〈T |Ŝ|T 〉 =
∫
DUDŪ〈T |Ū〉〈Ū |Ŝ|U〉〈U |T 〉

For elastic or inclusive observables in the target, Ŝ is diagonal in Wilson line

space

WY [U ] is the target ’wavefunction squared’ (classical probability amplitude)

〈T |Ŝ|T 〉 =
∫
DUŜUWY [U ]
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Multiparticle Production & Rapidity Correlations:
Phenomenology

Ridge in AA, pA and pp Collisions Observed dihadron
correlations long-ranged in ∆η and collimated in ∆φ2.4
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• While these correlations can be attributed to final-state effects in
AA that is most surely not the driving mechanism in
high-multiplicity pA and pp collisions
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• Need to understand initial correlations

• Multiparticle production at well-separated rapidities

Particle Production in pA with Rapidity Correlations Diffraction 2014 José Daniel Madrigal
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A Foray into the Literature

� In diffractive and semi-inclusive production processes, one needs to track
independently direct and complex conjugate amplitudes

� A number of production processes computed in the literature for DIS and
pA collisions, but vast majority for forward rapidities

• Inclusive gluon production in quark (proton)-nucleon collisions [Kovchegov & Mueller

’98; Kopeliovich, Tarasov & Schäfer ’99; Dumitru & McLerran ’02; Kovchegov & Tuchin ’02]

• Single inclusive quark valence production [Kovchegov & Mueller ’98; Kopeliovich, Tarasov

& Schäfer ’99; Dumitru & McLerran ’02; Kovchegov & Tuchin ’02]

• Prompt photon and Drell-Yan dilepton production [Gelis & Jalilian-Marian ’02;

Kopeliovich et al. ’03; Baier et al. ’04]

• Inclusive gluon-gluon and gluon-valence quark production [Jalilian-Marian &

Kovchegov ’04; Beier et al. ’06; Kovner & Lublinsky ’06]

• Inclusive qq̄ production [Blaizot, Gelis & Venugopalan ’04; Kovchegov & Tuchin ’06]
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Doubling the Degrees of Freedom

� JIMWLK gives rapidity evolution of amplitude =⇒ not directly
applicable at cross-section level

(!) However, notable relation between pT broadening cross-section

dN

d2p
=

∫
d2x

(2π)2
e−ip·xS̃(x);

S̃(x) =
1

Nc
Tr〈A| T̄ (U†0e−i

∫
d4yLI (y))T Uxei

∫
d4yLI (y))︸ ︷︷ ︸

Replaceable for only one T in Schwinger-Keldysh contour

|A〉

and amplitude for dipole-nucleus scattering

S(x) =
1

Nc
Tr〈A|T (U†0Uxei

∫
d4yLI (y))|A〉

When rapidity evolution is allowed between emitted particles, these

quantities are not obviously related, however they coincide at LO [Kovchegov &

Tuchin ’02] and NLO [Mueller & Munier ’12]
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Doubling the Degrees of Freedom
The doubling of the contour in production processes suggests using

independent Wilson lines for direct and conjugate amplitudes [Hentschinski,

Weigert & Schäfer ’05; Kovner, Lublinsky & Weigert ’06]

−∞ −∞+∞x+ = 0 x+ = 0

x x̄

U Ū
H11 H22

H12

implementing quantum interference between direct and conjugate amplitude

Hevol = HJIMWLK[U,R;U,R] +HJIMWLK[U,R; Ū , R̄] + 2HJIMWLK[Ū , R̄;U,R]

HJIMWLK[U,R; Ū , R̄] =
1

(2π)3

∫
uvz
Kuvz(U†u − U†z)ab(Ū†v − Ū†z)acRb

uR̄
c
v .
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Semi-Inclusive Multiparticle Production with
Rapidity Evolution

� One can take advantage of the U − Ū formalism to generate
on-shell gluons with a production Hamiltonian [Kovner, Lublinsky & Weigert

’06; Iancu & Triantafyllopoulos ’12]

Hprod(k) =
1

4π3

∫

yȳ

e−ik·(y−ȳ)

∫

uv

KiyuKiȳv(U†u − U†y)ca(Ū†v − Ū†ȳ)cbRauR̄
b
v

• Different coordinates in direct and conjugate amplitude needed for measuring

the particle momentum

� Both Hevol and Hprod act sequentially upon a generating functional
describing the projectile, e.g.

ŜAxx̄ =
1

N2
c − 1

Tr[U†xŪx̄] (gluon); Q̂Fxyȳx̄ =
1

Nc
Tr(V †xVyV̄

†
ȳ V̄x̄) (quark dipole)
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Semi-Inclusive Multiparticle Production with
Rapidity Evolution

Then, a general semi-inclusive multiproduction cross-section in the eikonal
approximation can be written in the form [Kovner, Lublinsky & Weigert ’06; Iancu &

Triantafyllopoulos ’12; Iancu, JDM & Triantafyllopoulos ’14]

dσP(p1,··· ,pn)A→P(q1,··· ,qn)g(k1,∆Y1)···g(km,∆Ym)X

d2q1dyq1 · · ·d2qndyqnd2k1dyk1 · · ·d2kmd2ykm
=

n∏

i=1

p+
i δ(q

+
i − p+

i )

× 1

(2π)4+2n

∫

x1x̄1···xnx̄n
e−i[q1·(x1−x̄1)+···+qn·(xn−x̄n)]

〈
Hprod(km)eHevol∆Ym

×Hprod(km−1)eHevol∆Ym−1 · · · ×Hprod(k1)eHevol∆Y1Zxi,x̄i |U=Ū

〉

Y

,

• Here, we are measuring the momenta of all components of the projectile,
associated to the generating functional Zxi,x̄i
• After generating all emissions, we set U = Ū for target average
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An Illustrative Example
Cross-Section for Gluon Production at a Rapidity
Separation δY & α−1

s in Dipole-Nucleus Scattering (at large-Nc)
[Iancu, JDM & Triantafyllopoulos ’14]

dσq(p1)q̄(p2)A→q(q1)q̄(q2)g(k,δY )X

d2q1dyq1d2q2dyq2d2kdyk
=

∏2
i=1 p

+
i δ(p

+
i − q

+
i )

(2π)8

∫
xx̄yȳ

e
−i[q1·(x−x̄)+q2·(y−ȳ)]

×
〈
Hprod(k)Q̂

F (1)
xyȳx̄|V=V̄

〉
Y
,

Q̂
F (1)
xyȳx̄ = Q̂

F
xyȳx̄ +

ᾱ δY

4π

∫
z

(Mxyz +Mxx̄z −Mx̄yz)Ŝ
F
xzQ̂

F
zyȳx̄

+(Mxyz +Myȳz −Mxȳz)Ŝ
F
zyQ̂

F
xzȳx̄

+(Mx̄ȳz +Mxx̄z −Mxȳz) ˆ̄S
F
zx̄Q̂

F
xyȳz

+(Mx̄ȳz +Myȳz −Mx̄yz) ˆ̄S
F
ȳzQ̂

F
xyzx̄

−(Mxyz +Mx̄ȳz +Mxx̄z +Myȳz)Q̂
F
xyȳx̄

−(Mxyz +Mx̄ȳz −Mx̄yz −Mxȳz)Ŝ
F
xy

ˆ̄S
F
ȳx̄

−(Mxx̄z +Myȳz −Mx̄yz −Mxȳz)Q̂
F
xzzx̄Q̂

F
zyȳz,

Mxyz = Kxxz +Kyyz − 2Kxyz
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An Illustrative Example

〈
Hprod(k)Q̂

F (1)
xyȳx̄|V =V̄

〉
Y

=
ᾱ

2π

∫

ηη̄

e−ık·(η−η̄)

×
{
Ki
ηxKi

η̄x̄ [Sx̄xyȳ − SηxSx̄ηyȳ − Sx̄η̄Sη̄x̄yȳ + Sx̄xηη̄Syȳη̄η]

+Ki
ηyKi

η̄ȳ [Sx̄xyȳ − SyηSηȳx̄x − Sη̄ȳSyη̄x̄x + Sx̄xηη̄Syȳη̄η]

−Ki
ηyKi

η̄x̄ [SyxSx̄ȳ − SηxSx̄ηyȳ − Sη̄ȳSyη̄x̄x + Sx̄xηη̄Syȳη̄η]

−Ki
ηxKi

η̄ȳ [Sx̄ȳSyx − SyηSηȳx̄x − Sx̄η̄Sη̄x̄yȳ + Sx̄xηη̄Syȳη̄η]

}

− δY ᾱ2

8π2

∫

ηη̄z

e−ık·(η−η̄) S;

Si1i2i3i4···in−1in =
1

Nc

〈
Tr(Vi1V

†
i2
Vi3V

†
i4
· · ·Vin−1V

†
in

)
〉
Y

; ᾱ =
g2Nc

(2π)2
.
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An Illustrative Example
S ≡ Ki

ηxKi
η̄x̄

[
(Mxyz +Mx̄ȳz +Mxx̄z +Myȳz) {Sx̄xyȳ − SηxSx̄ηyȳ − Sx̄η̄Sη̄xyȳ + Sx̄xηη̄Syȳη̄η}

+(Mxx̄z +Myȳz −Mxȳz −Mx̄yz)Syȳ {Sx̄x − Sx̄ηSηx − Sη̄xSx̄η̄ + Sη̄ηSx̄xηη̄}
+(Mx̄yz −Mx̄ȳz −Myȳz)Szȳ {Syzx̄x − SηxSx̄ηyz − Sx̄η̄Sη̄xyz + Sx̄xηη̄Syzη̄η}

+(Mxȳz −Mxyz −Myȳz)Syz {Szȳx̄x − SηxSx̄ηzȳ − Sx̄η̄Sη̄xzȳ + Sx̄xηη̄Szȳη̄η}
]

−Ki
ηxKi

η̄ȳ

[
(Mxyz +Mx̄ȳz +Mxx̄z +Myȳz) {Sx̄ȳSyx − SyηSηȳx̄x − Sx̄η̄Sη̄xyȳ + Sx̄xηη̄Syȳη̄η}

+(Mxȳz −Mx̄ȳz −Mxx̄z)Sx̄z {SzȳSyx − SyηSηȳzx − Szη̄Sη̄xyȳ + Szxηη̄Syȳη̄η}

+(Mxȳz −Myȳz −Mxyz)Syz {Sx̄ȳSzx − SzηSηȳx̄x − Sx̄η̄Sη̄xzȳ + Sx̄xηη̄Szȳη̄η}
]

+Ki
ηxKi

η̄z

[
(Mxȳz +Mx̄yz −Mxx̄z −Myȳz)Syȳ {SzxSx̄z − SzηSηzx̄x − Sη̄xSx̄η̄ + Sη̄ηSx̄xηη̄}

+(Mxȳz −Mxx̄z −Mx̄ȳz)Sx̄z {Syȳzx − SηxSzηyȳ − Szη̄Sη̄xyȳ + Szxηη̄Syȳη̄η}

+(Mx̄ȳz +Myȳz −Mx̄yz)Szȳ {Sx̄zSyx − SyηSηzx̄x − Sx̄η̄Sη̄xyz + Sx̄xηη̄Syzη̄η}
]

−Ki
ηyKi

η̄x̄

[
(Mxyz +Mx̄ȳz +Mxx̄z +Myȳz) {Sx̄ȳSyx − SηxSx̄ηyȳ − Sη̄ȳSyη̄x̄x + Sx̄xηη̄Syȳη̄η}

+(Mx̄yz −Mxyz −Mxx̄z)Szx {SyzSx̄ȳ − SηzSx̄ηyȳ − Sη̄ȳSyη̄x̄z + Sx̄zηη̄Syȳη̄η}

+(Mx̄yz −Mx̄ȳz −Myȳz)Szȳ {SyxSx̄z − SηxSx̄ηyz − Sη̄zSyη̄x̄x + Sx̄xηη̄Syzη̄η}
]

+Ki
ηyKi

η̄ȳ

[
(Mxyz +Mx̄ȳz +Mxx̄z +Myȳz) {Sx̄xyȳ − SyηSηȳx̄x − Sη̄ȳSyη̄x̄x + Sx̄xηη̄Syȳη̄η}

+(Mxx̄z +Myȳz −Mx̄yz −Mxȳz)Sx̄x {Syȳ − SηȳSyη − Syη̄Sη̄ȳ + Sηη̄Syȳη̄η}
+(Mx̄yz −Mxyz −Mxx̄z)Szx {Sx̄zyȳ − SyηSηȳx̄z − Sη̄ȳSyη̄x̄z + Sx̄zηη̄Syȳη̄η}

+(Mxȳz −Mx̄ȳz −Mxx̄z)Sx̄z {Szx byȳ − SyηSηȳzx − Sη̄ȳSyη̄zx + Szxηη̄Syȳη̄η}
]
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An Illustrative Example

+Ki
ηyKi

η̄z

[
(Mxȳz +Mx̄yz −Mxx̄z −Myȳz)Sx̄x {SyzSzȳ − SηzSzηyȳ − Syη̄Sη̄ȳ + Sηη̄Syȳη̄η}

+(Mx̄ȳz +Mxx̄z −Mxȳz)Sx̄z {SyxSzȳ − SηxSzηyȳ − Sη̄ȳSyx̄zx + Szxηη̄Syȳη̄η}

+(Mx̄yz −Mx̄ȳz −Myȳz)Szȳ {Sx̄xyz − SyηSηzx̄x − Sη̄zSyη̄x̄x + Sx̄xηη̄Syȳη̄η}
]

+Ki
ηzKi

η̄x̄

[
(Mxȳz +Mx̄yz −Mxx̄z −Myȳz)Syȳ {Sx̄zSzx − Sx̄ηSηx − Sη̄zSzη̄x̄x + Sη̄ηSx̄xηη̄}

+(Mx̄yz −Mxyz −Mxx̄z)Szx {Syȳx̄z − SηzSx̄ηyȳ − Sx̄η̄Sη̄zyȳ + Sx̄zηη̄Syȳη̄η}

+(Mxyz +Myȳz −Mxȳz)Syz {SzxSx̄ȳ − SηxSx̄ηzȳ − Sη̄ȳSzη̄x̄x + Sx̄xηη̄Szȳη̄η}
]

+Ki
ηzKi

η̄ȳ

[
(Mxȳz +Mx̄yz −Mxx̄z −Myȳz)Sx̄x {SzȳSyz − SηȳSyη − Szη̄Sη̄zyȳ + Sηη̄Syȳη̄η}

+(Mxyz +Mxx̄z −Mx̄yz)Szx {Sx̄ȳSyz − SyηSηȳx̄z − Sx̄η̄Sη̄zyȳ + Sx̄zηη̄Syȳη̄η}

+(Mxȳz −Mxyz −Myȳz)Syz {Sx̄xzȳ − SzηSηȳx̄x − Sη̄ȳSzη̄x̄x + Sx̄xηη̄Szȳη̄η}
]

−Ki
ηzKi

η̄z

[
(Mxȳz +Mx̄yz −Mxx̄z −Myȳz)

[
Sx̄x {Syȳ − SηzSzηyȳ − Szη̄Sη̄zyȳ + Sηη̄Syȳη̄η}

+ Syȳ {Sx̄x − SzηSηzx̄x − Sη̄zSzη̄x̄x + Sη̄ηSx̄xηη̄}
]]
,

Although expressed only in terms of dipoles and quadrupoles [Dominguez et al.

’12], it seems pretty untractable... can we tame the beast?
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Langevin Reformulation: Real Computations Feasible

� From the point of view of target evolution, JIMWLK can be rephrased as

a Langevin stochastic process [Blaizot, Iancu & Weigert ’02]

� This is well-suited for numerics [Blaizot, Iancu & Weigert ’04]: expectation value

of dipole [Rummukainen & Weigert ’03] and quadrupole [Dumitru et al. ’11] obtained

from solution to JIMWLK equation

The Recipe
• Discretize rapidity interval, ∆Y = Nε

〈Sxy〉Y = 1
Nc
〈Tr[U †N,xUN,y]〉ν 〈νiam,xνjbn,y〉 = 1

εδmnδ
ijδabδxy

Random walk in space of Wilson lines with white noise

U †n,x = eiεgα
n
L,xU †n−1,xe−iεgα

n
R,x αnL,x =

∫
z Kixzνian,zT a

αnR,x =
∫
z KixzUabn−1,zνibn,zT a• Initial condition U †

0x given by

McLerran-Venugopalan model
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Langevin Reformulation: Real Computations Feasible
• Being able of using Hevol and/or Hprod, means keeping the functional
dependence of the Wilson lines at each step of the evolution...

...but functional initial conditions are not good for numerics

Alternative: Keep a second Langevin process in the bi-local quantity

Ra
n,ux ≡ Un,xR

a
uU
†
n,x, for which initial conditions are no longer functional:

Ra
0,ux = igδuxT

a
[Iancu & Triantafyllopoulos ’13]
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kT Factorization Is the Exception, Not the Rule

� As a general rule, evolution couples nontrivially projectile and target,
braking kT factorization

� However, for single-inclusive gluon production, one recovers factorization
when the projectile is not measured, due to cancellation of final-state
interactions [Chen & Mueller ’95] (only R-terms remain in Hamiltonian)

dσPA→g(k)X

d2kdyk
=

1

(2π)4

1

4π3

∫

yȳ

e−ik·(y−ȳ)

∫

uv

Ki
yuKi

ȳv

〈
(U†u − U†y)ca(U†v − U†ȳ)cb

〉
Y

× [Ra
uR̄

b
vZ∆Y ]U=Ū

with generic projectile generating functional Z∆Y = eHevol∆Y ZY =0
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Take-Home Points

• We have described a general formalism describing from first
principles particle production with rapidity separations in pA
collisions

• Although the evolution equations one obtains may seem hopeless,
they are susceptible of numerical implementation as a Langevin
process

• Our formalism includes the effects of interferences, going beyond
classical Monte Carlo simulations

• General properties of multiparticle production with rapidity
correlations, like the breaking of factorization, can be identified
naturally

Particle Production in pA with Rapidity Correlations Diffraction 2014 José Daniel Madrigal
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JIMWLK Evolution Multiparticle Production & Rapidity Correlations Conclusions

Take-Home Points

• We have described a general formalism describing from first
principles particle production with rapidity separations in pA
collisions

• Although the evolution equations one obtains may seem hopeless,
they are susceptible of numerical implementation as a Langevin
process

• Our formalism includes the effects of interferences, going beyond
classical Monte Carlo simulations

• General properties of multiparticle production with rapidity
correlations, like the breaking of factorization, can be identified
naturally

Particle Production in pA with Rapidity Correlations Diffraction 2014 José Daniel Madrigal
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