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Motivation
&|dentify a unique Mathematical framework for any Multi-Loop Amplitude

&Simplify the calculations in High-Energy Physics
&Computing the uncomputable

&Discover hidden properties of Quantum Field Theories

Path

&Scattering Amplitudes in QFT

&Unitarity and Analyticity

&Poles and Residues

& Amplitudes Decomposition

®Unitarity-based methods and Cauchy’s Residue Theorem

®Multiloop Integrand Reduction and principles of Algebraic Geometry
& Application: H+3jets and HtTj production at NLO

&Application: beyond one-loop

&Differential Equations for Feynman Integrals: Magnus Exponential

& Conclusions
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What Particle Physics has to do with that?
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® Focusing energy in one point

® Energy from collisions

® usefulness of circular shapes

® Exponential function
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Particle Physics...
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Perturbation Theory

Goal :: Discovery = Caos - Known
Tool :: Factorization Hypothesis => Observables = Non-Perturbative x Perturbative

® Perturbative Approach

organize the knowledge in successive approximations
delaying our ignorance to higher-orders



Anatomy of the Scattering Process
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Scattering Matrix

Sgi = LUm (@s|U(t1,t2)|Pi)= s + i(27T)45(4) (pf — pi) My;.

t1—+00
to——00
N . . e ||
The transition rate for a transition from the initial state ¢ to the final state f per unit time is w¢; = T

total scattering cross section o(a+b — 1+24...4+n)

it #transitions per unit of time _ Wy Lparticles

#incoming particles per surface per time  flux flux =

- [relative velocity|
volume

The cross section is given by
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Scattering Amplitude
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® Feynman Diagrams

® Squared Amplitude
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Perturbation Theory & Feynman Diagrams

T ‘H*H*H*H i

i > <> < i ><><+><I>_< T
N v _ N x y . ;
Leading Order (LO) Next to Leading Order (NLO) NN...LO
M tree-graphs with (n+1)-partons >—<
& soft/collinear divergences
- -
L . O QNS PO |
virtual-graphs with n-partons = DD, ...
0 ™~ divergences from loop-integration

M extracting IR-singularities from both and combining them

& phase-space slicing, subtractions, dipoles, antennas




Scattering Amplitudes

&Front-line in Theoretical Particle Physics

@ LHC Phenomenology .
“Hard” Scattering

outgoing parton

p-p collision @ 14 TeV c.m.e.

underlying event

underlying event

initial-state
radiation

final-state

outgoing parton radiation

Signals:
e Decays: H —»VV (V=v,W,Z)
e PP— H+0,1,2jets (Gluon Fusion)
e PP— H-+2jets (Weak Boson Fusion)
e PP—>H+1t
o PP—-H+W Z

Backgrounds:

e PP—1tt+0,1,2jets

e PP—-VV +0,1,2jets

e PP—-V40,1,2,3jets

e PP—-VVV40,1,2,3jets
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&Front-line in Theoretical Particle Physics

@ LHC Phenomenology

@ QFT Stucture

- ElectroWeak Symmetry Breaking: Higgs mechanism

- Beyond the Standard Model (SuSy, Dark Matter, ...)

- Unveiling the [lterative Structure of Scattering Amplitudes in gauge-Theory




Scattering Amplitudes

&Front-line in Theoretical Particle Physics

@ LHC Phenomenology

@ QFT Stucture

- ElectroWeak Symmetry Breaking: Higgs mechanism

- Beyond the Standard Model (SuSy, Dark Matter, .. .)

- Unveiling the lterative Structure of Scattering Amplitudes in gauge-Theory

- Exploring the Finiteness of Supergravity

Gravity Gauge Theory Gauge Theory




High Energy Physics Goals: Loops vs Legs

Legs
A &
5 :
Indirect searches
4 High precision
Loops *
2
: Direct discovery

o High multiplicity




Complexity: Loops vs Legs

Slow progress:
one unit O(10ys)

B 2006
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Feynman Diagrams Complexity

® four photon amplitude
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All-plus photon helicity-amplitude = -8 + O



Feynman Diagrams Complexity

® n+2 gluon tree-amplitude 22 --=> g0...O

n

| 2
4 of diagrams || 4 | 25 2485 559405 | 10525900

® 5-gluon case (n=3)
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Looking for Simplicity behind
Complexity?

Process-Independent Strategy

2< Properties of the S-Matrix
e a general mathematical property: Analyticity of Scattering-Amplitudes
> Scattering Amplitudes are determined by their poles and branch-cuts

e a general physical property: Unitarity of Scattering-Amplitudes
> The residues at poles and branch-points are products of simpler amplitudes,
with lower number of particles and/or less loops

2¢ Multi-pole expansion of Scattering Amplitudes



Amplitudes Decomposition:
the algebraic way

a=axi + ayi + azk

&Basis: {i j k}

&Scalar product/Projection:
to extract the components



Projections :: On-Shell Cut-Conditions

vanishing denominators

1

> O(p® —m?)

p? —m? — 10




Completeness Relations: cutting “1”

® the richness of factorization

1 (1) = 1 '




Completeness Relations: cutting propagators

® massless Spin-1 gt
%2 =0
1 2 1% 2 v ’
B — 0E) = | —g¥ o Z ex(k) (Gx(k))
on-shell polarization—A\ .
residue
® massive fermions (p+m)

)
P2 —m?2 — 10

1
p?2 —m?2 — 0

>0t —m?) = (tm) = Y us(p) as(p)

on-shell i — .
Spin—=s» residue



On-shellness for Tree-Level Amplitudes

& Cauchy’s Residue Theorem

dz B (—1) B 1
f{z<z—z1><z—z2>---<z—zn> Ex @ 2170 2n | 21(21 — 22) - (21 — 7n)




On-shellness for Tree-Level Amplitudes

$Cauchy’s Residue Theorem $Partial Fractioning

dz B (—1) B 1
?{z<z—z1><z—z2>---<z—zn> Ex @ 2170 2n | 21(21 — 22) - (21 — 7n)




On-shellness for Tree-Level Amplitudes

- .
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Tree-Level Amplitudes

; : 1 An(2)
Cauchy’s Residue Theorem - —
o ucny Idu 27773]{ " Ay (00) = A,(0) + E ResA,, (2)

If A, (c0) = 0, then one obtaines the relation An(0) = — Z ResAy ()

poles
k—1 p r—+1
-2 2 : : : j
partitions . ' o
— 1

) 1 )
An(p?la"wp?i}bn): Z ZAL(pT7'"7pi7-°°7p87_P7fl:s) o AR( r37p8+17"'7pj7"'7p7’—1)

partition h

BCFW Recurrence Relation

Britto, Cachazo, Feng, Witten

Al

o€ Multi-pole expansion of Tree-level Amplitudes!



Tree-level decomposition
by
partial fractioning:
is this an accident?




One-Loop Scattering Amplitudes

e n-particle Scattering: 1 +2 —-3+4+...+n

e Reduction to a Scalar-Integral Basis Passarino-Veltman

N PRPV PP
/dDgDD2 — ¢4 —|-C3]><—|—Cz>©<—|-cl Q
J/ 103

e Known:;

—/dDe : /dDE : O :/dDE ! : :/d%i
1)11)21)31)4 DiD;D; DD, D,

e Unknowns: c; are rational functions of external kinematic invariants



Cutting Rules

e Discontinuity of Feynman Integrals Landau & Cutkosky

%)
oY
1 61

' = 'ty dMy 0O (4 + 4 — Pra) 60 (6 = m3) 6 (8 — m3)

Cut Integral in the P%,-channel



Cutting Rules

e Discontinuity of Feynman Integrals Landau & Cutkosky

Cut Integral in the P%,-channel 0



Cutting Rules

e Discontinuity of Feynman Integrals Landau & Cutkosky

Cut Integral in the P,-channel 0
2 :
A(l) = I
i i
4
/%)
2

Q



Unitarity & Cutting Rules

e Optical Theorem from Unitarity S=1-+iT : S'S=1 = 2ImT=—i(T-T")=T'T

e One-loop Amplitude:

N /
A:l-loop: = C4 + C3 ]>< + ¢ >©< + Cq Q
/ N\

e Discontinuity of Feynman Amplitudes Cutkosky-Veltman; Bern, Dixon, Dunbar & Kosower

2t { A7 o T +e ]>+

on — shell condition : : > 6(6.2 —mz) =117




The Strategy: Generalised Unitarity

e One-loop Amplitude:

AN /
A:l-loop: — C4 ar ©3 ]>< -+ Co >O< +C1 Q
/ AN

@ Multiple-cut as projectors

‘
/ AN
|
)
I

‘
A—A

|

Q

~

_I_

A

(V)

ARG
= (8 >@< + C1 Q

The more you cut, the more you loose, the simpler it gets

Ca —+C3

eXe
¥ ¥ ¥




Cut-Conditions

e Loop momentum decomposition Ly = X1 PutX2 qu+x3 e; +x48,

i

® On-shell condition  § (f,z — m2)

e under Multiple On-shellness Conditions :

- the loop-momentum becomes complex ;

- some of its components (if not all) are frozen;

- the left over free components are integration-variable




Cut-Conditions

e Loop momentum decomposition Ui =—XIND,, 202G, X3 e; +x48,

® On-shell condition  § (le — m2)

i

e under Multiple On-shellness Conditions :

- the loop-momentum becomes complex ;

- some of its components (if not all) are frozen;

- the left over free components are integration-variable

Lo wntegrate or not to wntegrate:
that 1s the question




Lo wmtegrate...

Cut-Integration

by
Cauchy’s residue theorem
(and its generalization)

y
A c

Y



o 4p|e-cut Britto, Cachazo, Feng

Q L(e,) + L(e
CIRIRRIKS] X wofroseeesaopos ClKi|Ky|K3Ky) = 4 +)2 f-) Cauchy’s formula
R G
1 Res,_o {13(e+)+13<e—>}
ClK|Ky|K3) ¥ K3><"-€ CIK, Ky, Ks] = > Laurent series
Tk,
® 2ple-cut rm.
A o‘. Ag :/d4<1> AN ) AL = ] 08 R
dz Ndz
‘o = (1-2p) / /
/d P 1+ 2%)2
Fz 4
2miF(20) = / A / / dz A dz. i i e
8D Z — 20 D Z— 20 auchy-Pompeiu formula

— jlédz Frat(Z,Z*) — RGSZZO Frat(Z,Z*) —FRGSGAO Frat(z7z*)

C[K] — oco



Analytic Calculations: state-of-the-art

AL 1444 Britto, Feng & PM. (2006)

209090
I

(= | =] = =]
= =3 (= =]
-3-+- - LR :
= =3 (= =]
(= =3 [~ =]

88 — Hgg Badger, Glover, Williams, P.M. (2008-2009)
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Optical-Thm and Berry Phase ... ;o0

e Geometric Phases

Simple Geometry Aharonov-Bohm effect

/VxF-def F - dr,
x 5)>

VxA=8B

q
o=~ [ A-dx,
P h[p X,

> Y

A
Z Magnetfelt

Optical Theorem
A = [t Ay ar, -
- . N
= —i|Agneieor — gonesioor |

n—m

— 9 Im{Aone loop}

>|< ,tree Atree \

A — 1_2p //dZ/\dZ m—>2 n—2 _ .
(14 22)? The double-cut 1s the flux of a 2-form.
— (1—2p) ]{ ds / . ;kntie; Affi(fg The anholonomy phase shift is a

(1+2z)2 consequence of Stokes’ Theorem.
\_ J \_ Yy,




...OT Not to wmiegrate

Cut-Integration replaced
by
partial fractioning
(and its generalization)



Multi-Loop Integrand-Reduction
by
Polynomial Division

Ossola & PM. (2011)

Badger, Frellesvig, Zhang (2011)

Zhang (2012)
Mirabella, Ossola, Peraro, & P.M (2012)



[JProblem: what is the form of the residues?

&“find the right variables encoding the cut-structure”

@ variables

e [SP’s = Irreducible Scalar Products:

(— g-components which can variate under cut—conditions)

— spurious: vanishing upon integration
— non-spurious: non-vanishing upon integration = MI’s

Ossola & PM. (2011)



A simple idea from Modular Arithmetic

M Division Modulo n

The following statements are all equivalent:

b(mod n)

11) nﬁa — b)

hold the remamnder !




Multivariate Polynomial Division

Zhang (2012);
Mirabella, Ossola, Peraro, & PM. (2012)

&ldeal YR

(Digy vy Dy} = {Z hi(2)Di (2) : hi(2) € P[Z]}

& Groebner Basis Giyoio =491(2), ..., gm(2)}

n-ple cut-conditions WDlg = aae —WDE SIS = o0 = G = 0



Multivariate Polynomial Division

Zhang (2012);
Mirabella, Ossola, Peraro, & PM. (2012)

@Ideal Fivoio =Dy, -+, D; ) = {Z h(z)D; (z) : hy(z) € P[z]}
k=1
& Groebner Basis Giyoio =491(2), ..., gm(2)}
n-ple cut-conditions WDlg = aae —WDE SIS = o0 = G = 0
@Polynomial Division Ml’&n (Z) — F'Ll”/n -+ A’il“'in (Z) y

[@Remainder ~ Residue AV (z)j

;@Q_uotients Lo, = Z:’;l Q.(z)g;(z) belongs to the ideal J;,...;. ,

= Nivoinrinyrin (2) D, (2) .
k=1




Multi-Loop Integrand Recurrence

Mirabella, Ossola, Peraro, & BM. (2012)

remainder = residue)

i

1"'@'7’1]

||
NE
=
P
=l

] "'i&—lin—l—lin —I_ D

=N
|
—

n-denominator
integrand :
(n-1 )—denommato)

integrand




Multi-Loop Integrand Decomposition

M Multi-(particle)-pole decomposition

Niyoir,

T . =

’L .-.’I/
o Dy, Dy, -+ Dy,
n n
Toi= 3 Aiyig. imax Py Aiyig. imax—1
11°°ln — D _D '°-D' D D ...D-
1=11 <<imax 1112 tmax 1=i1 <<ipmax—1 1112 Tmax— 1
n n
4+ E : Ailiz---imax—2 NI 4 Z A’Ll’l2 4 Z 7,1 _|_ Q(b
D. D. “ . D. B D D
1=11 <<tmax—2 e bmax =2 1=11<12 112 1=11




Multi-Loop Integrand Decomposition

M Multi-(particle)-pole decomposition

Timia = 5502
1119 n
Iz'l---z'n _ En: 5 %31732...121@5}( + En: = %élig...ingx—l
1=i1 <<imax A2 Himax gy oy 2 T Fimax—]
4 zn: Ailig...imaX—Q TR 4 ER: Ai1i2 n zn: Ail n Q@
1=11 <<imax—2 Diy Dig -+ Dy —2 1=11 <ig Di, Dy, 1=14 Di,

Tree-level
decomposition
by Apparently no!
partial fractioning:
is this an accident?




Parametric form of the residues is
process independent

mn

I‘ o E Ail'LQ ‘lmax
’L o-oz —

Lm , , D; D, ---Dj_.

1=11 <<tmax

mn
N Z AV
D,L-ID?:2...

1:'1:1 <<7:max_2




4 )

The actual values of the coefficients
in the residues are are process dependent

mn
I. . — E AZ17'2 Imax
’Ll ...zn — D D . D
]_:/I/]_ <</I:max ’Lmax
mn
N Z AV
D’il D’ig ..

1:'1:1 <<7:max_2

M Parametric form of the residues
is process independent.



(

mn
I' S E AH?’Q ‘lmax
’L o.o’l —
Lm , , D; D, ---Dj_.
1=11 <<tmax
mn
N AV
| Z D;, D;, - -
” 1=11 <<tmax—2

)
-

Use your favourite generator,

(Feynman diagrams, tree-amplitudes, currents, ...

and sample /(q’s) as many time as the
number of unknown coefficients

\_

),

Knowing the parametric form of residues is
mandatory!!!

\

M Parametric form of the residues
is process independent.

M Actual values of the coefficients
is process dependent.



T HE MAXIMUM -CUT T HEOREM Mirabella, Ossola, Peraro, & PM. (2012)

At 7 loops, in four dimensions, we define a maximum-cut as a (4¢)-ple cut

D;,=D;,,=--=D;,=0,

ige —

which constrains completely the components of the loop momenta. In four dimensions this

implies the presence of four constraints for each loop momenta.

We assume that:

in non-exceptional phase-space points, a maximum-cut has a finite number ng of solutions,
each with multiplicity one.

Under this assumption we have the following

. . . . . ¥ 4
Theorem 4.1 (Maximum cut). The residue at the maximum-cut is a polynomial para- &

matrised by ns coefficients, which admits a univariate representation of degree (ng — 1).

e ——— ——



EXAMPLES OF MAXIMUM-CUTS

diagram

diagram

<1




One-Loop Integrand-Reduction




One-Loop Integrand Decomposition

@ Choice of 4-dimensional basis for an m-point residue
e%:e%:O, e1-ep =1, e

@ Coordinates: z = (z1, 22,23, 24, 25) = (X1, X2, X3, X4, j1”)

qff_dim — —p,1 + X1 e1 + X2 62 + X3 e’; + X4 ef‘, q2 = qﬁ_dim — ,uz
@ Generic numerator
Z o7 Zl z2 zé3 zf zgs, (j1...js) suchthat rank(MNj...;,) < m
c 5
@ Residues
Ai irizigis = €0

2 2
Ajiriziy, = o + c1xa4 + p(c2 + c3xs + pca)
2 3 2 3 2
Ajjiri; = o + €1x3 + €2X3 + €3x3 + c4x4 + c5x5 + coxy + (7 + cgx3 + coxy4)

2 2 2 2
Ailiz = €0 + C1X2 1+ C2X3 + C3X4 + C4X5 + C5X3 + CeXy + C7X2X3 + CoXpX4 + Co i

Aj, = co + c1x1 + cax2 + c3x3 + c4x4




One-Loop Integrand Decomposition

L - Naulg, p?) _

one—loop __ 2¢ 4 2 IRy n\4, =3

An p_/d u/qun(q,u), An(%ﬂ):DoDr“an Dz:(qupz)Q—mZQ:(q—l—pz)Q—m?—,uQ
We use a bar to denote objects living in d = 4 — 2¢ dimensions d=4q+p, with 62 = C]2 - ,LL2 :

S O ) = ) - ) - R O SR C ST

M @ the integrand—level Ossola, Papadopoulos, Pittau
Ap(gup?) # ==30_ | G0 T caap’ | csoteaTit | a0+l | Clp
v DoD1D>D3Dy DoD1 Do D5 DoD1D> D()Dl D()

cs.0 + fo1234(q, 1?) L G40 + cqap + for23(q, 1?) L @30 + ez 71 + fo12(q, 1?) L €20 + ca.9p® + fo1(g, 1?) L Lo + Jfo(q, (1?)

DoD1DyD3Dy DoD1DyDs DoD1 Dy DyD; Dy




method:
Reconstruct the complete polynomial residues to
extract the coefficients of Ml’s

Ossola, Papadopoulos, Pittau




2.2.2 Quintuple cut

: ] = M e N(q
The residue of the quintuple-cut, D; = ... = D,, = 0, defined as, Aijnem () = Resijrem #q_) _ é@%kfm) i
Bl eoo D :
2.2.3 Quadruple cut
The residue of the quadruple-cut, D; = ... = Dy = 0, defined as,
il _
N((j) & Az 'kzﬁm(Q) 7 i ) 2 g
Bkl = Reswkf{m =2 55000 [ = b T Ou Ot (4R 1) (s - ea)aa—(Ks - es)as(er - e2),
O i<<m " m

2.2.4 Triple cut
The residue of the triple-cut, D; = Dj = D;, = 0, defined as,

—_

N(Q) - A'ijﬁm ((j) Aok Aijki@ (q_) }
A; i eyl D N — Y L Y - i VA
i#(9) = Resie { Dy - - Z D;D;DypDyDp, Z D;D; Dy Dy

SAM U RAI Ossola, Reiter, Tramontano, & PM. (2010)

Scattering AMplitudes from Unitarity-based Reduction Algorithm at
. the Integrand-level

<<m

(ig) (@7 (i5) (ig)

9 4 ),u + < e 1 — Cg‘?m — ng)ﬂ??))(ﬁ re2) + <02 5ot + C(U)% tCag 3 — ¢ AT S 391993) (1 - e9)?

2 2,9

2.2.6 Single cut
The residue of the single-cut, D; = 0, defined as,

—1 — n—1 K n—1 _ = _
7 N (@) N () Aire(Q) Ayr(@) }
Aiq:ReSZ—— i A T—g — E
2 {Do +Dn—1 KZ D;D;DyD,;D,, Z; D;D;DyDy [ DiDiDe = DiD

= o (e + e — el — ) er-e2)



Improved Integrand Red’n

Integrand Reduction

universal
N (g, 1#?) 5 Nii...ir (4, 1%)
2 _ . ) Y L 11192...1L )
Biroi (0, 1 “Res’”---@m{pz-lpb...pi > 2 D; D, ... D, }
polynomial " k=(mA1) i1 <iz<...<ik |
non-polynomial non-polynomial

at+tbx+cx™+ ...

Ossola Papadopoulos Pittau

= Cq . .

C4 +C3
Cq (2 ]>< +C2

e TR ]>< + e >@< + ¢y Q

4

(2




Improved Integrand Red’n

Integrand Reduction with Laurent series expansion

A’Ll’l,m (Q7 IU‘2) — R’esil---im {

polynomial

at+tbx+cx™+ ...

.

C4

C4

C4

D;

Wg N DS

200 = (m41) i1<ia<..

polynomial
a+ b x+c xM2+ ..

universal o
AV (/1 M2) }

. DB D,
polynomial
a’+b’x+c’xM2+ ...

Mirabella Peraro PM.

coefficients of MI's :: a=a’+ a”

Ninja c++ librarype..



o
Sam u ral e ¢ ¢ (Ossola Reiter Tramontano PM.

>I< Integrand Reduction for One-Loop Integrals ossola Papadopoulos Pittau

sk Generalised D-dim Unitarity

.. Complete reduction to D-reg Master Integrals anastasiou, Britto, Feng, Kunszt, PM.
.. cut-constructible & rational terms at once Ellis Giele Kunszt Melnikov

°coe m eetS GOIem Binoth Guillet Heinrich Pilon Reiter

sk Integrand Generation

sk Tensor Reduction

Automatic one-loop calculations



The GoSam Project

Cullen van Deurzen Greiner Heinrich Luisoni
Mirabella Ossola Peraro Reichel Schlenk
von Soden-Fraunhofen Tramontano P.M.

ONLO — / (dUBorn + dUVirtuaI “l‘ /dUSubtraction> —|—/ (dUReal o dUSubtraction)
n 1 n+1

iéc‘)‘t Monte Carlo Generator
s |



The GoSam Project

Cullen van Deurzen Greiner Heinrich Luisoni
Mirabella Ossola Peraro Reichel Schlenk
von Soden-Fraunhofen Tramontano P.M.

ONLO — / <dUBorn + dovira + /dUSubtraction> ‘l‘/ (dUReaI _ dUSubtraction)
n 1 n—+1

X(n);‘: Monte Carlo Generator
Multi Process One-Loop Provider 'f('yk

o i



The GoSam Project

Cullen van Deurzen Greiner Heinrich Luisoni
Mirabella Ossola Peraro Reichel Schlenk
von Soden-Fraunhofen Tramontano P.M.

Subtraction Born & Real emission

Monte Carlo
/

Madevent, Sherpa, Powheg)

MC Interfaces
Beyond SM
EW Physics
Top Physics

(Samurai, Ninja, Golem95)

Higgs & Jets



Higgs & Jazz ¢




The path to Hjj; @ NLO

Challenges

* effective Hgg-coupling:

qg — Hgqg 48 NLO
H+2j 926 NLO
qq’ — Hqq' 32 NLO
qq — Hqq 64 NLO
i - r < Nt qg — Hgg 179 NLO
higher rank :: r <n+2 . 1 NLO
H+3] 13179 NLO
the rank r of the numerator can be od — Had's 467 NLO
larger than 49 = Haqg 868 NLO
) qg — Hqgg 2519 NLO
the number n of denominators o¢ — Hagg 9325 NLO

» Over 10,000 diagrams

™ Extending the Polynomial Residues > Higher-Rank terms
Mirabella Peraro PM. » 60 Rank-7 hexagons

Samurai > XSamurali

van Deurzen



(N
pp-->Hjj @ NLO
v. Deurzen Greiner Luisoni Mirabella Ossola

Peraro v. Soden-Fraunhofen Tramontano PM.
Phys.Lett. B721 (2013) 74-81, 1301.0493 [hep-ph]

H + 2 jets: Higgs transverse momentum H + 2 jets: Higgs pseudorapidity

—_— 09 T T 17T T T T T T 1T T 1T T T T T 7 17T
— T T T 1 T T T T [ = Q - | | | | | | | -
?‘5 i | | | ] S 08 E Sheron LO =
4 i —— Sherpa LO . g = LHC 8 TeV cteqbmE pdf o, oP® ]
= = —— GoSam+Sherpa NLO | S 0.7 = = GoSam+Sherpa NLO 3
m < = 3
& 0.6  anti-kt: R=0.5, pr > 20 GeV, |n| < 4.0 —
= -2 | = -
v 10 . 0.5 =
o . = =
i 0.4 —
LHC 8 TeV . 0.3 5_ _E
i cteq6mE pdf ] T E 3
0.2 —
anti-kt: R=0.5, pr > 20GeV, |n| < 4.0 01 = E
1073 = — = 5
2 - I I { I | I I I I | | | | | | | | | | = Q _% {_
E | L L o =
1.8 = — 1.8 —
2 e L= § 2 14 F E
~ - = -
o 12F —= S 12F =
> LE = Z 1E =
0.8 = = 0.8 £ —
0.6:—| T T T 0.6:""l""|""|""|'"'l""l""|"":
0 50 100 150 200 -4 -3 -2 -1 0 1 2 3 4
P |GeV] N
_ _ — 2 2 2
p=pr=pr=H Hy = \[M3 402+ > i
J

e our amplitudes confirmed by MCFM (v6.4)
Campbell, Ellis, Williams



pp-->Hjj] @ NLO

Cullen v. Deurzen Greiner Luisoni

Mirabella Ossola Peraro Tramontano PM.
1307.4737 to appear in PRL

3 T T T T T T T T T

xsection

G [pb]

—LO
—NLO

GoSam+Sherpa+MadDipole

25

A

Hrt

MF:HR:7:M0

1.5

0.5

Hr = \/m%{ +p7 g+ Z pT,i
i

0.25 0.5 1 2 4
distributions i,
.;.10_1§[{{[‘[{[[‘{{[[‘{[[[‘{[[[ [[{{\[[{[\[{{[; ';‘ 72{{{{{{{{{{{{{{{{IYYY{III‘NY{N‘IIYY
3 & }_ S LHC 8 TeV cteqgbmE pdf 3 @ 10 3
i Sl . - 7
;54 o ] = anti-kt: R=o0.5, pr > 20 GeV, |y| < 4.0 _ g ]
= E o T ]
= C N |
T 1073 - T E
~ E S T
&) = e 7
o C LHC 8 TeV .
1074 | cteqg6bmE pdf
E anti-kt: R=0.5, pr > 20GeV, |17| < 4.0
10 ° E-
- - ©)
—_— — ,nd ;
106 - 2"% jet NLO - d
N BEREEEEE 3 jet LO Ll 3 ©
I 3rd jet NLO :'.'.'.2' . B Z.
10—7 - oo e s, .
E | [ l I l I l I | I l I l I l I | 3
o 50 100 150 200 250 300 350 400 o] 50 100 150 200 250 300 350 400

PT,j [GeV] PT.H [GeV]




p p —— > H tTJ @ N I_O van Deurzen Luisoni Mirabella Ossola Peraro PM.

1307.8437 to appear in PRL

GoSam+Ninja+Sherpa

ttH + 1j 1895 NLO Time/psp

qq — Hftg 320 NLO 80 ms

gg — Httg 1575 NLO 1685 ms

H tf+ jet: tf-invariant mass H tf + jet: Higgs transverse momentum
';‘ 10_3 EI T T | T T | T T | T T | T T | T T | T T E ';‘ 10_3 __l [ | T T T | T 11 | T 11 | 1T T 7 | [ I__
& - — HHNLO j = 2xGA7 ] J : = fHj LO y = Hy 3
4 - = HHjLO p=2xGAr A £ - — HHjNLOu=Hr 7
= - —— fHj NLO s = 2xGAT | = - :
5 i | S 1074 g =
s 104 |~ —] 2 & 7
o = 3 % ” ]
" | LHCSTev ] [ el ]
- cteqbmE pdf | 1o =3 clegmB pdf E
"~ | anti-kt R=0.5, pr > 15 GeV, || < 4.0 i F antFkiRee 5, g > 15 GV, [g] <440 n
1070 GoSAM/NINJA+SHERPA == 1076 GoSamMm/NINJA+SHERPA -
1.8 - HAA SRR RN R RN R
O 1'4 f_ —f O 1.6 ;— ;
= g ) M 2 14 &8 —
3 iL - Q 125 —
Z o8 L E Z 1E8. -
o E E 08 £ =
06 E7 vl b b b b b 1 0.6 B | | Ll BEERIEEE IR R AN

300 400 598 600 700 800 900 1000 0 100 200 300 400 500 600
M [GEV] PT.H [GE‘V]
V Z Hp = E IpT, 7]
GAT = \B/mT7H mT7t mTfE + |pT’J ’ final

jets ] states f



GoSam + Ninja: more app’s

van Deurzen Luisoni Mirabella Ossola Peraro PM. (2013)

SUBPROCESS TIME/PS-POINT [ms]

pp — Wjjj

du — Vee™ ggg 226

PP — Zjj)

dd — eTe ggg 1911.4

pp — tthbb  (my, # 0)

dd — tbb 178 faster,

qg — tTbb 5685 higher accuracy,
pp — Wbbj (mj, # 0) more stable,

ud — e v.bbg 67 no-problem with
pp — Hjjj (GF,m¢ — oo) multiple masses

gg — Hggg 11266

gg — Hguu 999

uu — Hguu 157

uu — Hgdd 68

pp — Hjjj (VBF)

uu — Haguu 101

pp — Hjjjj (VBF)

uu — Hgguu 669

wu — Huuuu 600

Intel i7 960 (3.20GHz) CPU + Intel fortran compiler ifort (with optimization O2).



Two-Loop Integrand-Reduction




2-loop 5-point amplitudes in N=4 SYM & N=8 Sugra

Mirabella, Ossola, Peraro, & PM. (2012)
2
“ 7




2-loop 5-point amplitudes in N=4 SYM & N=8 Sugra

Mirabella, Ossola, Peraro, & PM. (2012)




Integrand Red’n & Color-Kinematic Duality

& Jacoby identity for trees

4 >( 1 4
1 1 )

Bern Carrasco Johansson

kinematic term of scattering amplitudes fulfills the same algebra as
the color term



Integrand Red’n & Color-Kinematic Duality

Schubert & PM. (2013)

& Jacoby identity for trees
2I 3 2 3 2>—<
1 4 1>(4 1

™ integrand-reduction

3
4

Bern Carrasco Johansson

3
. ‘¢ 5 - @ Schubert & PM.

confirming the result of Carrasco & Johansson



Integrand Red’n & Dim-reg Amplitudes

Mirabella, Ossola, Peraro, & PM. (2013)




Basis :: Magnus Expansion for
Feynman Integrals

I\

(expX)(expY) =exp(X +Y + (1/2)|X,Y] + (1/12)| X, | X, Y]] — (1/12)[Y, [ X, Y]] + .. .).



Differential Equations for Master Integrals

Kotikov; Remiddi:

Caffo, Czyc, Remiddi:

Gehrmann, Remiddi;

Bonciani, Remiddi, PM.;

Argeri, Bonciani, Ferroglia, Remiddi, P.M.
Henn;

Henn, Smirnov & Smirnov

p2 0 {pl\&pg} [, 9 o = ) 2
6P2 pg/ [ (plua 1,u+p2ﬂap2,,u>+ (p1N8 Q’u—'—pQMa 1,u>] {pQ/tpg}
p1 p3 1 3
0 — 0 0 0 0 0 0 N @
o =[O ey e )+ Doy ) (g5 I, @]
O P2 { pz/‘\m} [ (Pl P i P3,u Ops3. ) 199, Opa. . (P1, + P3,) ops,,  Opi,  Op2, pz/‘\m

P =p1 + pa,



Magn us ExpanSiOn Argeri, Di Vita, Mirabella,

Schlenk, Schubert, Tancredi, PM. (2014)

&System of 1st ODE

8xY(fC) = A(ZU)Y(CU) ; Y(CIJO) =Yy . A(x) non-commutative

&solution: Matrix Exponential & Iterated Integrals v (z) = o$2(,z0) Y (o) = U@

%(z) = ; / r / " dry [A(r1), A(72)]
Ou(e) = 3 [ dn [ dn [ dr [A(), [AG), Alr)l) + [A(rs), [A(), A



Magnus & Dyson Series

@Magnus
Y (z) = e2®%0) Y (zq) = ) ¥y,

@Dyson e N Ml
V() =Y+ Yala), )ﬁ@z/dm“/ i, A A
=il Lo Lo

Z Q;(z) = log <YO +> Yn(x)>

n=1

legla
1
Y2 = Q2+ 07,

1 1
o =l - 5(9192 + Q20) + 59? :

Yn :Qn"I'Z_Qo(zj)
j=27



Argeri, Di Vita, Mirabella,
Schlenk, Schubert, Tancredi, PM. (2014)

® Linear-eps Matrix
O:f(e,x) = A(e,x) f(e,x) Ale,x) = Ag(x) + €Aq(x)

® change of basis :: Magnus #1
f(e,w) = Bo(2) g(e,;x) ,  Bo(w) = eMI0%) 9, By(z) = Ao(e)Bo() ,

® Canonical form Henn 2013)

0xg(e, x) = €A1 (z)g(e, x) A1 (z) = By (z)A1(x)Bo(z)

® Solution :: Magnus #2 (or Dyson)
g(e,z) = Bi(e, x)gole) , Bi(e,z) = oSeAn] (z,20)

-

&Feynman integrals can be determined from differential equations that looks like
gauge transformations
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® intial set of Ml’s
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Bonciani, Remiddi, P.M.
(2013)

— [1 -~ x)] €(2) — 5H(0, ) + 2H(~1,0, )]

2 1 1
b HO,0.0) + | s — o (R0
+H(0,0,0,z)].

(p2 - K1)

it 1
8 1—6[“5]’
;—2[2+x+ﬂ—é[4+x—ﬂH(0,x)+(1ix)H(O,x),
63  ((2) 63 16 1 (@) L
3—24—74‘6—4[(1—{—@((2)).%4-;]—m—l—6|:32+9$
—ﬂ H(0,7) + %H(o,x) E %H(O,x) _ i lz—é
—(1fx)}H(0,0,x)+il4+x—i— (1fx)]H(—1,0,x)

1 1 1
+Z[(1—x) ard (1+x)]H(O,O,O,I).

0
9%2) =

1
9%2) -

2
9%2) =

3
9%2) :

4
9%2) :

0
9%3) N

1
953) :

2
953) =

3
9%3) :

4
953) B

AAVMMSST (2014)

P1
0,
0,

P2§ >:
U,

—2H(-1,0,0,0;x) + 2H(0,—-1,0,0; ) + 2H(0,0, -1, 0; )
—3H(0,0,0,0;x) —4H(0,1,0,0;z) + (2(—2H(—1,0; x)

L G H(0,~1k ) = H(0)0i ) i E (U % ,
pP1
0,
H(0,0;z) + 37@ ,
~ 2H(~1,0,0;z) — 2H(0, —1,0;z) + 4H(0,0,0; ) + 4H(1,0,0; z)
b (=6 H(=1:7) + 2H(0; ) — 3log 2) — %

4H(-1,-1,0,0;2) + 4H(—1,0,—1,0;2) — 8H(—1,0,0,0; z)
— 8H(—1,1,0,0;z) + 4H(0,—1,—1,0;2) — 8H(0,—1,0,0; z)
— 8H(0,0,—1,0;z) + 10H(0,0,0,0; z) + 12H(0, 1,0, 0; z)

— 8H(1,—1,0,0;z) — 8H(1,0,—1,0;z) + 16 H(1, 0,0, 0; 2

1 log*2

+16H(1,1,0,0;2) +12Lis5 + +2¢; (121og 2H(—1; 2)

+12log2H(1;2) + 6 H(—1,-1;2) — 2H(-1,0;z) — 8 H(0, —1; x)
+H(0,0;z) — 12H(1,—1;2) + 4H(1,0;2) + 3log®2)

47 ¢y
-=2,

—2¢3(5H(—1;2) +4H(0;z) + 11 H(1;x))



® intial set of Ml’s

fl 26257;(5)7
f4:€35727(8)7

flO = 64327-6(3>7

fi1=etstuTp(s,t) —

iz = € st Tg(s,t) —

® after rotation

Ozg(e, z) = €A1 (z)g(e, x)
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Conclusions

™ A new result in QFT
& A unique mathematical framework for Amplitudes at any order in Perturbation Theory

& one ingredient: Feynman denominator

& one operation: partial fractioning

@Multivariate Polynomial Division/Groebner-basis
generates the residue at an arbitrary cut

™ A new computational method

& Recursive generation of the Integrand-decomposition Formula @ any loop

& Amplitude decomposition from the shape of residues
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™ Pheno applications

& GoSam, Samurai, Ninja: multi-process automatic NLO calculations

§ main achievements:
Higgs production in association with jets and heavy-quarks at NLO



OutLoo(k/p)

@One-Loop

&GoSam2.0 @ LHC

& New integrand generator (5D-unitarity)
§ EW and massive particles

&a new horizon: Automating the integrand reduction analytically

&Beyond One-Loop
& Combining Integrand Reduction & Integration-by-parts

& Master Integrals from Magnus exponential
@pp——>H+2 at NNLO

&a driving question:
&QFT finiteness: KLN-theorem @ the integrand level
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Electric lamps were not invented by improving candles
I. Hansch



