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Foreword

» This talk builds over a vast literature but is mainly based on these papers

e |.P., “Strings in an arbitrary constant magnetic field with arbitrary constant
metric and stringy form factors,” JHEP 1106 (2011) 138 [arXiv:1101.5898
[hep-th]].

e |.P., “Green functions and twist correlators for N branes at angles,” Nucl.
Phys. B 866 (2013) 87 [arXiv:1206.1431 [hep-th]].

e |.P, “Correlators of arbitrary untwisted operators and excited twist operators
for N branes at angles,” arXiv:1401.6797 [hep-th].

e |.P., “Canonical quantization of a string describing N branes at angle,” to
appear
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Introduction and motivation
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The big picture: why?

» We would like to do “phenomenology” from string in a humble way start from
the observed gauge group and matter:
» consider D-brane worlds — but Gyt < SU(5)!
> add instantons in order to get some needed/wanted features (Majorana
masses, Yukawa couplings)

Igor Pesando (DFT) Twists correlators Cortona, 27 May 2014 6 /43



The big picture: why?

» We would like to do “phenomenology” from string in a humble way start from
the observed gauge group and matter:
» consider D-brane worlds — but Gyt < SU(5)!
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» Chiral matter appears in the twisted sector in the branes at angle setup.
Therefore Yukawa computation requires computing correlators with twisted
operators.
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masses, Yukawa couplings)

» Chiral matter appears in the twisted sector in the branes at angle setup.
Therefore Yukawa computation requires computing correlators with twisted
operators.

» Computations with twists appear also f.x.

> stringy instantonic calculus
» Melvin background and its T-dual versions
> type Il and heterotic compactifications on orbifolds
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The big picture: why?

» We would like to do “phenomenology” from string in a humble way start from
the observed gauge group and matter:
» consider D-brane worlds — but Gyt < SU(5)!
> add instantons in order to get some needed/wanted features (Majorana
masses, Yukawa couplings)

» Chiral matter appears in the twisted sector in the branes at angle setup.
Therefore Yukawa computation requires computing correlators with twisted
operators.

» Computations with twists appear also f.x.

> stringy instantonic calculus
» Melvin background and its T-dual versions
> type Il and heterotic compactifications on orbifolds

Therefore it is worth having a complete control over the correlators involving all
kinds of twist fields.
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My true personal motivation

The 5“‘ Wave By Rich Tennant

er the discovery of ‘antimatter’ and ‘dark matter’, we have just
confirmed the existence of ‘doesn’t matter’, which does not have
any influence on the Universe whatsoever.”

Figure : | was bothered by not been able to deal with twist fields as one does with spin
fields
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The setup

The Euclidean action for a string configuration is given by

1

Yo%

Se =

[ dre / do (0aX")2 = — / d2u (0, X0uX + 3 X0,X)
0 1% 6" H
Pictorially

X(o,T)

g =T
T4 3 T2 T1
c=0 P
1 Dis D3 D> Dy fa

Figure : Map from the worldsheet to the target polygon ¥ with a plain in and out string.
The map X(o, 7) folds the o = 0 starting from 7 = —oco in a counterclockwise direction.
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The setup: from interactions to boundary conditions
Pictorially

X(o,T)
g = T
o= i T4 T3 T2 7'1<<

» We are mapping interactions to boundary conditions.

Igor Pesando (DFT) Twists correlators Cortona, 27 May 2014 10 / 43



The setup: from interactions to boundary conditions
Pictorially

X (o, 7)
g = T
> ; T4 T3 T2 T1<<

» We are mapping interactions to boundary conditions.

» This is also what done in path integral approach.
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The setup: from interactions to boundary conditions
Pictorially

X (o, 7)
g = T
> ; T4 T3 T2 T 1<<

» We are mapping interactions to boundary conditions.
» This is also what done in path integral approach.

» Surely it works for ground states which are “pointlike”.

Igor Pesando (DFT) Twists correlators Cortona, 27 May 2014 10 / 43



The setup: different sectors
At given no. of branes there are different inequivalent sectors
Labeled by M no. of convex angles minus 2.

a)

Figure : The four different cases with N =6. a) M =4 . b) M =3. ¢) M =2. d)
M=1.

The intuitive reason: we need go through the straight line, i.e. no twist, if we
want to go from a reflex angles to a more usual convex one.

One sector is more equal than the others: M = 1! It has holomorphic classical
solution.
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Local expansion: string with N = 2 twists and excited
twist fields
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Zooming and usual twisted string
The local picture

1 Dy fa

Figure : Zoom locally and get the usual twisted string.

f; is the interaction point in space.
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Usual twisted string

After zooming the expansion for the twisted string between brane D; and Dy
can be splitted into:
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After zooming the expansion for the twisted string between brane D; and Dy
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Usual twisted string

After zooming the expansion for the twisted string between brane D; and Dy
can be splitted into:
A classical part

XCI = fta
A quantum part
X( - { }) +-1 20’ iToy = Qnte —(n+¢) OJI+E n+te
X = i—v2a'e™™ E —_— - =
q(u, U; {x¢, ot 2 « 2 n+€u n+€u

.1 i - 5414@ —n+é | Dnte —_(nte)
+i=vV2a/e' ™ E -+ —7u €

2 = n-+e€ n+e

(e = app1 — ap + 0(ay — 1) the is the angle between the two branes; € = 1 —€)
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Usual twisted string

After zooming the expansion for the twisted string between brane D; and Dy
can be splitted into:
A classical part

XCI = fta
A quantum part
Xog(u, U; {x¢, a0 }) = —l—ilx/2io/e'-7”’“1 i Gnte u— (8 _ LLE u"te
T m e T 2 feInté n+e

1 ; [e%e) &I+€ —ntée Opte __(n+€)
—HE\/@e T Z -t ——0

n4 € n—+e
n=0

€ = apy1 — o + 0(a; — ap41) the is the angle between the two branes; € =1 —¢
+ + g

The splitting into a classical and quantum part is needed for the existence of a
conserved product between modes.
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Abstract excited twists and states in twisted Hilbert space

(1)

In twisted Hilbert space there are the non normalized! states
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Abstract excited twists and states in twisted Hilbert space
(1)

In twisted Hilbert space there are the non normalized! states

IL (mah)™ (mahee) ™ 17)

n=0

The vacuum |T) corresponds to the abstract plain twist o(x)

|T) = X"Lﬂoffe(x)m)suz)
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Abstract excited twists and states in twisted Hilbert space
(1)

In twisted Hilbert space there are the non normalized! states
M P\ )
I1 (n!a,,ﬂ) (n!a"+g) IT)
n=0

The vacuum |T) corresponds to the abstract plain twist o(x)
|T) = lim 0(x)|0)s1(2)
x—0
All other states correspond the (generically non primary) abstract operators

[H (@57x)™ (g x) os,f] (x)

n=0

the excited twists.
Notice that f.x. all N, = 0 are primary.
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Abstract excited twists and states in twisted Hilbert space(2)

The notation
oo

IT @r2x)™ (@r25) ™ o | (x)

n=0

is non standard but better than the usual one since it does not use a symbol for
each field

[0uX0ef] (X) ¢ Te(x),  [0uXoer ] ( ) <
[(0uX)?0es] (x) & we(x), | ]
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Abstract excited twists and states in twisted Hilbert space(2)

The notation
oo

IT @r2x)™ (@r25) ™ o | (x)

n=0

is non standard but better than the usual one since it does not use a symbol for
each field

[0uXoer] () € 7e(x), [0uXaer] (x) € 7e(x),
[(0uX)?0cf] (x) © we(x), [(0uX)?0cr] (x) > @e(x),

However this notation can be partially misleading since it is not true that

02X (u, 1) ocr(x) ~ (02X e f)(x)+ ...

(u—x)#

but

O2X(u, 0)oc £(x) = (u—x)2 (e=1) (Ou X0 £)(x)+(u—x)"1 € (2 X0 ) (X)+. ..
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The main result
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The main result in few words
For branes at angle on R? (T?) the generic correlator
» with L untwisted operators
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The main result in few words

For branes at angle on R? (T?) the generic correlator
» with L untwisted operators
> and N (excited) twist fields

is given by a generalization of the Wick theorem.
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The main result in few words

For branes at angle on R? (T?) the generic correlator
» with L untwisted operators
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is given by a generalization of the Wick theorem.

Given:
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The main result in few words

For branes at angle on R? (T?) the generic correlator
» with L untwisted operators
> and N (excited) twist fields

is given by a generalization of the Wick theorem.

Given:
> x; (t =1,...N) positions on ws of twists
> f; intersections in space of two consecutive branes
» 7e, angles between two consecutive branes

To compute any amplitude one needs
» classical solution X/, (u,T; {x:, fr, e })

» full Green function in presence of twist fields G (u, ; v, V; {x:, e:})
(I7 J =z, Z)

Igor Pesando (DFT) Twists correlators Cortona, 27 May 2014

18 / 43



The main result in few words

For branes at angle on R? (T?) the generic correlator
» with L untwisted operators
> and N (excited) twist fields

is given by a generalization of the Wick theorem.

Given:
> x; (t =1,...N) positions on ws of twists
> f; intersections in space of two consecutive branes
» 7e, angles between two consecutive branes

To compute any amplitude one needs
» classical solution X/, (u,T; {x:, fr, e })
» full Green function in presence of twist fields G (u, ; v, V; {x:, e:})
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The main result in few words

For branes at angle on R? (T?) the generic correlator
» with L untwisted operators
> and N (excited) twist fields

is given by a generalization of the Wick theorem.

Given:
> x; (t =1,...N) positions on ws of twists
> f; intersections in space of two consecutive branes
» 7e, angles between two consecutive branes

To compute any amplitude one needs
» classical solution X/, (u,T; {x:, fr, e })
» full Green function in presence of twist fields G (u, ; v, V; {x:, e:})
(1,d=22)
> correlator of the plain twist fields <H£V:1 Tee £ (Xt))
» a lot of patience
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Quick examples of the main result (1)

» On C = R? with open string fields X (u,7) = X*(u, @) € C and
X(u, @) = X?*(u, t) = X*(u,0) € C with u = x + iy € H (the upper half
plane)
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Quick examples of the main result (1)

» On C = R? with open string fields X (u, o) = X?(u, 1) € C and
X(u, ) = X*(u, @) = X*(u,0) € C with u = x + iy € H (the upper half
plane)

> the following boundary correlator on a single brane (i.e. untwisted sector)

(0 X (x1,X1) 0xX (%2, %2) (02X 0 X)(x3,%3) )
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Quick examples of the main result (1)
» On C = R? with open string fields X (u, o) = X?(u, 1) € C and

X(u, ) = X*(u, @) = X*(u,0) € C with u = x + iy € H (the upper half
plane)

> the following boundary correlator on a single brane (i.e. untwisted sector)
(0 X (x1, 1) OxX(x2,%0) (92X0:X)(x3,%3) )

> it is given by
=04 0%, G bou (X1, X3) Oy 0y G oy (X2, X3)

zz 2
+ 8><1 axs Glszou (Xl ) X3) aXz ax; Glzlz,bou (X2 ) X3)

where G{jbou(xl,xz) is the boundary Green function for Untwisted boundary
conditions between two points x;, xo € R on the boundary of the upper plane
boundary (G# # 0 since brane breaks rotations)

» other possible terms like

Oxy Oxa Glfjfbou (Xl ) X2 ) 8)2@ O [Glzj%bou (X2 ) X3 )] regularized

are absent because of normal ordering
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Quick examples of the main result (2)
» Twisted case: the boundary correlator on N branes at angles

N
(0 X (x1,%1) X (x2,%2) (2X0X)(x3,%3) [ [ 0ec (x2))

=1
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Quick examples of the main result (2)
» Twisted case: the boundary correlator on N branes at angles

N
(0 X (x1,%1) X (x2,%2) (2X0X)(x3,%3) [ [ 0ec (x2))

=1

N
= ([oux) {002 GE2, (51, %5) sy G202, %5)

+8x1 Oy GEZ,(x1,x3) Oy, Gbou(xQ,X3) as before
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Quick examples of the main result (2)
» Twisted case: the boundary correlator on N branes at angles

N
(0 X (x1,%1) X (x2,%2) (2X0X)(x3,%3) [ [ 0ec (x2))

=1

N
= <H UE:(Xt) {8 82 GbOU(X17X3) 6X28X3 Glfgu(x27x3)

+8X1 O Gizy(x1,X3) 0,03, GE2, (X2, X3) as before

+ Oxy 0y Gi2y (X1, X2) 02,0y, |ys—xa Dbgu (X3, y3) left over from norm. ord.
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Quick examples of the main result (2)
» Twisted case: the boundary correlator on N branes at angles

N
(0 X (x1,%1) X (x2,%2) (2X0X)(x3,%3) [ [ 0ec (x2))

t=1
N =
= <H UE:(Xt) {8 82 GbOU(X17X3) 6X28X:9 Glfgu(x27x3)
+8X1 Dy GEZ,(x1, x3) Oy, Gbou(X27X3) as before
+ Oxy 0y Gi2y (X1, X2) 02,0y, |ys—xa Dbgu (X3, y3) left over from norm. ord.

8 82 Gbau(Xl,Xg)
6 82 Gbou(X17X3) 8X2XI
+ 8><1 8X3 Gbou (X17 X3) 8X2X !

X2) O Xei(x3) + Oy cl(Xl) 0y Xar(x2) 02,013 |ys=ss Afgu (3, 3)
X2) axst(X3) + Oy, ,(xl) 6X3Xc/(X3) Oxy Oxs G[fju(xQ,X3)

X2) 0%, Xei(x3) + Oy Xai (x1) Oxs Xer(x3) 0y 0%, Gl (X2 X3)

+ 0 Xet(x1, 1) OuXet(x2, X2) 02 Xei(x3, X3) 6X)_(CI(X3,X3)} from classical solution X

Xe(
(
(
)

where GJ (x,y) is the boundary Green function for twisted b.c.
and A} (x.y) its regularized version.

A NUMBER OF DETAILS HAVE BEEN OMITTED!
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Quick examples of the main result (3)

» Twisted case: the boundary correlator and excited twists on N branes at
angles

N

(0 X (%1, %1) (0X0e,) (31, x1) (02X8, Xe,)(x2, %2) HUQ(X,))
t=3

where (92X9,Xo.,) is the excited twist defined very roughly as
|im,,_,X2(8)2<X(9XX)(U7 U)o, (x2)
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Quick examples of the main result (3)

» Twisted case: the boundary correlator and excited twists on N branes at
angles

N
(0 X (%1, %1) (0X0e,) (31, x1) (02X8, Xe,)(x2, %2) HO‘Q(Xt»
t=3

where (92X9,Xo.,) is the excited twist defined very roughly as
|im,,_,X2(Q%X(‘?XX)(U7 U)o, (x2)

Ha(,(xt){ e l(v2 = 32) 05,000 G2 (R0, R0 v2, )]

Va=Xa

x [(vi = x1)® (v — x2)? 0y, 00, GZZ (1, V15 V2, 1)) |vemre
+[(va2 — %2)2 0, 0vs GF (31, %15 V2, V)] vamss

X 6\,2 [(Vl — Xl)gl(Vz — X2)€28V1 6\,2 GZZ(Vl, vi; Vo, VZ)”V,:X, ““as before”
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Quick examples of the main result (3)

» Twisted case: the boundary correlator and excited twists on N branes at
angles

N
(0 X (%1, %1) (0X0e,) (31, x1) (02X8, Xe,)(x2, %2) HO‘Q(Xt»
t=3

where (92X9,Xo.,) is the excited twist defined very roughly as
|im,,_,X2(Q%X(‘?XX)(U7 U)o, (x2)

Ha(,(xt){ al(v2 — x2)2 05,0, 67 (%0, S v2, Wa)]|

x [(vi = x1)® (v — x2)? 0y, 00, GZZ (1, V15 V2, 1)) |vemre
+[(va2 — %2)2 0, 0vs GF (31, %15 V2, V)] vamss

X 6\,2 [(Vl — Xl)gl(Vz — X2)€28V1 6\,2 GZZ(Vl, vi; Vo, VZ)”V,:X, ““as before”

+ [(vi = x1)® 03,0y, GZ2 (%1, %1 Vi, V1) |vamxa
% 0wy [(t2 — %2)2 (V2 — X2)2 Dy O A2 (112, Tz; V2, ¥2)]|uymvaxs left over from norm. ord.

+ terms with classical contributions}
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The Reggeon vertex (1)

Is it possible to generate the previous correlators in a “mechanical” way?

Igor Pesando (DFT) Twists correlators Cortona, 27 May 2014 22 /43
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The Reggeon vertex (1)

Is it possible to generate the previous correlators in a “mechanical” way? YES

For example the untwisted correlator

(0:X (x1,31) DX (02, x2) (FeXDX) (x5, %5) )
0 0 92
- C C V C i)ns E \n
dcay OCp)y 0¢E)20¢3) ({iyns E(yn}) o

where
> V({c()n, Ci)n}) is the Reggeon vertex
> C(i)n With i associated with x;

> C(i)» With n associated with the numeber of derivatives 97,
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The Reggeon vertex (1)

Is it possible to generate the previous correlators in a “mechanical” way? YES
For example the untwisted correlator

(0:X (x1,31) DX (02, x2) (FeXDX) (x5, %5) )
0 0 92
- C C V C i)ns E \n
dcay OCp)y 0¢E)20¢3) ({iyns E(yn}) o

where
> V({c()n, Ci)n}) is the Reggeon vertex
> C(i)n With i associated with x;
> C(i)» With n associated with the numeber of derivatives Oy,

Easy to derive for the untwisted correaltors.
More complicated with the twisted ones
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The untwisted Reggeon vertex (2)

» Map untwisted abstract operator to a realization in an untwisted Hilbert
space.
E.g. in untwisted Hilbert space

_ 0?
PRX0X)(x3,x3) = 5——=—38(c(3), €
(OXOX)0x0,38) = 5z ey S &)
+8(c(a), Ea)) = : €-mo[TmPiXen(s3) 07 Xep 03, 3)] . — . @2no Cm O Xop(33)

The Sciuto-Della Selva-Saito vertex S is the generating function of this map.
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The untwisted Reggeon vertex (2)

» Map untwisted abstract operator to a realization in an untwisted Hilbert
space.
E.g. in untwisted Hilbert space

_ 0?
PRX0X)(x3,x3) = 5——=—38(c(3), €
(OXOX)0x0,38) = 5z ey S &)
+8(c(a), Ea)) = : €-mo[TmPiXen(s3) 07 Xep 03, 3)] . — . @2no Cm O Xop(33)

The Sciuto-Della Selva-Saito vertex S is the generating function of this map.
» Compute the generating function of all correlators with L untwisted vertices
in untwisted Hilbert space

V[_({C(,'),,7 E(,'),,}) = <0‘S(C(1), Z‘(l)) .. .S(C(L)7 E(L))|0>
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The untwisted Reggeon vertex (2)

» Map untwisted abstract operator to a realization in an untwisted Hilbert
space.
E.g. in untwisted Hilbert space

_ 52
2X0X)(x3,x3) = 7———=—8(c(3), €
(OXOX)0x0,38) = 5z ey S &)
+8(c(a), Ea)) = : €-mo[TmPiXen(s3) 07 Xep 03, 3)] . — . @2no Cm O Xop(33)

The Sciuto-Della Selva-Saito vertex S is the generating function of this map.
» Compute the generating function of all correlators with L untwisted vertices
in untwisted Hilbert space

Vi({c(iyn, Siynt) = (01S(cqy, 1) - - - Sy, Ewy)10)

H e2mm=0 Ci)at C(j)my 0. 052Gy (% %)

1<i<j<L
with Cliyn = C(iynz = C(zl-)n and Cliyn = C(iynz = C(Zi)".

Igor Pesando (DFT) Twists correlators Cortona, 27 May 2014

23 /43



The Reggeon vertex (3)

The idea is to generalize the untwisted computation

Vi({ciyns €iiyn}) = (01S(cqay, €ay) - - - S(eqys Euy)|0)
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The Reggeon vertex (3)

The idea is to generalize the untwisted computation

Vi({c(iyns €iyn}) = (01S(cay, €a)) - - - S(ewys Ewy)10)

to the twisted case

Vv L ({Ciyns dieyn}) =(0outl ST(1)(C(2), C1)) - - - ST1)(C(1)5 E(1)) %
X Twy(dy, dwy) - - Ty (diwy > diny)|Oin)

We need understanding
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The Reggeon vertex (3)

The idea is to generalize the untwisted computation

Vi({ciyn, ciyn}) = (01S(cq), €ay) - - - S(cqys Ery)10)
to the twisted case
Vv L ({Ciyns dieyn}) =(0outl ST(1)(C(2), C1)) - - - ST1)(C(1)5 E(1)) %
X Twy(dy, dwy) - - Ty (diwy > diny)|Oin)

We need understanding

» the in vacuum |0;,)
» the out vacuum (0o
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The Reggeon vertex (3)

The idea is to generalize the untwisted computation

Vi({<iyns €iyn}) = (0IS(c), €ay) - - - S(eqys €ry)I0)

to the twisted case

Vv L ({Ciyns dieyn}) =(0outl ST(1)(C(2), C1)) - - - ST1)(C(1)5 E(1)) %
X Ty(d), diry) - - - Towy (diwy > diwy)|Oim)

We need understanding
» the in vacuum |0;,)
» the out vacuum (0o

> the Sciuto-Della Selva-Saito S7(cj), (i)) for the untwisted matter in the
twisted sectors
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The Reggeon vertex (3)

The idea is to generalize the untwisted computation

Vi({c(iyns €iyn}) = (01S(cay, €a)) - - - S(ewys Ewy)10)

to the twisted case

Vv L ({Ciyns dieyn}) =(0outl ST(1)(C(2), C1)) - - - ST1)(C(1)5 E(1)) %
X Twy(dy, dwy) - - Ty (diwy > diny)|Oin)

We need understanding

>
>
>

the in vacuum |0;,)

the out vacuum (Ot

the Sciuto-Della Selva-Saito St(c(;), ¢(i)) for the untwisted matter in the
twisted sectors

the Sciuto-Della Selva-Saito 7 (d), C_I'(t)) for the twisted matter, i.e. excited
twist field
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The Reggeon vertex (3)

The idea is to generalize the untwisted computation

Vi({c(iyns €iyn}) = (01S(cay, €a)) - - - S(ewys Ewy)10)

to the twisted case

Vv L ({Ciyns dieyn}) =(0outl ST(1)(C(2), C1)) - - - ST1)(C(1)5 E(1)) %
X Twy(dy, dwy) - - Ty (diwy > diny)|Oin)

We need understanding

>
>
>

the in vacuum |0;,)

the out vacuum (Ot

the Sciuto-Della Selva-Saito St(c(;), ¢(i)) for the untwisted matter in the
twisted sectors

the Sciuto-Della Selva-Saito 7 (d), C_I'(t)) for the twisted matter, i.e. excited
twist field

It is also possible and more normal to perform the previous computation in
path integral formalism
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The Reggeon vertex (4)

The final result for L untwisted vertices and N twisted ones.

» Associate: space index <+ | with | = z,Z
untwisted <> c(j)y with i=1,...L,
twisted <> d(t)nl witht=1,... N

Igor Pesando (DFT) Twists correlators Cortona, 27 May 2014 25 / 43



The Reggeon vertex (4)

The final result for L untwisted vertices and N twisted ones.

» Associate: space index <+ | with | = z,Z
untwisted <> c(j)y with i=1,...L,
twisted <> d(t)nl witht =1,... N

> The generating function is

VN+L(Ca d) :{ }|ILT'I{ }<Uel,f1 (Xl) . ~-UeN,fN(XN)> X Veiass X Vielf int X Vine
U Xe
with
N
Viiass = H ez'olczl d(r)n’a::l[(”'_xf)ed a"X:I(uhE')]
t=1

L
X H 2o Cliymt O X5y (%%

i=1
where X!,(u, @) is the classical solution.
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The Reggeon vertex (4)

The final result for L untwisted vertices and N twisted ones.

» Associate: space index <+ | with | = z,Z
untwisted <> c(j)y with i=1,...L,
twisted <> d(t)nl witht =1,... N

> The generating function is

VN+L(Cy d) = lim <Ue1,ﬁ(Xl) . --UeN,fN(XN» X Vietas X Viseir int X Vine
{ue}—={xe}

with

self interaction —

N
H e% E:),-,.,:;l d(e)nld(r)mJa::lavm,71 (Ut—Xt)E”(Vr—Xt)E’J auavA(l}l)(Uc;Ur;Vth?{Xivfi})”vt:ug

t=1

L
« H e% > nto Syt 2o meo <(iymsOx; 3}".'A(',4)(X;7Xi;>A<;7>A<i;{><e,6e})|i,-:x,-
i=1

where Aé{) is the Green function regularized at point x;
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The Reggeon vertex (4)
The final result for L untwisted vertices and N twisted ones.

» Associate: space index <+ | with [ = z,Z
untwisted <> c(jyp with i =1,...L,
twisted <> d(s)n with t =1,... N

> The generating function is

VN+L(C7 d) = ( ]!'m{ }<Uq,ﬁ (Xl) .- -UeN,fN(XN» X Vclassical X Vself interaction X Vinteractions
ue}—{xe

with

Vinteractions =
[ e=rmdomdomic RO (e xe) (v e ) ® 0D G (e i T 2]

1<t<t<N

% H om0 St X o CGyma 5, 05 61 (5 xiing i Dxe e })
1<i<j<L

X H H g2 dieymt liyma Do O (e —xe) 1 9 G (ue i i {xe e )]
1<t<N1<<L
Igor Pesando (DFT)
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The Reggeon vertex (4)
Our case L untwisted vertices and N twisted ones.
Putting all together the generating function is

Viir(e,d) = lim (0 (x1) .. Oeyfu(xn))
{ue}—{xe}

N
% H eZ,.”L d(:)nla.',':l[(”t*xr)s"'aux:l,(uhfl:)]
t=1

w e Zatmo iyt die)ma 05 05 (e —xe) ¢! (ve—xe) ¢ Dudy Aliy ey (e Teive Vei {xe,€})] [ ve=ue
L
« H e nco im0, X[y (%)

ez 3 20 iyl oo ) m./l) g A(N M), boui) (i K {xe €6 }) 5=,

« H eZ,,,., 1 dem deyma 00, 1 00 *[(ue—xe) e (ve—x¢) ) Dudy Gy, ay (e, e ve Vei e €2 1]
1<t<i<N

« H @20 S(iint Xm-o Ciyma O O G, ) bous (%5 %5 {xe 16 })
1<i<j<L

« H H o2t Dy CGiymsOi, O (e —xe) ¥ 0 Gy, ) (1, Tei5.5: {xe € })]
1<t<N1<<L
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Conclusions
We have shown that to compute any correlator involving excited twisted fields and
untwisted vertices are needed three ingredients

» classical solution X! (u, G; {x¢, e, f; })

Igor Pesando (DFT) Twists correlators Cortona, 27 May 2014 27 / 43



Conclusions
We have shown that to compute any correlator involving excited twisted fields and
untwisted vertices are needed three ingredients

» classical solution X! (u, G; {x¢, e, f; })

> correlator of the plain twist fields <H£V:1 Oee £ (Xt))

Igor Pesando (DFT) Twists correlators Cortona, 27 May 2014 27 / 43



Conclusions
We have shown that to compute any correlator involving excited twisted fields and
untwisted vertices are needed three ingredients

» classical solution X! (u, G; {x¢, e, f; })
> correlator of the plain twist fields <H£V:1 Oee £ (Xt))

» full Green function in presence of twist fields G"(u, 7; v, V; {x;, o+ })
(I7 J =z, z)
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Conclusions
We have shown that to compute any correlator involving excited twisted fields and
untwisted vertices are needed three ingredients

» classical solution X! (u, G; {x¢, e, f; })
> correlator of the plain twist fields <H£V:1 Oee £ (Xt))

» full Green function in presence of twist fields G"(u, 7; v, V; {x;, o+ })
(I7 J =z, Z)

and that the computation is more or less similar to the computation done using
Wick theorem.
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Conclusions
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untwisted vertices are needed three ingredients

» classical solution X! (u, G; {x¢, e, f; })

> correlator of the plain twist fields <H£V:1 Oee £ (Xt))

» full Green function in presence of twist fields G"(u, 7; v, V; {x;, o+ })
(I7 J =z, Z)

and that the computation is more or less similar to the computation done using
Wick theorem.
In this way they are not worse that correlators with spin fields
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Conclusions

We have shown that to compute any correlator involving excited twisted fields and
untwisted vertices are needed three ingredients

» classical solution X! (u, G; {x¢, e, f; })

> correlator of the plain twist fields <H£V:1 Oee £ (Xt))

» full Green function in presence of twist fields G (u, T; v, V; {x¢, o })

(I7 J = Z, Z)

and that the computation is more or less similar to the computation done using
Wick theorem.
In this way they are not worse that correlators with spin fields
BUT
to get the amplitudes is almost impossible since the Green function is a product of
generalization of hypergeometric functions.
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Conclusions

We have shown that to compute any correlator involving excited twisted fields and
untwisted vertices are needed three ingredients

» classical solution X! (u, G; {x¢, e, f; })

> correlator of the plain twist fields <H£V:1 Oeo £ (Xt))

» full Green function in presence of twist fields G (u, T; v, V; {x¢, o })

(I7 J = Z, Z)

and that the computation is more or less similar to the computation done using
Wick theorem.
In this way they are not worse that correlators with spin fields
BUT
to get the amplitudes is almost impossible since the Green function is a product of
generalization of hypergeometric functions.
Branes at angles Green function in NOT the same Green function for magnetized
branes!
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Details
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The setup: boundary conditions
We put the following boundary conditions

e_"’“’“asz(u7 )| y=xtio+ + e'-TrO"ayXf(u7 0)|yextior =0 X < X < Xp—1

e—iﬂ'aexz(u’ Z’)|u:x+i04r - eiwa,xi(u, '-_I)‘u:eriOJr = 2Igt Xp < X < Xp—1

They mean
» brane D, is on the segment x; < x < x;_1
» brane D, has Dirichlet boundary condition in the orthogonal direction 2,

V2iX? = e7imeX? — efmoeX? = 2jg, (1)

hence v/2g; € R is the distance of the brane from the origin
» brane D; has Neumann boundary condition in the parallel direction 1,

\/§X1f —_ e—iTrongz + eiﬂa,xf (2)
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The Hermitian product for modes (1)

» Have a time dependent world-sheet since the boundary conditions vary with
time.
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» Have a time dependent world-sheet since the boundary conditions vary with
time.

» Need a proper way of defining an Hermitian product conserved in time.
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The Hermitian product for modes (1)

» Have a time dependent world-sheet since the boundary conditions vary with
time.

» Need a proper way of defining an Hermitian product conserved in time.

» The solution: the Klein-Gordon metric used in QFT on curved spacetime.
Note: not positive definite but is constant in time when solutions of KG
equation are considered.
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The Hermitian product for modes (1)

» Have a time dependent world-sheet since the boundary conditions vary with
time.

» Need a proper way of defining an Hermitian product conserved in time.

» The solution: the Klein-Gordon metric used in QFT on curved spacetime.
Note: not positive definite but is constant in time when solutions of KG
equation are considered.

» Start from K-G current for any two 2-vectors Fy» = (f7,, f5)

Ja(Fu F2) = i[(f]) 0ufy — (0uf)*£]
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The Hermitian product for modes (1)

» Have a time dependent world-sheet since the boundary conditions vary with
time.

» Need a proper way of defining an Hermitian product conserved in time.

» The solution: the Klein-Gordon metric used in QFT on curved spacetime.
Note: not positive definite but is constant in time when solutions of KG
equation are considered.

» Start from K-G current for any two 2-vectors Fy» = (f7,, f5)

Ja(Fu F2) = i[(f]) 0ufy — (0uf)*£]

» |t is conserved on solutions.
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The Hermitian product for modes (2)

> Consider on half an annulus S(rg, r1) in the upper half plane

0:/ d*_/:/ *J—/ *J+/ *J+/ *J
S(ro,r1) |ul=rq |u|=ro [ro,r1] [—r1,—ro]
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The Hermitian product for modes (2)

> Consider on half an annulus S(rg, r1) in the upper half plane

0:/ d*_/:/ *J—/ *J+/ *J+/ *J
S(ro,r1) |ul=rq |u|=ro [ro,r1] [—r1,—ro]

> “Metric” is at given time r = |u|, e.g. flu\:ro *J
Term like f[ro nl xJ is not computed at constant time.
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The Hermitian product for modes (2)

> Consider on half an annulus S(rg, 1) in the upper half plane

0:/ d*_/:/ *_/—/ *_j—l—/ *J+/ *J
S(ro,r1) |ul=rq |u|=ro [ro,r1] [—r1,—ro]

> “Metric” is at given time r = |u|, e.g. flu\:ro i
Term like |; *j is not computed at constant time.
[r07r1]
> We can write [ ;% = G(n) — G(r).
Try to define a Hermitian product

(F1, ) = (F, F)Y :/|= xj+ G(r)— G(=r)
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The Hermitian product for modes (2)

> Consider on half an annulus S(rg, 1) in the upper half plane

0:/ d*_/:/ *_/—/ *_j—l—/ *J+/ *J
S(ro,r1) |ul=rq |u|=ro [ro,r1] [—r1,—ro]

> “Metric” is at given time r = |u|, e.g. flu\:ro i
Term like |; *j is not computed at constant time.
[r07r1]
> We can write [ ;% = G(n) — G(r).
Try to define a Hermitian product

(F1, ) = (F, F)Y :/|= xj+ G(r)— G(=r)

» Good? Only if G(r) — G(—r) does not depend on past bck values.
This requires F to have quantum boundary conditions
e_iﬂ—atayfz(uv L_])lu:x#»iOJr + eiﬂatayfz(uz [’)|u:x+i04r =0 Xe < X < Xe—1

e O FZ(y T)|ymxpior — €T FE (U, )| ymxpior =0 X < X < Xp_1

Same for having a self-adjoint 9,0;!
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The Hermitian product for modes (3)

» Quantum boundary condition implies split
XI(Ua ) = XC,,(U, u; {xt, &, e }) + Xé(ua U; {xt, €1 })

with Xg classical solution, X; quantum fluctuation to be quantized
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The Hermitian product for modes (3)

» Quantum boundary condition implies split
XI(Ua ) = XC,,(U, u; {xt, &, e }) + Xé(ua U; {xt, €1 })

with Xg classical solution, X; quantum fluctuation to be quantized
» The Hermitian form is then for quantum fluctuations

(F1,F) = (F, F1)" = / *J
|u|=r
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The Hermitian product for modes (3)

» Quantum boundary condition implies split

XI(Ua u) = Xcll(uv u; {xt, g, v }) + Xé(ua U; {xt, €t })

with Xg classical solution, X; quantum fluctuation to be quantized
» The Hermitian form is then for quantum fluctuations

(FF) = () = [ s
|ul=r
» For the usual magnetic branes get the well known “weird” Hermitian form
Py f -
(Fl,F2):/ IFl 87-F2d0 +I.F1.F0F2‘o-:071F1./—'.7rF2|g:77
0

where Fjys are the magnetic fields.
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Refined overlap condition

In principle it is possible to study the quantum modes of the 9,05 with quantum
boundary conditions.
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» HENCE use the old overlap approach but improved
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Refined overlap condition

In principle it is possible to study the quantum modes of the 9,05 with quantum
boundary conditions.

» BUT there are still some issues

» HENCE use the old overlap approach but improved

> split
X(U, L_I) = XC’(“? u; {Xta fh at}) + Xq(”v u; {Xt7 at})
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Refined overlap condition

In principle it is possible to study the quantum modes of the 9,05 with quantum
boundary conditions.

» BUT there are still some issues

» HENCE use the old overlap approach but improved

> split
X(U, L_I) = XC’(“? u; {Xta fh at}) + Xq(”v u; {Xt7 at})

» compute the global classical solution Xy (u, T; {x¢, fe, e })
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Refined overlap condition

In principle it is possible to study the quantum modes of the 9,05 with quantum
boundary conditions.
» BUT there are still some issues
» HENCE use the old overlap approach but improved
> split
X(u,0) = X(u, O; {xe, fe, ae }) + Xq(u, O; {xe¢, e })

» compute the global classical solution Xy (u, T; {x¢, fe, e })

» when x; < |u| < x¢—1 the string endpoints are f.x. on Dy and D; use the
appropriate quantum expansion as there were the appropriate twist at u =0
and the corresponding antitwist at u = oo

XQ(U7 u; {DNv Dt})
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Refined overlap condition

In principle it is possible to study the quantum modes of the 9,05 with quantum
boundary conditions.

» BUT there are still some issues
» HENCE use the old overlap approach but improved
> split
X(U, I_J) = XC’(“? u; {Xta fh at}) + Xq(”v u; {Xt7 at})
» compute the global classical solution Xy (u, T; {x¢, fe, e })
» when x; < |u| < x¢—1 the string endpoints are f.x. on Dy and D; use the
appropriate quantum expansion as there were the appropriate twist at u =0
and the corresponding antitwist at u = oo

XQ(U7 u; {DNv Dt})

> at transition “time” like |u| = x¢ require match of the two quantum expansions
as
Xq(u, u; {Dw, Dt+1})|\ — = Xq(u,T; {Dn, Df})‘\u|:x;r

ul=x,
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In and out vacua in presence of N twist fields (1)

We consider the configuration
X(u, )

We use the improved overlap
Hence we take the in vacuum to be the twisted vacuum corresponding to the
usual N = 2 twisted string

‘Oi"> = | TDN—IDN>
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In and out vacua in presence of N twist fields (2)

What about (0,¢|?
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In and out vacua in presence of N twist fields (2)

What about (0,¢|?

» Compute Green function
G (u, Ty v, v; {x, e })

in the usual way
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In and out vacua in presence of N twist fields (2)

What about (0,¢|?
» Compute Green function

GIJ(ua u; v, v; {Xh 6l‘})

in the usual way

> consider the operatorial definition of the (derivative of) Green function

(O0ut|0uXg(u, @)D, X (v, 7)[0in)
<Oout|0in>

8,,8VG'J(U, U, v,v,{x, €}) =

> take |u|, |v| < xy_1 SO we can write

<Oout|8uX{IDN717DN}7q(Ua U)avX{JDN717DN},q(V7 V)| Toy_,0n)
<00Ut| TDN—lDN>

240, GY =
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In and out vacua in presence of N twist fields (3)
What about (0,¢|?
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In and out vacua in presence of N twist fields (3)
What about (0,¢|?

» Use mode expansion and normal order the result

I(— J(=
(Ooue| - aux{(DN)—l1DN}7q(u)aVX{L()N)—IvDN}vq(V) | Toy_10n)

<00Ut | TDN—I Dy >

8U6VAHV,M)(N—1) =
with

Ay 1y T v, Vi {xe, e }) =G (0, T v, 7; {x, &)
_ GI(./ZQ,{DN—LDN}(,J’ U, v,v)

the regularized Green function.
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In and out vacua in presence of N twist fields (3)
What about (0,¢|?

» Use mode expansion and normal order the result

I(— J(=
(Ooue| - aux{(DN)—l1DN}7q(u)aVX{L()N)—IvDN}vq(V) | Toy_10n)

a 8VAIJ _ —
u (N,M)(N-1) <00ut|TDm71DN>

with
Ay 1y T v, Vi {xe, e }) =G (0, T v, 7; {x, &)
_ GI(./ZQ,{DN—LDN}(,J’ U, v,v)

the regularized Green function.

> derive
<00ut| ~ <TD D |eBﬁaa+B,zo7(_x+Bhao_c
1Dn

with B ~ AV
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SDS vertex for untwisted vertices (1)

The SDS vertex maps an abstract operator to an operatorial realization.
The map for an untwisted abstract operator to its operatorial realization in
twisted Hilbert space is

St(c,e) =: ez,ﬁo[z—,.a;'xo,, 7(x+i0",x—i0")+cndf Xop T (x+i0",x—i0")] .

b . .
1 o0
= 1 .
exp 5 Z Cnl CmyJ agl a)rgAbou T(X11X2)|X1:X2:X
n,m=0

There is a new piece
1 _ 1 Lt . - .
Agou 7(x1:x2) =Gpi_p 7(x1 + 107, xy — i07; xp + i0™, xp — i0T)

— G (xa +i0", 31 — i0T; x0 +i0T, xp — i0T)

the left over of the “minimal subtraction”.
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SDS vertex for untwisted vertices (2)
Why is so?
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SDS vertex for untwisted vertices (2)
Why is so?

» Consider “simplest” untwisted vertex in untwisted Hilbert space

AR
: e'k Xop Unrwisted(x) :
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SDS vertex for untwisted vertices (2)
Why is so?

» Consider “simplest” untwisted vertex in untwisted Hilbert space

AR
: e'k Xop Untwisted(x) :

» can be derived from non normal ordered vertex by a point splitting procedure

i x! -) (xe=M)+x¢

) op Untw:sted ) — ||m N(n)e op Untwlsted op Untw:sted( )]

with N () a regularization factor
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SDS vertex for untwisted vertices (2)

Why is so?
» Consider “simplest” untwisted vertex in untwisted Hilbert space

AR
: e'k Xop Untwisted(x) :

» can be derived from non normal ordered vertex by a point splitting procedure

1 ) 1(+)
o e'k Xop Untw:sted ) — ||m N(n)e op Untw:sted(xe )+Xop Untw:sted( )]

with N () a regularization factor
> the vertex for the same state in twisted Hilbert space can ne derived as

lim A ()™ DX sV XS4
n—0

with the same regularization factor N'(n), a kind of minimal subtraction.
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SDS vertex for untwisted vertices (2)
Why is so?

» Consider “simplest” untwisted vertex in untwisted Hilbert space

AR
: e'k Xop Untwisted(x) :

» can be derived from non normal ordered vertex by a point splitting procedure

1 ) 1(+)
o e'k Xop Untw:sted ) — ||m N(n)e op Untw:sted(xe )+Xop Untw:sted( )]

with N () a regularization factor
> the vertex for the same state in twisted Hilbert space can ne derived as

lim A ()™ DX sV XS4
n—0

with the same regularization factor N'(n), a kind of minimal subtraction.
» OK since realizations in twisted Hilbert reproduce the usual OPEs!
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SDS vertex for untwisted vertices (3)

Two examples

Tk X (x,x)+ik X (x,x)

» to the boundary tachyonic vertex e corresponds the

operatorial realization

X—a'kﬁpe—%Rz(e)a/kﬁD : ei(l_<X(x,x)+k)_((x,x)) .

with R2(€) = 24/(1) — 9(e) — ¥(&) > 0 and ¢(z) = 2TE) the digamma
function and kjp is the part of the momentum, parallel to the brane
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SDS vertex for untwisted vertices (3)

Two examples

Tk X (x,x)+ik X (x,x)

» to the boundary tachyonic vertex e corresponds the

operatorial realization
X—o/kﬁpe—%Rz(e)a/kﬁD : ei(l_<X(x,x)+k)_((x,x)) .
with R2(€) = 24/(1) — 9(e) — ¥(&) > 0 and ¢(z) = 2TE) the digamma

function and kjp is the part of the momentum, parallel to the brane

» we can also compute the SDS for chiral operators: to the chiral operator
(02X 9,X 9,X)(u) corresponds

S(02X0,X0,X)(u) 1 +020, AZF|,—y 0y X + 0,0, 02%|,—, 02X

kekze(1 —€)(2 —€) kckze(1 —€) 5
s 8,,X + TauX

with k. = —i%\/2a’ei”“' and kz = —i%\/2a’e_i”a'

= (02X0,X0,X)(u) : —
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SDS for excited twists (1)

» The main observation

91 [uF0uXop(u, B)] = (n— 1)! keal .. + O(u)
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SDS for excited twists (1)

» The main observation
91 [uF0uXop(u, B)] = (n— 1)! keal .. + O(u)

> therefore a normal ordered products of these operators gives directly an
excited twist state, e.g.
Jimo L0yt [uF0uXop(u, T)] 01 [us&,)_(op(u7 )] :|T)

= keke(n = )i(m — 1)laf_y @l 1, | T) = (9"X0"Xoe ) (0)[0)s1(2)
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SDS for excited twists (1)

» The main observation
91 [uF0uXop(u, B)] = (n— 1)! keal .. + O(u)

> therefore a normal ordered products of these operators gives directly an
excited twist state, e.g.

n—1 € — m—1 I3 v — .
Jan Ont [u0uXop(u, @) O [u 8,,Xop(u7 )] :|T)
= keke(n = )i(m — 1)laf_y @l 1, | T) = (9"X0"Xoe ) (0)[0)s1(2)

» then the SDS vertex is

Tr(d, c_f) =

l!i£>n0 : exp {Zl [anag* [UEGUXOP 7(u, D)] + d"ag* [ueau)_(op 7(u, D)H} :
since

[e'e] . N, e N,, aNn aNn -

|J11_[1 (auX) (8UX) O_e,f‘| ( )‘O SL(2 <_> Ilm H ad/\/ adN d d) o ‘T>
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SDS for excited twists (2)

What if the twist field is not located at x = 0?
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SDS for excited twists (2)

What if the twist field is not located at x = 07 Translate the previous operator

T(d,d) =

lim - exp {Z W00 [(u = x)F0uXop(u, T)] + da0 ™ [(u — x)“0uXop(u, u)]]}
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SDS for excited twists (2)

What if the twist field is not located at x = 07 Translate the previous operator

T(d,d) =

Ji_r)nx :exp {Z [da05 [(u = x)*0uXop(u, T)] + du0 " [(u — x)0uXKop(u, T)] ] } :

n=1

This is what needed for exciting the other twist fields hidden in the boundary
conditions discontinuities.
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Reggeon vertex for N excited twist fields and L untwisted

states
We have now all ingredients to compute

Vv ({<iyns dieyn}) =Oout|ST(1)(c1), Cay) - - - ST(1y( ey Sey) X
X Ty (d), ) - - - Tony (diwy» di))|0in)

and get the stated result.
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Reggeon vertex for N excited twist fields and L untwisted
states
We have now all ingredients to compute
Vv ({<iyns dieyn}) =Oout|ST(1)(c1), Cay) - - - ST(1y( ey Sey) X
X Ty (d), ) - - - Tony (diwy» di))|0in)

and get the stated result.
Notice that for the interactions not in the in Hilbert state we need to use the
overlap condition to analytically continue them into the in Hilbert state.
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Reggeon vertex for N excited twist fields and L untwisted
states
We have now all ingredients to compute
Vv ({<iyns dieyn}) =Oout|ST(1)(c1), Cay) - - - ST(1y( ey Sey) X
X Ty (d), ) - - - Tony (diwy» di))|0in)
and get the stated result.
Notice that for the interactions not in the in Hilbert state we need to use the

overlap condition to analytically continue them into the in Hilbert state.
In particular the relations are fundamental

(S (e, &)l Jonaiei e’ Guon ) ~Guo]
(7)» ©(7) )| Hilbert(D, Dy)lanalytically cont.

S(<iy» Siy) Hitbert(Dy—1 D)

and

T(ds, d d'd? (G2, (Dy_,Dpy)—GN=2,(D¢ D))
[7( () (t))|HiIbert(D,DN)]analytically cont. ™€

T (d(e)s diey) | Hitbert(Dw 1 Dw)
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The path integral approach

The path integral amounts to computing

N
Vivec({ iy din}) =/ e %E | [ Savs(ciiy Eiy) abs(d(z), d
M({x,,e,,f,}) H t[[l

where

> M({x, €, f; }) is the space of string configurations satisfying the desired
boundary conditions

> Sabs(C(i), ¢(iy) is the abstract operator version of the SDS vertex

> Tabs(d(), a(t)) is the abstract operator version of the SDS vertex
Since the integral is quadratic can be easily done.
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