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Heavy dense QCD and nuclear matter on the lattice
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Quantum Chromodynamics, theory of strong interactions
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weak vs. strong coupling:
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gluon self-interaction!



Light hadron spectrum from the lattice

BMW collaboration (Budapest, Marseille,VWuppertal) 2010
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QCD is the correct theory for strong interactions also at low energy!



QCD at high temperature/density: change of dynamics
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chiral condensate , Cooper pairs



QCD phase diagram: theorist’s science fiction
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Until 2001: no finite density lattice calculations, sigh problem!

Expectation based on simplifying models (NJL, linear sigma model, random matrix models, ...)
and symmetry arguments

Check this from first principles QCD!



Experimentally established phase diagram:

T Nuclear liquid gas transition with critical end point

Tc ~ Nuclear binding energy

15 MeV } Nuclear matter

~940 MeV ll B



Nuclear physics

~100 years old, still no fundamental description! = Bethe-Weizsacker droplet model:
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QFT descriptions: -Fetter-Walecka model (nucleons + mesons)
-Skyrme model (skyrmions)



Lattice QCD + Monte Carlo method

QCD partition fen: Z = /DU Hdet M (pg,my;U) e Saeuse(GU) B =

2
¥ g
/ ), links=gauge fields det M e Sgauge
AV

Monte Carlo by importance sampling

>]078 dimensional integral

U
Ny =4,6
1
I'= — Continuum limit: Ny — o0, a — 0 a~0.3,0.2 fm
CLNt
Sign problem: det(M) complex for SU(), 11 # 0 importance sampling requires

positive weights



Sign problem: | -dim. illustration

o Example: Z(A) = [ dxexp(—x? +iAx)

lambda=0
lambda=30

integrand

e Z(1)/Z(0) = exp(—A?/4): exponential cancellations

T

QCD: ~ exp. prop. to volume, chemical potential



Theory: how to calculate p.t., critical temperature

deconfinement/chiral phase transition — quark gluon plasma

“‘order parameter’:

chiral condensate (¢¢>

generalized susceptibilities:

X =V((0%) —(0)?)

=~ Xmazx = ‘((*30) =1,

only pseudo-critical on finite V!
Order of transition:
finite volume scaling

) o
Xmazxz ™ V

5.2 5.3 5.4

lattice coupling (3, viz.l’

o=1 1st order

0 = crit. exponent 2nd order

o=10 crossover
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The order of the p.t,, arbitrary quark masses © =0

Pure deconfinement p.t.:

- Gauge  breaking of global Z(3)
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chiral p.t.
restoration of global

SUL(Nf) x SUR(Nf) xUy (1) x Ua(1)

t

anomalous

@ physical point: crossover in the continuum
Aoki et al. 06

O chiral critical line on coarse lattice
de Forcrand, O.P. 07
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Much harder:is there a QCD critical point?

Ny =2 Real world ———
L
2nd order
y o@? 2nd order \, '/
2(2) - 7
Ng=3
Ne=1
crossover T
— 0
2nd order
y 2@ =~
if chiral CEP
0 m,,m, co

Two strategies:
1 follow vertical line: m = mypys, turn on

2 follow critical surface: m = megt(pt)

Approach |:some signals (reweighting, extrapolated Taylor series, canonical)
systematics not yet controlled !
Fodor, Katz; Gavai, Gupta; Alexandru, Liu
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Approach 2: curvature of chiral critical surface

Ny=2 Pure Real world —— Real world ——
- Gauge u m
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0
2nd order
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e : critical quark mass m, for Ny =3

Possible scenarios:
existence and location of chiral critical end- m>>m(0) m >m{0)
point determined by

e distance phys. point — crit. surface acp Qar

e curvature crit. surface, ¢

:;Z((g)) =1+¢ (%,)2 + 9 (L)4 + ... confined

confined

Color superconductor Color superconductor
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Chiral and deconfinement critical surfaces

2
' : (w/T)
Real chemical potential:
sign problem
O <““s§§$\‘\:“§s§:§§:‘
ﬁﬁ‘:‘:“}\g‘\\\‘\“
Imaginary chemical potential:
no sign problem!
-(7/3)?

de Forcrand, O.P.
D’Elia, Lombardo
Bonati, D’Elia, Sanfillippo

shape, sign of curvatures determined by tricritical scaling!



The lattice-calculable region of the phase diagram

u

@ Sign problem prohibits direct simulation, circumvented by approximate methods:
reweigthing, Taylor expansion, imaginary chem. pot.,need /T <1 (¢ = up/3)

@ No critical point in the controllable region, some signals beyond
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New computational avenues in Lattice QCD:

“(Wall)Time is Money (CPU hrs)”

CPU > GPU

Here, very old-fashioned approach:  BPU!
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Biological Processing Unit!
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The effective lattice theory approach

with M. Fromm, J. Langelage, S. Lottini, M. Neuman

Two-step treatment:

|. Calculate effective theory analytically
ll. Simulate effective theory

Step |.: split temporal and spatial link integrations:
7 = / DU,DU; det Q e°9lV] = / DUge SerslUol — / DL e Sessll]

Spatial integration after analytic strong coupling and hopping expansion

Result: 3d spin model of QCD
Step Il: sign problem milder: Monte Carlo, complex Langevin

Numerical simulations in 3d without fermion matrix inversion, very cheap!
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Effective one-coupling theory for SU(3) YM

m Leading order graph in case of N, = 4:

< < < < < _/
LT : ,.
Figure: 4 plaquettes in fundamental representation lead to a 2
Polyakov loop interaction term

m Integration of spatial link variables leads to

~Si=u" Nyt Witr W,
(if)
m Possible generalizations: larger distance, higher dimensional
representations, larger number of loops involved, . ..

m Here: Decorate LO graph with additional spatial and temporal
plaquettes

19



Effective one-coupling theory for SU(3) YM

(L=Tr W)

7 = /[dL] exp [—51 VSU(3)]
- /[dL]H -1+2)\1Re<L,-L}‘)- +

11 \/27 = 18|L;[2 + 8ReL? — |L;[4

Im L

Re L

205 1851 1055797
ANu,N; >5) = uNexp [NT (4u'4 + 1205 — 140 — 3607 +—u® + ———u° 0 uw)]

2 10 “ T 5120
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A<h, H—+—

Abundance

ILI

First order phase transition for SU(3) in the thermodynamic limit!
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Mapping back to 4d finite T Yang-Mills

Inverting

A (Nr, ) = Be(Are, Nr) ...points at reasonable convergence

7.2 — . . . . . . .
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% deviation

Comparison with 4d Monte Carlo

Relative accuracy for 8. compared to the full theory

Note: influence of additional couplings checked explicitly!
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Continuum limit feasible!

800 _—
>

S 500 | A :
I_

00 | } |
300 ’ "One-coupling effective theory
..,-’.". ------------------ 270 MeV -
Linear fit: T, = 250(14) MeV oo
200 I ' L L L

0 0.01 002 0.03 004 0.05 0.06 0.07
1/N.2

T

-error bars: difference between last two orders in strong coupling exp.
-using non-perturbative beta-function (4d T=0 lattice)

-all data points from one single 3d MC simulation!



Including heavy, dynamical Wilson fermions

Expand in the hopping parameter v = 1/(2aM + 8):

/

—Seit = »_ Ai(U. 5, N7 )SP—2N; ) [hi(U, K, ity NP ) SP+hi(u, &, NT)S;'A]
i

Now, keep only \1S; and hy S§* + hy SIA NLO: ~ K’
Ny=2 Purtzi
” P — \- ” eff. theory 4d MC,WHOT 4d MC,de Forcrand et al
y oa? nd order
@S «— [N, | MoT | ko(N, =4) || #o(4), Ref. [23] | #.(4), Ref. [22]
o N=3 1 | 7.22(5) | 0.0822(11) 0.0783(4) ~ 0.08
Ny=T 2 | 7.91(5) | 0.0691( 9) 0.0658(3) -
" o onder 3 | 8.32(5) | 0.0625( 9) 0.0595(3) —

Accuracy ~5%, predictions for Nt=6,8,... available!
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ITIES

The deconfinement transition at all dens

Metropolis algorithm,
Complex Langevin
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Roberge-Weiss transition, eff. th. against full 4d

critical exponent distinguishes order of p.t.

Pinke, O.P. 14

Fitted values of v
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Cold and dense heavy QCD

+ nB/nB,sat’ MC
¢ Langevin
— — —det.

¢ <L>, Langevin

det.
<L">, det.

B8y D08 KD i
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0.997

Analytic strong coupling soln. valid!

A (;’3

0.998 0.999 1 1.001 1.002 1.003
hg /Mg

= 5.7,N; = 115) ~ 10727

m. =20 GeV,T = 10 MeV, a = 0.17 fm

B

5.7,k = 0.0000887, N, = 116

“Silver blaze” property

+ lattice saturation (Pauli principle)
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Continuum extrapolation

Scaling with lattice spacing:

0.03 . .
n 3u/amB =0.99746875
3pJamB =0.998734375
0.025 n SpL/amB =0.99915625 |
+ 3u/amB =0.9994375
3M/amB =0.99971875
0.02 |
[e2]
)
Em
s 0.015
£
®©
0.01f
0.005
0 T T \P I% I L } I I I
0.06 0.08 0.1 0.12 0.14 0.16 0.18
a/fm

Solid/dashed lines: analytic strong coupling limit with/without O(x?) :

Breakdown of hopping series!
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Onset transition to cold nuclear matter  prL 13

... with very heavy quarks my, = 20 GeV

continuum limit with 5-7 lattice spacings per point
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np/m%
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The equation of state for nuclear matter

==
i
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up/mp

Effect of binding between baryons:
Binding energy per nucleon:

Transition is smooth crossover:

Sefr ~K'u", n+m=4

m, = 20 GeV,T = 10 MeV
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p/(mp)*

The equation of state for nuclear matter, Nf=2
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e/mB
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-0.006
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0 P

Binding energy per nucleon

0.996 0.9

I I
97 0.998 0.999 1

MB/mB

ol
1.001

... to be continued...

Minimum: access to nucl. binding energy, nucl. saturation density!

e~ 1077

consistent with the location of the onset transition



Quark mass dependence of the binding energy:

Expect short range nucl. potential for heavy pions, V ~

Analytic solution, finite lattice spacing:
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lattice saturation
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Order of the onset transition?

0.003 T T
T= 20MeV ——
00025 | T2 SMEV 1m
' T=25MeV -5 hasbbit . . . .
ol Eaeti Distribution of fermion density: crossover!?
0.0015 | m*{ﬁ \
jil
ooty 3t ' 5000 . . . . .
0.0005 | ) !I*ii*n: 4500 2.5MeV —— ——
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Reason: expect short range nucl. potential for heavy pions, V ~ £ p



Lighter quarks: First order signal + endpoint!

3000

Be T — N, = 1160 O T T T N.=580 O
2500
8 g 2000r 8
c | — | =
£ 3 100 f £
— 3 3
® 2 00| ®
500
0
-1 05 0 05 1 15 2 25 -1 05 0 05 1 15 2 25
<lL> <>
350 . 60
Vgl
300 | V=4, 50 ¢
£ v=5® A
N * N
c -3 C')(U
(ep] R
<I“ 200 r . /'\ 30 |
N [
S 150 | Ly
Y 100 | v
\% 10
1 1 1 I I L O R 1
0099674 099676 0.99678 0.9968 0.99682 099684 0.99686 0.99688 0.9945 0.9946 0.9947 09948 0.9949 0.995 0.9951 0.9952 09953 0.9954 0.9955
<ug/mg> <ug/mg>
e O(k%*):Stretching the hopping series, k = 0.12, 3 = 5.6 attn: no convergence yet!

e Coexistence of vacuum and finite density phase: 1st order

e |f the temperature T = a,{,T or the quark mass is raised this

changes to a crossover
all features of liquid gas transition!!!
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Within reach of effective lattice QCD!

T Nuclear liquid gas transition with critical end point

Tc ~ Nuclear binding energy

15 MeV l Nuclear matter

~940 MeV g

Can we get high enough orders for light quarks?!?
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Conclusions

@ No chiral critical point for /T <1
© New effective lattice theory allows to simulate heavy quarks at all densities
@ Onset transition to (heavy) nuclear matter seen from lattice QCD!

@ Higher orders, smaller quark masses?
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Backup slides
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Subleading couplings

Subleading contributions for next-to-nearest neighbours:

/
AoSp o UPNTT2N " 2Re(L4Lf) distance = V2
k1]

/!
AaSs o< UPNTE N " DRe(Lmly) distance =2
{mn}
as well as terms from loops in the adjoint representation:
AaSaoc P N TEAWTHAW, ; TrlW = |L|> — 1

<[>
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The influence of a second coupling

NLO-couplings: next-to-nearest neighbour, adjoint rep. loops

019 I i T I I I I 019 T T T T ; T T T
£ .I':from XL — L J‘
L rom B|L| ***** X! | 0.185 ‘ *T;s " —
0.185 B second-order fit on B||2| ———————————— LT e
018 L R Nr: 3 - 0.18 | * ya
u = N =4 0.175 | -
. ‘ ) ; T ] ‘J
0.175 - N‘fg 0.17 , / y
017 | o 1S 0165 | fromop —
= * ; | from By, - /
0.165 - - | 0.16 ~ third-order fiton y;, ; /T
0.16 el . 0-155 | Ne=2 |
. | \}‘/‘g‘ __ ( N = 3 i
| I 0.15 | | N'o 2.
0.155 i %‘ 0.145 , ; Nz -6 i
i | * | | N.=10 -
0.15 ' ' — - ' 0.14 L—— ' ' ' ' '
0 0.002 0.004 0.006 0.008 0.01 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
Mo Ma

...gets very small for large N, !
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Cold and dense QCD I: static, strong coupling limit

For T=0 (at finite density) anti-fermions decouple N;=1hy =

Cr = 2rpe™ )Nt = Wr=m)IT Cp(ug) = Cp(—py)

C,hy =0

[L<m

- A N3
| i , P P
Z(3=0) = H/dﬂ (1+CfL+ C7L* + C%)
; i
T—0 ~ 1 Ns
— [1+4CNe + C2Ne] Free gas of baryons!
Quarkyonic!?
T 0 1 4N,CNe 4+ 9N, 2N .
"=y BT BT 40N 1 OON g (amn) = 2K
lim a®n = {
Sivler blaze property + saturation! 70" T ) 2N,

. =M
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Finite isospin vs baryon chemical potential
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Observable to identify order of p.t.:

((6Q)*)
((0Q)?)?

§Bo = B4(6Q) =

Bu(z) =1.604 + bLY" (z — z.) + . ..

2 T T NS _ 16' T T
N. = 18 ----- %emmmna
1.9 | N: N — .
NS = 22 S B :
18 | NG = 24 »-oe -
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