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  Large production rates for 
Standard Model processes 
  jets 
  top quark pairs 
  vector bosons 

  Allow precision measurements 
  masses 
  couplings 
  parton distributions 

  Require precise theory: NNLO 

Benchmark processes at colliders 
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Jet cross sections at hadron colliders 
Precision observable at the Tevatron 
 

  Constrain parton distributions 
  Measure strong coupling constant 
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Jet cross sections at hadron colliders 
ATLAS 2010 results: single jet inclusive 
 
 
 
 
 
 
 
 

  On track to a multiple-differential high-precision measurement 
  Limiting factor in interpretation will be theory accuracy 
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Figure 5. Ratio of the inclusive 3-jet to 2-jet cross sections mea-
sured by the CMS Collaboration as a function of the average
transverse momentum of the two leading jets and compared to
the NLO prediction with di↵erent ↵

S
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) values [17].
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Figure 6. All jet-data based ↵
S

(M

Z

) results discussed in this
article compared to the latest world average for ↵

S

(M

Z

). [18]

of 600 GeV. R32 is proportional to ↵
S

, as illustrated in
figure 5, and it has the advantage of a reduced depen-
dence on assumption for the low-Q2 evolution made in
the PDFs. In order to reduce the impact of uncertain-
ties related to choice and variation of the factorization and
renormalization scales, events with hp

T1,2i < 400 GeV are
neglected when determining the best ↵

S

in a simultane-
ous �2 fit to the di↵erent bins up to hp

T1,2i = 1.4 TeV,
which yields a logarithmic mean of 764 GeV for the con-
sidered range. The result is then evolved downwards in en-
ergy to obtain ↵

S

(M

Z

) = 0.1143 ± 0.0064 (exp.) ± 0.0019
(PDF) +0.0050

�0.0000(scale). This result is based on the NNPDF2.1
distribution functions. Compatible results are obtained
with CT10 and MSTW2008 PDF sets, while the low gluon

density in ABM11 would yield an ↵
S

(M

Z

) larger than
0.1200, which is the upper edge of the ↵

S

(M

Z

) values sup-
ported by that PDF group.

5 Conclusions

Cross sections for jet and multijet production have been
measured with high precision at HERA, the Tevatron and
the LHC, probing QCD predictions over impressive ranges
in x and Q

2. They provide strong constraints on the gluon
PDF at medium to high x, allow measuring ↵

S

up to the
TeV scale already and disentangling gluon PDF and ↵

S

.
Figure 6 compares recent jet-based ↵

S

(M

Z

) results, all
of them perfectly compatible with the latest world aver-
age but a↵ected by significant theory uncertainties. Given
the sizable uncertainties related to choice and variation of
factorization and renormalization scales as well as from
non-perturbative corrections, all such jet measurements
and subsequent extractions of QCD parameters are eagerly
awaiting cross-section predictions beyond NLO.

References

[1] Particle Data Group, Phys. Rev. D 86, 010001 (2012)
[2] H1 Collaboration (2011), H1prelim-11-032
[3] H1 Collaboration (2012), H1prelim-12-031
[4] H1 and ZEUS Collaborations (2011), H1prelim-11-

034, ZEUS-prel-11-001
[5] H. Abramowicz et al. (ZEUS Collaboration),

Nucl.Phys. B864, 1 (2012), 1205.6153
[6] T. Aaltonen et al. (CDF Collaboration), Phys.Rev.

D78, 052006 (2008), 0807.2204
[7] V. Abazov et al. (D0 Collaboration), Phys.Rev.Lett.

101, 062001 (2008), 0802.2400
[8] V. Abazov et al. (D0 Collaboration), Phys.Lett.

B704, 434 (2011), 1104.1986
[9] V. Abazov et al. (D0 Collaboration), Phys.Rev. D80,

111107 (2009), 0911.2710
[10] V. Abazov et al. (D0 Collaboration), Phys.Lett.

B718, 56 (2012), 1207.4957
[11] G. Aad et al. (ATLAS Collaboration), Phys.Rev.

D86, 014022 (2012), 1112.6297
[12] S. Chatrchyan et al. (CMS Collaboration),

Phys.Rev.Lett. 107, 132001 (2011), 1106.0208
[13] ATLAS Collaboration (2012), ATLAS-CONF-2012-

021
[14] S. Chatrchyan et al. (CMS Collaboration) (2012),

Submitted to Phys. Rev. D, 1212.6660
[15] ATLAS Collaboration (2012), ATLAS-CONF-2012-

128
[16] B. Malaescu, P. Starovoitov, Eur.Phys.J. C72, 2041

(2012), 1203.5416
[17] CMS Collaboration (2012), CMS-PAS-QCD-11-003
[18] Figure provided by R. Kogler.

 [GeV]Tp
20 30 210 210×2 310

 [p
b/

G
eV

]
y

 d Tp
/d
σ2 d

-910

-610

-310
1

310

610

910

1210

1510

1810

2110

2410

uncertainties
Systematic

Non-pert. corr.
           ×) max

T
p=µ(CT10, 

NLOJET++

)12 10×| < 0.3 (y|
)9 10×| < 0.8 (y |≤0.3 
)6 10×| < 1.2 (y |≤0.8 
)3 10×| < 2.1 (y |≤1.2 
)0 10×| < 2.8 (y |≤2.1 
)-3 10×| < 3.6 (y |≤2.8 
)-6 10×| < 4.4 (y |≤3.6 

ATLAS

=7 TeVs,   -1 dt=37 pbL ∫
=0.4R  jets,  tanti-k

 [GeV]Tp
20 30 210 210×2 310

 [p
b/

G
eV

]
y

 d Tp
/d
σ2 d

-910

-610

-310
1

310

610

910

1210

1510

1810

2110

2410

3 



Jet cross sections at hadron colliders 
CMS 2011 results: single jet inclusive 
 
 
 
 
 
 
 
 

  uncertainty on NLO prediction comparable to spread from partons 
  need improved theory for precise extraction of parton distributions from jets 
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Figure 7: Inclusive jet (left) and dijet (right) cross sections for the five different rapidity bins,
for data (markers) and theory (thick lines) using the NNPDF2.1 PDF set.
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dijet (right column) cross section measurements for all five |y| and |y|max bins, respectively.
The upward and downward uncertainties are estimated separately.

4 



Jet cross sections at hadron colliders 

5 

ATLAS 2011 results: dijet mass distribution 

  Dijet production: differential probe of parton distributions 
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NNLO corrections to e+e- → 3 jets 

  Calculation of NNLO corrections to 
e+e- → 3 jets and related event 
shapes (A. Gehrmann-De Ridder, E.W.N. Glover, G. Heinrich, 
TG; S. Weinzierl) 

  Revisit LEP precision phenomenology                          
(with G. Dissertori, G. Luisoni, H. Stenzel) 

  Strong coupling from R3jet  
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FIG. 1: Determinations of αs(MZ) from the three-jet rate,
measured by ALEPH at the Z peak, for several values of
the jet-resolution parameter ycut. The error bars show the
statistical uncertainty, whereas the shaded band indicates the
total error, including the systematic uncertainty. The various
contributions to the latter are displayed in the lower plot.

We find

αs(MZ) = 0.1175± 0.0020 (exp) ± 0.0015 (theo) ,

where the first uncertainty includes (in quadrature) the
contributions from statistics, detector corrections and ex-
perimental selection cuts, and the second error is the
quadratic sum of b-quark mass and renormalization scale

uncertainties (cf. Table I). As expected, the theoretical
uncertainties are smaller than those obtained from fits
of event-shape distributions, and even smaller than the
experimental error, which is dominated by the model-
dependence of the detector corrections. Our result is
among the most precise determinations of the strong cou-
pling constant at LEP from jet observables, and is in ex-
cellent agreement with the latest world average value [3].
It is worth noting that we performed similar measure-
ments also for the LEP2 energies between 133 and 206
GeV, where we find consistent values for αs(MZ), but
with considerably larger statistical uncertainties.

In this letter we reported on the first determination
of the strong coupling constant from the three-jet rate
in e+e− annihilation at LEP, based on a NNLO per-
turbative QCD prediction. We find a precise value of
αs(MZ) with an uncertainty of 2%, consistent with the
world average. This verifies the expectations that the
three-jet rate is an excellent observable for this kind of
analysis, thanks to the good behavior of its perturbative
and non-perturbative contributions over a sizable range
of jet-resolution parameters.
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  Partons are combined into jets with the same jet algorithm as 
in experiment 

  No algorithm dependence at leading order 
  Theoretical description more accurate with increasing order 
  Current status: at most three partons in one jet 

8 

Jets in perturbative QCD  

LO                NLO              NNLO 



  Formal requirement on QCD observables (jets, event 
shapes) defined through final state momenta 
  Value of observable should not change if a soft particle is emitted or a 

particle splits into two collinear particles (Sterman-Weinberg criteria) 
  Ensures cancellation of infrared divergences at each order in 

perturbative QCD (KLN theorem) 

  Observables that fulfil these criteria are called infrared-safe 

Soft         (En+1→0):   On+1(p1,...,pn,pn+1)  → On(p1,...,pn) 
Collinear      (pn ∥pn+1): On+1(p1,...,pn,pn+1) → On(p1,...,pn+pn+1) 
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Infrared safety  



Ingredients to jet production at NNLO 
  Two-loop matrix elements                     

(C. Anastasiou, E.W.N. Glover, C. Oleari, M. Tejeida-Yeomans;                               
Z. Bern, L. Dixon,  A. De Freitas) 

  Explicit infrared poles from loop integrals 

  One-loop matrix elements                    
(Z. Kunszt, A. Signer, Z. Trocsanyi) 

  Explicit infrared poles from loop integral 
  Implicit infrared poles from real radiation 

  Tree-level matrix elements 
  Implicit infrared poles from real radiation 

10 



Two-loop matrix elements 

11 

  Generation of diagrams (QGRAF: P. Noguiera, FORM: J. Vermaseren)  

  Expressed in terms of two-loop Feynman integrals 

  Reduction to master integrals 
  Integration-by-parts identities 

  Complemented by Lorentz invariance and symmetry 
  Solution based on lexicographic ordering (S. Laporta) 

  AIR (C. Anastasiou, A. Lazopoulos) 

  FIRE (A. Smirnov) 

  Reduze (A. von Manteuffel, C. Studerus) 

Z
ddk

(2⇡)d
ddl

(2⇡)d
@

@aµ
[bµf(k, l, pi)] = 0 with aµ = kµ, lµ; bµ = kµ, lµ, pµi



Two-loop matrix elements 
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  Master integrals from differential equations 
  Differentiate integrand with respect to masses and momenta 
  Apply integration-by-parts identities 

  Integrate differential equations and match boundary  

The two remaining ones are master integrals. Written out in terms of propagators, they read:

-
-

-

⇢⇡
�⇠

p123
p12

p3

=

Z
ddk

(2⇡)d
ddl

(2⇡)d
1

k2l2(k � p123)2(k � l � p12)2
, (5.9)

-
-

-⇡⇢⇡
�⇠

p123
p3

p12

=

Z
ddk

(2⇡)d
ddl

(2⇡)d
1

k2l2(l � p12)2(k � l � p3)2
. (5.10)

Both fulfil inhomogeneous di↵erential equations. For a vertex p123 ! p12 + p3, the appropriate variables
for the di↵erential equations are s123 and s12. To illustrate the structure of the di↵erential equations, we
quote them for (5.9):

s123
@

@s123
-

-

-

⇢⇡
�⇠

p123
p12

p3

=
d� 4

2

2s123 � s12
s123 � s12

-
-

-

⇢⇡
�⇠

p123
p12

p3

�3d� 8

2

1

s123 � s12
- ⇢⇡

�⇠
p12

,

s12
@

@s12
-

-

-

⇢⇡
�⇠

p123
p12

p3

= �d� 4

2

s12
s123 � s12

-
-

-

⇢⇡
�⇠

p123
p12

p3

+
3d� 8

2

1

s123 � s12
- ⇢⇡

�⇠
p12

. (5.11)

The boundary conditions for s123 = 0 or s12 = 0 are obtained directly from the vertex integrals with one
o↵-shell leg quoted above. Using these, one finds

-
-

-

⇢⇡
�⇠

p123
p12

p3

= A4 (s12 � s123)
d
2�2 (�s123)

d
2�2� 3d� 8

2(d� 3)
A3

(�s12)
d�3

�s123
2F1

✓
d

2
� 1, 1; d� 2;

s12
s123

◆
.

(5.12)
The second master integral can be obtained from this by analytic continuation of the hypergeometric
function:

-
-

-⇡⇢⇡
�⇠

p123
p3

p12

= �3d� 8

d� 4
A3 (�s12)

d
2�2 (�s123)

d
2�2

2F1

✓
d

2
� 1, 2� d

2
; 3� d

2
;
s123 � s12

s123

◆
.

(5.13)
Vertex integrals with three o↵-shell legs can not appear as subtopologies in two-loop four-point func-

tions with one o↵-shell leg.

5.3 t = 5

The two-loop two-point function with t = 5 is a well known example [3, 4] for the application of IBP
identities:

- ⇢⇡
�⇠

p
=

2(3d� 8)(3d� 10)

(d� 4)2
1

(p2)2
- ⇢⇡

�⇠
p

� 2(d� 3)

d� 4

1

p2
- ⇢⇡

�⇠
⇢⇡
�⇠

p
.

(5.14)
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Two-loop matrix elements for jet production  

  Analytic 2 →2 results for processes with jets 
  Di-jet production (C. Anastasiou, E.W.N. Glover, C. Oleari, M. Tejeida-Yeomans;            

Z. Bern, L. Dixon,  A. De Freitas) 

  Vector-boson-plus-jet production                                                  
(L. Garland, E.W.N. Glover,  A. Koukoutsakis, E. Remiddi, L. Tancredi, E. Weihs, TG) 

  Higgs-boson-plus-jet production                                              
(E.W.N. Glover, M. Jaquier,  A. Koukoutsakis, TG)  

  Top quark pair production 
  Numerical representation (P. Bärnreuther, M. Czakon) 

  Analytical work ongoing (R.Bonciani, A.Ferroglia, C.Studerus,  A.von Manteuffel, TG)  

  Next frontier: automation and 2 → 3  
  Unitarity-based methods (P. Mastrolia, E. Mirabella, G. Ossola, T. Peraro) 

  Classification of integral basis (H. Johansson, D. Kosower, K. Larsen) 

13 



Real radiation at NNLO: factorization 
  Single unresolved radiation at one loop 

  One-loop correction to collinear splitting factors                     
(Z. Bern, V. Del Duca, W. Kilgore, C. Schmidt) 

  One-loop correction to soft eikonal factor (S. Catani, M. Grazzini) 

  Double unresolved radiation factors at tree level                         
(J. Campbell, E.W.N. Glover; S. Catani, M. Grazzini) 

  Double soft 
  Soft/Collinear 
  Triple collinear 
  Double single collinear 

  Require method to extract singular contributions 

14 



Real radiation at NNLO: methods 
  Sector decompostion                                                     

(T. Binoth, G. Heinrich; C. Anastasiou, K. Melnikov, F. Petriello) 

  pp → H, pp → V, including decays                                                                  
(C. Anastasiou, K. Melnikov, F. Petriello; S. Bühler, F. Herzog, A. Lazopoulos, R. Müller) 

  qT-subtraction (S. Catani, M. Grazzini) 

  pp → H, pp → V, pp →γγ, pp → VH                                          
(S. Catani, L. Cieri, D. de Florian, G. Ferrera M. Grazzini, F. Tramontano)   

  Sector-improved subtraction schemes                              
(M. Czakon; R. Boughezal, K. Melinkov, F. Petriello) 

  pp → tt (M. Czakon, P. Fiedler, A. Mitov) 

  pp → H+j (R. Boughezal, F. Caola, K. Melnikov, F. Petriello, M. Schulze)  

  Antenna subtraction (A. Gehrmann-De Ridder, E.W.N. Glover, TG) 

  e+e- → 3j (A. Gehrmann-De Ridder, E.W.N. Glover, G. Heinrich, TG; S. Weinzierl)  

  pp → 2j (A. Gehrmann-De Ridder, E.W.N. Glover, J. Pires, TG)  

15 
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NNLO results on top quark pair production 

16 

  Large production cross section at the LHC 
  Expected experimental error of ~5% on total cross section 
  NLO+NLL predictions yield uncertainty of ~10% 

  NNLO calculation of total cross section completed 
recently (M. Czakon, P. Fiedler,  A. Mitov) 

  Based on sector-improved                                               
subtraction 

  Numerical cancellation of                                                 
infrared poles 

  Differential distributions                                                         
in progress 

4

too, and a consistent NNLO treatment would require the
analysis of Ref. [35] to be extended to NNLO, which is
now possible with the help of the results derived in this
letter as well as Ref. [12]. Given the numerical effect is
small (a 0.7% shift at LHC 8 TeV and a 0.4% shift at the
Tevatron), in this work we take A = 0.
As can be concluded from table I the precision of the

theoretical prediction at full NNLO+NNLL is very high.
At the Tevatron, the scale uncertainty is as low as 2.2%
and just slightly larger, about 3%, at the LHC. The inclu-
sion of the NNLO correction to the gg-initiated reaction
increases the Tevatron prediction of Ref. [12] by about
1.4%, which agrees well with what was anticipated in
that reference.

Collider σtot [pb] scales [pb] pdf [pb]

Tevatron 7.009 +0.259(3.7%)
−0.374(5.3%)

+0.169(2.4%)
−0.121(1.7%)

LHC 7 TeV 167.0 +6.7(4.0%)
−10.7(6.4%)

+4.6(2.8%)
−4.7(2.8%)

LHC 8 TeV 239.1 +9.2(3.9%)
−14.8(6.2%)

+6.1(2.5%)
−6.2(2.6%)

LHC 14 TeV 933.0 +31.8(3.4%)
−51.0(5.5%)

+16.1(1.7%)
−17.6(1.9%)

TABLE II: Pure NNLO theoretical predictions for various
colliders and c.m. energies.

To assess the numerical impact from soft gluon re-
summation, in table II we present results analogous to
the ones in table I but without soft gluon resummation,
i.e. at pure NNLO. Comparing the results in the two
tables we conclude that the effect of the resummation
is a (2.2, 2.9, 2.7, 2.2)% increase in central values and
(2.4, 2.2, 2.1, 1.5)% decrease in scale dependence for, re-
spectively, (Tevatron, LHC7, LHC8, LHC14).
Next we compare our predictions with the most precise

experimental data available from the Tevatron and LHC.
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FIG. 3: Theoretical prediction for the Tevatron as a function
of the top quark mass, compared to the latest combination of
Tevatron measurements.
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FIG. 4: Theoretical prediction for the LHC as a function of
the collider c.m. energy, compared to available measurement
from ATLAS and/or CMS at 7 and 8 TeV.

The comparison with the latest Tevatron combination
[36] is shown in fig. 3. The measured value σtot = 7.65±
0.42 pb is given, without conversion, at the best top mass
measurement [37] m = 173.18 ± 0.94 GeV. From this
comparison we conclude that theory and experiment are
in good agreement at this very high level of precision.
In fig. 4 we show the theoretical prediction for the

tt̄ total cross-section at the LHC as a function of the
c.m. energy. We compare with the most precise avail-
able data from ATLAS at 7 TeV [38], CMS at 7 [39] and
8 TeV [40] as well as the ATLAS and CMS combination
at 7 TeV [41]. We observe a good agreement between
theory and data. Where conversion is provided [39], the
measurements have been converted to m = 173.3 GeV.
Finally, we make available simplified fits for the top

mass dependence of the NNLO+NNLL cross-section, in-
cluding its scale and pdf uncertainties:

σ(m) = σ(mref )
(mref

m

)4
(16)

×

(

1 + a1
m−mref

mref
+ a2

(

m−mref

mref

)2
)

.

The coefficient a1,2 can be found in table III.

CONCLUSIONS AND OUTLOOK

In this work we compute the NNLO corrections to
gg → tt̄ + X . With this last missing reaction included,
the total inclusive top pair production cross-section at
hadron colliders is now known exactly through NNLO
in QCD. We also derive estimates for the two-loop hard
matching coefficients which allows NNLL soft-gluon re-
summation matched consistently to NNLO. All results
are implemented in the program Top++ (v2.0) [33].



NNLO results on Higgs+jet production 
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  First results of H+jet total cross section (gluons only)             
(R. Boughezal, F. Caola, K. Melnikov, F. Petriello, M. Schulze) 

  Based on sector-improved subtraction 
  Numerical cancellation of infrared singularities 

  Cross section multiplied by gluon luminosity 
  Large corrections at partonic threshold   

  Stabilization of scale dependence for total cross section 
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Figure 3. Residuals of poles in ε for the total cross-section as the function of partonic center-of-mass
energy. The left panel shows O(ε−2), and the right panel shows O(ε−1). See the text for explanation.

As a final check of the calculation, we discuss the dependence of the result on the renor-

malization and factorization scales. In this paper, we equate them and denote both by µ.

We can compute the µ-dependence of the cross-section either by introducing µε per cou-

pling constant in the various elements of the calculation in the standard way, or by solving

the renormalization group equation that follows from the fact that convolution of the par-

tonic cross-section with parton distribution functions is µ-independent. The results of this

computation can be found in Section 2. We have checked that when the µ-dependence is

computed with our numerical code, the result agrees with the analytic computation based on

renormalization group invariance.

We now present our results. We compute the hadronic cross-section for the production of

the Higgs boson in association with a jet at the 8 TeV LHC through NNLO in perturbative

QCD. We reconstruct jets using the k⊥-algorithm with ∆R = 0.5 and p⊥,j = 30 GeV. The

Higgs mass is taken to be mH = 125 GeV and the top-quark mass mt = 172 GeV. We use

the latest NNPDF parton distributions [78, 79] and numerical values of the strong coupling

constant αs at various orders in QCD perturbation theory as provided by the NNPDF fit. We

note that in this case αs(mZ) = [0.130, 0.118, 0.118] at leading, next-to-leading and next-to-

next-to-leading order, respectively. We choose the central renormalization and factorization

scales to be µR = µF = mH . In Fig. 4 we show the partonic cross section for gg → H + j

multiplied by the gluon luminosity through NNLO in perturbative QCD

β
dσhad
d
√
s

= β
dσ(s,αs, µR, µF )

d
√
s

× L
(

s

shad
, µF

)

, (7.5)

where β measures the distance from the partonic threshold,

β =

√

1−
E2

th

s
, Eth =

√

m2
h + p2⊥,j + p⊥,j ≈ 158.55 GeV. (7.6)

The partonic luminosity L is given by the integral of the product of two gluon distribution
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Figure 4. Results for the product of partonic cross-sections gg → H + jet and parton luminosity in
consecutive orders in perturbative QCD at µR = µF = mh = 125 GeV. See the text for explanation.

functions

L(z, µF ) =

∫ 1

z

dx

x
g(x, µF )g

( z

x
, µF

)

. (7.7)

It follows from Fig. 4 that NNLO QCD corrections are significant in the region
√
s <

500 GeV. In particular, close to partonic threshold
√
s ∼ Eth, radiative corrections are en-

hanced by threshold logarithms ln β that originate from the incomplete cancellation of virtual

and real corrections. There seems to be no significant enhancement of these corrections at

higher energies, where the NNLO QCD prediction for the partonic cross-section becomes al-

most indistinguishable from the NLO QCD one. Note that we extend the calculation of the

NNLO partonic cross-section to
√
s ∼ 500 GeV only. From leading and next-to-leading order

computations, we know that by omitting the region
√
s > 500 GeV, we underestimate the

total cross-section by about 3%. To account for this in the NNLO hadronic cross-section cal-

culation, we perform an extrapolation to higher energies constructed in such a way that when

the same procedure is applied to LO and NLO cross-sections, it gives results that agree well

with the calculation without extrapolation. The correction for the extrapolation is included

in the NNLO QCD cross-sections results shown below.

We now show the integrated hadronic cross-sections for the production of the Higgs

boson in association with a jet at 8 TeV LHC in the all-gluon channel. We choose to vary

the renormalization and factorization scale in the range µR = µF = mH/2, mH , 2mH . After
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Figure 5. Scale dependence of the hadronic cross section in consecutive orders in perturbative QCD.
See the text for details.

convolution with the parton luminositites, we obtain5

σLO(pp → Hj) = 2713+1216
−776 fb,

σNLO(pp → Hj) = 4377+760
−738 fb,

σNNLO(pp → Hj) = 6177−204
+242 fb.

(7.8)

We note that NNLO corrections are sizable, as expected from the large NLO K−factor, but

the perturbative expansion shows marginal convergence. We also evaluated PDFs error using

the full set of NNPDF replicas, and found it to be of order 5% at LO, and of order 1-2% at

both NLO and NNLO, similarly to the inclusive Higgs case [78]. The cross-section increases

by about sixty percent when we move from LO to NLO and by thirty percent when we move

from NLO to NNLO. It is also clear that by accounting for the NNLO QCD corrections we

reduce the dependence on the renormalization and factorization scales in a significant way.

The scale variation of the result decreases from almost 50% at LO, to 20% at NLO, to less

than 5% at NNLO. We also note that a perturbatively-stable result is obtained for the scale

choice µ ≈ mH/2. In this case the ratio of the NNLO over the LO cross-section is just 1.5,

to be compared with 2.3 for µ = mH and 3.06 for µ = 2mH , and the ratio of NNLO to NLO

is 1.2. It is interesting to point out that a similar trend was observed in the calculation of

higher-order QCD corrections to the Higgs boson production cross-section in gluon fusion. It

has been pointed out that because of the rapid fall of the gluon PDFs, the production cross

section is dominated by the threshold region, thus making µ = mH/2 an excellent choice for

the renormalization and factorization scales [14, 81]. The reduced scale dependence is also

apparent from Fig. 5, where we plot total cross-section as a function of the renormalization

and factorization scale µ in the region p⊥,j < µ < 2mh.

5We checked our LO and NLO results against MCFM (gluons only), and found agreement.
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NNLO Infrared Subtraction 
Structure of NNLO cross section  
 
 

  Real and virtual contributions: 
  Subtraction term for double real radiation: 
  Subtraction term for one-loop single real radiation: 
  Mass factorization terms: 

  Each line finite and free of poles                                    
→ numerical implementation 
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Antenna subtraction 
  Subtraction terms constructed from antenna functions 

  Antenna function contains all emission between two partons 

  Phase space factorization 
 
  Integrated subtraction term 

1 1

i

j

k

I

i

j

k

I

m+1 m+1

K

K

d�m+1(p1, . . . , pm+1; q) = d�m(p1, . . . , p̃I , p̃K , . . . , pm+1; q) · d�Xijk(pi, pj , pk; p̃I + p̃K)

Xijk =
�

d�XijkXijk
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Antenna functions 
  Colour-ordered pair of hard partons (radiators) 

  Hard quark-antiquark pair 
  Hard quark-gluon pair 
  Hard gluon-gluon pair 

  NLO (D. Kosower; J. Campbell, M. Cullen, E.W.N. Glover) 

  Three-parton antenna: one unresolved parton 

  NNLO (A. Gehrmann-De Ridder, E.W.N. Glover, TG) 

  Four-parton antenna: two unresolved partons  

  Three-parton antenna at one loop 

  Products of NLO antenna functions   

  Soft antenna function 
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Antenna subtraction: incoming hadrons 
  Three antenna types (A. Daleo, D. Maitre, TG) 

  Final-final antenna 

 
  Initial-final antenna 

  Initial-intial antenna 
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Integrated NNLO antenna functions 
  Analytical integration over unresolved part of phase space only  

  phase space integrals reduced to masters (C. Anastasiou, K. Melnikov) 

  Final-final:                                        , one scale: q2  

  1 → 4 tree level  
  1 → 3 one loop  

  Initial-final:                                       , two scales: q2, x                  
(A. Daleo, A. Gehrmann-De Ridder, G. Luisoni, TG) 

  2 → 3 tree level 
  2 → 2 one loop 

  Initial-initial:                                      , three scales: q2, x1, x2             
(R. Boughezal, A. Gehrmann-De Ridder, M. Ritzmann, TG) 

  2 → 3 tree level 
  2 → 2 one loop 

q � k1 + k2 + k3(+k4)

q + p1 � k1 + k2(+k3)

p1 + p2 � q + k1(+k2)
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NNLO corrections to pp → 2j 
  Leading colour gluons-only as proof of concept                

(A. Gehrmann-De Ridder, E.W.N. Glover, J. Pires, TG) 

  Double real radiation  
  Subtraction terms constructed and implemented 
  Azimuthal correlations from gluon splitting 

  Single real radiation at one loop 
  Subtraction terms constructed and implemented 
  Interplay of antenna functions and mass factorization 

  Two-loop contributions 
  Added integrated subtraction terms from above 
  Observe analytic cancellation of all infrared poles 

  All implemented in parton-level event generator 
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NNLO QCD corrections to dijet production at hadron colliders João Pires

= 0.7. Jets are accepted at central rapidity |y| < 4.4, and ordered in transverse momentum. An event
is retained if the leading jet has pT 1 > 80 GeV. Factorization and renormalization scales (µF and
µR) are chosen dynamically on an event-by-event basis. As default value, we set µF = µR = µ and
set µ equal to the transverse momentum of the leading jet so that µ = pT 1.
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Figure 1: Inclusive jet pT distribution, ds/d pT , for jets constructed with the anti-kT algorithm with R = 0.7
and with pT > 80 GeV, |y| < 4.4 and

p
s = 8 TeV at NNLO (blue), NLO (red) and LO (dark-green). The

middle panel shows the ratios of NNLO, NLO and LO cross sections. The lower panel shows the subleading
colour contribution to the full colour NNLO cross section.

In Fig. 1 we present the single jet inclusive cross section as a function of the jet pT at each
order in perturbation theory. Respectively in dark-green, red and blue we show the LO, NLO and
NNLO cross sections evaluated with the MSTW2008NNLO [15] gluon distribution function. The
middle panel shows ratios of NNLO, NLO and LO cross sections and we can observe that the
NNLO corrections increase the NLO cross section between 16-26% and stabilise the NLO/LO k-
factor growth with pT . Finally in the lower panel we present the contribution of the subleading
colour piece to the full colour NNLO cross section to test the validity of the leading colour approx-
imation. The subleading colour contribution in this channel appears for the first time at NNLO and
contributes with a flat 2% increase of the leading colour NNLO cross section.

In Fig. 2 we study the single jet inclusive cross section at each order in perturbation theory
as a function of the renormalization and factorization scales. In the gluons-only channel we set
the number of active flavours to zero (NF=0) in the calculation except in the PDF evolution and
running of as which are provided by LHAPDF [16]. For this study we consider jets with 80 GeV
< pT < 97 GeV integrated over rapidity and perform a scale variation of a factor of ten around the
central scale choice, µR = µF = pT 1. We observe that the inclusion of higher order corrections

4

pp → 2jets at NNLO 
  First results at NNLO available 

  gg → gg subprocess  
    (J. Currie, A. Gehrmann-De Ridder, E.W.N. Glover, J. Pires, TG)  

  Developed a new parton-level event generator NNLOJET 
  using antenna subtraction  

  analytic cancellation of                                                                       
infrared poles 

  Inclusive jet pT distribution 
  NNLO/NLO differential                                                              

K-factor flat over the                                                              
whole pT range 
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pp → 2jets at NNLO 
  Inclusive jet pT distribution: scale dependence (gluons only)     

(J. Currie, A. Gehrmann-De Ridder, E.W.N. Glover, J. Pires, TG) 

  Dynamical scale choice: leading jet pT 

 
 

 
 

 
 
 
  Stabilization at NNLO 
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Figure 2: Scale dependence of the NNLO (blue, solid), NLO (red, solid) and LO (green,solid) inclusive
jet cross section for pp collisions at

p
s=8 TeV in the gluons-only channel at full colour for the anti-kT jet

algorithm with R=0.7 and with |y|< 4.4 and 80 GeV < pT < 97 GeV and evaluated with the MSTW08NNLO
gluon distribution function. The LO (green, dashed) and NLO (red, dashed) contributions are evaluated with
the corresponding LO and NLO sets.

significantly reduces the scale dependence and at NNLO we obtain a flat scale dependence with
a residual theoretical uncertainty from scale variations of a few percent. In the same figure we
also show the NLO and LO predictions also using the MSTW08NNLO gluon distribution function
which allows us to quantify the size of the genuine higher order contributions to the parton-level
subprocess. For comparison, we also show the LO and NLO predictions using the corresponding
LO and NLO PDF sets. There is a large increase of the cross section at LO due to the fact that
the LO PDF comes with a larger value for as. A similar, but much less pronounced, effect is also
observed at NLO. We observe that, for our central scale choice, the NNLO cross section cannot be
predicted simply by scale variations at NLO.

In Fig. 3 we present the inclusive jet cross section in double differential form at NNLO as it
is measured at the LHC and Tevatron. The inclusive jet cross section is computed in jet pT and
rapidity bins over the range 0.0-4.4 covering central and forward jets. To quantify the impact of
the NNLO correction we present the double differential k-factors containing ratios of NNLO, NLO
and LO cross sections in the same figure. We observe that the NNLO correction increases the
cross section between 26% at low pT to 14% at high pT with respect to the NLO calculation. This
behaviour is similar for each of the three rapidity slices presented.

As described in the introduction due to additional final-state radiation at the second order
in perturbation theory we start to reconstruct the parton shower within the jet using exact matrix
elements. In particular at this order up to three partons can form a single jet, leading to a better
matching of the jet algorithm between theory and experiment. For this reason we studied, at each
order in perturbation theory, the single jet inclusive cross section as a function of the jet resolution
parameter R of the anti-kT jet algorithm and display the results in Fig. 4. At LO each jet is modelled
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NNLO corrections to pp → 2j 
Inclusive jet production:                                             

double differential distributions 
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NNLO corrections to pp → 2j 
Single-jet inclusive: jet size dependence in anti-kT algorithm 
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NNLO corrections to pp → 2j 
Inclusive jet production:                                             

double differential distributions 
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R = 0.4 

MOTIVATION NNLO CALCULATION NUMERICAL RESULTS

INCLUSIVE JET pT DISTRIBUTION R = 0.4
I double differential inclusive jet pT distribution at NNLO (gluons only)
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MOTIVATION NNLO CALCULATION NUMERICAL RESULTS

INCLUSIVE JET pT DISTRIBUTION R = 0.4
I double differential inclusive jet pT distribution at NNLO (gluons only)
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NNLO corrections to pp → 2j 

29 

Exclusive di-jet production 

MOTIVATION NNLO CALCULATION NUMERICAL RESULTS

EXCLUSIVE DIJET MASS DISTRIBUTION R = 0.4
I double differential dijet mass distribution at NNLO (gluons only)
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Outlook: next steps 
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  Current status of pp → 2j: gluons only 
  Serves as proof-of-principle 
  Implementation of all parton-level processes at NNLO                 

(J. Currie, E.W.N. Glover, S. Wells) 

  Towards automated generation of subtraction terms 
  Systematic understanding of infrared cancellations                             

(J. Currie, E.W.N. Glover) 

  Other processes of similar complexity: 2 → 2 
  pp → H+j 
  pp → V+j 

  Higher-multiplicity processes: two-loop virtuals needed  



Conclusions 
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  NNLO corrections to precision observables at LHC 
  Various methods have been applied successfully 
  Healthy competition between groups 

 
  Current frontier: 2 → 2 QCD processes 

  Top quark pairs  
  Higgs-plus-jet cross section (gluons only) 
  Single-jet inclusive and di-jet cross sections (gluons only) 

  Precision phenomenology with jet observables starting 
  Measurements of coupling constants 
  Determination of parton distributions 


