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Today

Understanding the LSS of the Universe



Linear versus Nonlinear 

initial 
(growing mode)

final, linear th.

final, nonlinear th.

�̇ = �r · [(1 + �)v]

comoving coordinates

�̇ = �r · v
scale-independent growth

�lin(x, ⌧) = D(⌧)�i(x)

�lin(x, ⌧)

�nl(x, ⌧)

mode-mode coupling
non gaussian

Overdense regions, gravity wins, underdense regions, expansion wins

�i(x) / �r · vi(x)

�(x, ⌧) ⌘ ⇢(x, ⌧)
⇢̄

� 1



Movie by Kravtsov, Klypin
(National Center for Supercomputer applications)



Life is Nonlinear (I)

v Large scale bulk flows

Redshift space distortions
�RS(x) = F [�;v]

Mode-mode coupling



Life is Nonlinear (II)
Multistreaming

bias

f(x,v, ⌧) / ⇢(x, ⌧)�D(v � v̄(x, ⌧))

�g = F [�DM , (rirj�)2, · · · ]



Why non linear scales?

✤ Dark Energy (Baryonic Acoustic Oscillations)

✤ Neutrino masses

✤ Primordial non-Gaussianity

✤ Modifications to General Relativity

✤ Non standard Dark Matter/Dark Energy

✤ ...



The future of precision cosmology: non-linear scales

power spectrum

`size’ of the fluctuations at different 
scales/epochs:

matter density

DETF White Paper, June 2005 
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Figure 1. Baryon acoustic oscillations in 

(a) the CMB temperature fluctuation power 

spectrum (Bennett et al. 2003), (b) the 

SDSS Luminous Red Galaxy Survey 

(Eisenstein et al. 2005) and (c) in a 

simulated WFMOS survey of 600 deg
2
 at 

0.5<z<1.3 and 2 million galaxy redshifts. 

Figure 2. The power spectrum of dark  

matter and galaxies (points) compared to 

linear theory (solid line)  at z=1 from the 

Millennium simulation (Springel et al. 

2005) with galaxies inserted using the 

semi-analytic approach of Baugh et al 

2005. On large scales the linear peaks are  

preserved (see WFMOS feasibility report 

for more details + other similar tests). 

(a) (b) 

(c) 

Baryonic 
Acoustic

Oscillations 
(BAO)

⇥(x, ⇤) � ⇥̄(⇤)[1 + �(x, ⇤)]

��(k, ⇥) �(k�, ⇥)⇥ = P (k, ⇥)�(3)(k + k�)

f� = 0.01 (m�, tot = 0.12 eV)

f� = 0.1 (m�, tot = 1.2 eV)

Lesgo

Neutrino mass 
bounds

�2(k, ⇥) = 4�k3P (k, ⇥)



Baryonic Acoustic Oscillations

Remnant of the acoustic scale at recombination on the LSS





Observer

δr = (c/H)δzδr = DAδθ

The same acoustic oscillation scale is 
imprinted on the CMB anisotropies 

Redshift surveys of galaxies (e.g. Sloan)
measure this scale both along and across the
line of sight

Reconstruct the expansion history of the
Universe from z~1000 to today!

A 1% error on H, DA, implies ~5% error 
on w=p/! of the Dark Energy



BOSS, 1312.4877



 BOSS result: BAO in Lyα 

z=2.3

z=0.57z=0.35

z=0.11

Measurement of Dark 
Energy from LSS 

“alone” (+ Ho)!

Deceleration to 
acceleration 

transition seen!!

ȧ =
H(z)
1 + z

1211.2616
(1404.1801)



BAO scales

Linear 
Theory Non Linear 



Neutrino masses
nonlinearities crucial to
increase the sensitivity!!

Lesgourgues, Matarrese, MP, Riotto, ’09

Zhao et al 1211.3741

X
m⌫ = 0 , 0.3 eV, 0.6 eV,



SDSSIII 1403.4599

Hints for nonzero neutrino masses (?)



TESTS OF General Relativity

SDSSIII 1403.4599

f ⌘ d log �

d log a
' ⌦

�
m

0.55



%
... and fast

scan over different 
cosmologies

The LSS mantra



... not trivial even for N-body
✤ Initial conditions, large volumes, mass 

resolution, time-stepping (Heitmann et al 2010)

✤ non-LCDM models: (massive neutrinos, 
coupled quintessence, f(R), primordial NG, 
clustering DE,...)

✤ not fast!



The Eulerian way

� �

� �
+� · [(1 + �)v] = 0 ,

� v
� �

+Hv + (v ·�)v = ���

�2� =
3
2

�M H2 �

subhorizon scales, newtonian gravity



� �

� �
+� · [(1 + �)v] = 0 ,

⌅ v
⌅ �

+H(1 + A(⌥x, �))v + (v ·⌅)v = �⌅⇥ ,

More General Cosmologies
deviation from geodesic 

(e.g. DM-scalar field 
interaction)

deviation from Poisson
(e.g. scale-dep. growth 

factor)

�2⇧ = 4⇥G (1 + B(↵x, ⌅)) ⇤ a2 �

A = � d⇥/d log a �2 = 1/(2⇥ + 3)Ex: Scalar-Tensor: B = 2�2

Ex: Massive neutrinos: B ' ⌦⌫�⌫

⌦c�c
A = 0



+ +  2

b

b

b

a

a

a

c

propagator (linear growth factor):

power spectrum:

interaction vertex:

�i gab(⌘a, ⌘b)

PL
ab(⌘a, ⌘b; k)

Example: 1-loop correction to the density power spectrum:

“P22” “P13”

1 1 1 1 1 1

�i e⌘ �abc(ka, kb, kc)

Linear Power spectrum

Beyond Linear Theory: loops



+kk + ...

Gab(k; �a, �b) = gab(�a, �b)
�
1� k2⇥2 (e�a � e�b)2

2

⇥
+ O(k4⇥4)

2-loop
�

�2 � 1
3

⇤
d3q

P 0(q)
q2

⇥
in the BAO range!

(� e�a)�1 � 0.15 hMpc�1

1-loop propagator
@ large k:

the PT series blows up in the BAO range 

PT in the BAO range



... but it can be resummed
(Crocce-Scoccimarro ’06)

+ + +
... ...kk k k

physically, it represents the effect of multiple interactions of the k-mode
with the surrounding modes: memory loss

`coherence momentum’
damping in the BAO 
range!

kch = (� e�)�1 � 0.15 hMpc�1

G(k; ⇥, ⇥in) =
h�(k, ⇥)�(k, ⇥in)i
h�(k, ⇥in)�(k, ⇥in)i ⇠ e�

k2⇥2
2 e2�

RPT: use G, and not g, as the linear propagator 



“traditional” P.T.: 
see Bernardeau et al, Phys. Rep. 367, 1, (2002), and refs. 

therein; Jeong-Komatsu; Saito et al; Sefusatti;...

resummation methods: 
Valageas; Crocce-Scoccimarro; McDonald; Matarrese-M.P.; 

Matsubara; Anselmi-M.P.; Taruya-Hiratamatsu; Bernardeau-
Valageas; Bernardeau-Crocce-Scoccimarro; 

Tassev-Zaldarriaga,...

Partial list of contributors



Physical meaning of the IR resummation

h�↵(k, ⌧)�↵(k0, ⌧ 0)i = h�̄↵(k, ⌧)�̄↵(k0, ⌧ 0)ihe�ik·(D↵(⌧)�D↵(⌧ 0))i

= h�̄↵(k, ⌧)�̄↵(k0, ⌧ 0)ie
�k2�2

v(D(⌧)�D(⌧0))2
2

�2
v = �1

3

Z ⇤

d3qhvi
in(q)vi

in(q)i0 Resummations take into account the
Large scale bulk motions

similar for the Euler equation!
(Extended Galilean Invariance)

' D↵(⌧)



Consistency Relations for the LSS
M. Peloso, M.P. 1302.0223/1310.7915
A. Kehagias, A. Riotto et al 1302.0130
Creminelli et al. 1309.3557
P. Valageas 1311.1236 
....

' D↵(⌧)

the effect of a long wavelength (time dependent) 
velocity mode can be exactly reabsorbed by a 

change of coordinates in the uniform limit

Ward identities and consistency relations for the large scale structure with multiple species 19

Namely, on the RHS of (72) the exponential prefactor is reabsorbed and we finally get

the consistency relation for the squeezed bispectrum (eq. (60)) in presence of large scale

velocity bias, in terms of the original (unshifted) fields:

lim
k⌧q

BL,S,S

abc

(k, q, |q+ k|; ⌘, ⌘0, ⌘00) =

� k · q
k2

⇢
1 + b

v

(k, ⌘)

2

⇣
e⌘

0
PL

a2

(k; ⌘, ⌘0) � ⌘0 $ ⌘00
⌘
P
bc

(q; ⌘0, ⌘00)

+
1 � b

v

(k, ⌘)

2

⇣
e⌘

0
h
bl

P
lc

(q; ⌘0, ⌘00)PL

a2

(k; ⌘, ⌘0) � (⌘0 $ ⌘00; b $ c)
⌘

�
Z

dses [h,⌦]
mn


1 � b

v

(k, ⌘)

2
PL

a2

(k; ⌘, s) � q2

3
Q

a

[k; s, ⌘, ⌘0, ⌘00]
�

I
mnbc

(q; s, ⌘0, ⌘00)
�
,

+O(k0) , (75)

where we exploited rotational invariance to rewrite the original p0 integral as
Z

d3p0p0iT �'''

mnbc

(p0,�p

0,q,�q; s, s, ⌘0, ⌘00) = q

i

Z
d3p0

p

0 · q
q2

T �'''

mnbc

(p0,�p

0,q,�q; s, s, ⌘0, ⌘00)

⌘ q

i I
mnbc

(q; s, ⌘0, ⌘00) . (76)

Notice that in the above expressions we never made the assumption that the linear

mode k is on the growing mode. If it were the case, the above expressions would further

simplify by using the expression PL

ab

(k; ⌘, ⌘0) = u
a

u
b

P 0(k). Our results hold in the more

general case in which isocurvature modes are present and, for the baryon-DM fluid, they

can accommodate the relative velocity between baryons and DM discussed in [25].

5.3. Discussion of the consistency relation at generic times

Equation (75) is the result we were looking for. It gives the leading terms in the k ⌧ q

limit for the exact bispectrum in the multi field case, allowing for velocity bias between

di↵erent species. As discussed in Sect. 2 a nonvanishing bispectrum arises because of

(i) the di↵erent large scale motion of the two species and (ii) the coupling between the

di↵erent species. The second and the third line of eq. (75) account for the e↵ect (i),

while the last line accounts for the e↵ect (ii). To obtain the last line, we expanded

linearly in 1 � b
v

(k), while no such expansion has been performed in the terms that

account for (i). It is immediate to verify that these terms reproduce exactly eqs. (23)

and (26) given in Sect. 2, where only the e↵ect (i) was accounted for.

In the case of no bias, b
v

= 1, eq. (75) reduces to

lim
k⌧q

BL,S,S

abc

(k, q, |q+ k|; ⌘, ⌘0, ⌘00) = k · q
k2

P
bc

(q; ⌘0, ⌘00) u
2

u
a

P 0(k)
⇣
e⌘

0 � e⌘
00
⌘
, (b

v

= 1) ,

(77)

which (due to b
v

= 1) is a trivial generalization of the single species result, and indeed

it reproduces eq. (23) in the single species case.

As we discuss in Sect. 6.1, EP violation generally induces a velocity bias at

arbitrarily large scales. At scales smaller than the horizon at decoupling, i.e. for

exact relations between N and N+1 point function in the soft limit
extension to multi-species (velocity bias)

and non-gaussian initial conditions 
(Peloso, M.P. 1310.7915)



Ward identities

at 1-loop...

Non-trivial checks for resummation schemes

Peloso, M.P.



A consistent resummation scheme



The large k regime for the PS
for the nonlinear propagator, the relevant 
variable 
in the large k regime is : 

G(k; ⌘, ⌘i) ⇠ exp

✓
�y2

2

◆

y ⌘ k �(e⌘ � e⌘i)

The non-linear PS is y-dependent too. resummation possible !!

z=0.5

z=0

z=1

z=2

Pnl(y;z)/Plin(y,z)

UV scaling!

Anselmi, MP,
1205.2235



�ab(k; s, s0)
large k 

leading contributions to 
Phi:

1 “hard” loop momentum, n-1 “soft” 
ones

Can be obtained in eRPT: tree-level=UV 
limit



large k

z=1: 
1% up to 
k=0.8 h/Mpc

z=0.5: 
2% up to 
k=0.8 h/Mpc



BAO scales

1% in the BAO region at all redshifts! 



~% agreement with MICE simulation

Anselmi, Lopez-Nacir, Sefusatti, 2014



Practical Implementation
✤ linear PS at zin

✤ compute 5 momentum integrals: 

✤ integrate the evolution equation from zin to z: 
get Pdd, Pdt, Ptt

✤ code available

O(1 min) for PS at all z 



Conclusions, Future work

✤ The precision cosmology program is moving from the CMB to the LSS

✤ O(%) is the goal both for theory and observations

✤ N-body simulations should not be left alone: resolution, transients, 
non-standard cosmologies, neutrinos, ... 

✤ Semi-analytical schemes close to the goal: non-perturbative non-
trivial checks available (consistency relations, Ward identities)

✤ More non-linearities ahead: redshift space distortions, bias.


