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Recent growing interest in general theorems for RG flows. In 4-d the “a-
theorem” has been proved and the “c-theorem” recovered.
Komargodski and Schwimmer JHEP 1112 (2011) 099; Komargodski JHEP 1207 

(2012) 069; Luty, Polchinski and Rattazzi JHEP 1301 (2013) 152.

It is difficult to find an explicit form for these functions. We will focus on 
2-d problem.

It generally requires non-perturbative tools. Typically one considers the 
relation between the entanglement entropy and the   -anomaly.c

Our main goal: explore the   -function by means of the Functional 
Renormalization Group. 

c
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Brief review of Effective Average Action (EAA) and Exact
Renormalization Group Equation (ERGE)
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Introduce the modified generating functional of connected Green’s functions:

eWk[J] =
�
Dχe−S[χ]−∆kS[χ]+

�
dxχJ

cutoff action which suppresses 
modes p2 < k2∆kS [χ] = 1

2

�
χRk

�
−∇2

�
χ



Brief review of Effective Average Action (EAA) and Exact
Renormalization Group Equation (ERGE)

Γ̃k[φ] Wk[J(φ)]Let          be the Legendre transform of               . The Effective 
Average Action is defined:

Γk[φ] ≡ Γ̃k[φ]−∆kS[φ] φ = �χ�
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The scale dependence of        is given by the ERGE:Γk

It is an exact equation which can be seen as a renormalization group 
improvement of its 1-loop analogue.

It smoothly interpolates between the microscopic action

and the Effective Action.
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(63) evaluated at ḡµν = δµν . In momentum space, these are given by the following relations:

I(2)0 (p,−p)µν,αβ = −
1

2
δµν,αβ +

1

4
gµνgαβ

−
1

2
I(2)1 (p,−p)µν,αβ + Sgf(p,−p)µν,αβ =

1

2
p2δµν,αβ −

1

2

(

1−
β2

2α

)

p2gµνgαβ

−
1

4

(

1−
1

α

)

(

gµαpνpβ + gµβpνpα

+gναpµpβ + gνβpµpα
)

+
1

2

(

1−
β

α

)

(

gµνpαpβ + gαβpµpν
)

, (129)

where in the second line we added the contribution from the gauge-fixing term (106). Note

that the second relation in (129) agrees with the variation (107) if we evaluate it on flat

momentum space. We can now write down, in momentum space, the Hessian of the bEAA

we are considering using the projection operators introduced in the previous section. We find

the following form:5

γ(2,0,0;0)
k (p,−p) = Zh

{

1

2

(

p2 + 2m2
h − 2Λ

)

P2 +

(

1

2α
p2 +m2

h − Λ

)

P1

+

[

−
(

d− 2

2
−

(d− 1)β2

4α

)

p2 +
Λ

2

]

PS +

(

(2− β)2

4α
p2 −

Λ

2

)

Pσ

+

√
d− 1

2

[

β(β − 2)

2α
p2 + 2m2

h + Λ

]

PSσ

}

. (130)

It is now the moment to chose the tensor structure of the cutoff kernel. Here we will consider

the following form:

Rk[δ] =
1

2
Zh

[

P2 +P1 −
d− 3

2
PS +

1

2
Pσ −

√
d− 1

2
PSσ

]

Rk(p
2) , (131)

that corresponds to the choice that we will make in the next section when we derive the beta

function of Λ and G. The inverse regularized graviton propagator can thus be written by

summing (130) and (131):

γ(2,0,0;0)
k +Rk[δ] = Zh [γ2P2 + γ1P1 + γSPS + γSσPsσ + γσPσ] , (132)

5In this section as in the following we will omit to write the k dependence of the running coupling constants
for clarity.

36

Let us consider the Wess-Zumino action:
(P.O. Mazur and E. Mottola, Phys. Rev. D 64 (2001) 104022)

ΓUV

�
e2σgµν , ewσφ

�
− ΓUV (gµν , φ) = − cUV

24π

� √
g [σ∆σ + σR]

ΓIR

�
e2σgµν , ewσφ

�
− ΓIR (gµν , φ) = − cIR

24π

� √
g [σ∆σ + σR]

k = 0
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EAA and the 3 clues

1. Derivative expansion.

2. The scale anomaly.

3. The conformal anomaly.
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1. Derivative expansion.

Expand the EAA in a basis of operators compatible with the symmetries
of the system:

Γk =
�

i

�
d2x

√
g giOi

Good approximation to describe critical properties!

Local Potential Approximation (LPA)

Clue 1:

7

Γk =
�
d2x

√
g
�
1
2∂µφ∂

µφ+ Vk(φ)
�
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2. Scale anomaly

Scale symmetry is broken at the quantum level (flat space).  

S0 =
�
d4x

√
g
�
1
2∂µφ∂

µφ+ g
4!φ

4
�

δσS0 = 0, gµν → Ω2gµν , φ → Ω−1φ

but

=
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ε
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dsσ d
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− 1

2

�∞
ε
µ2

ds
s Tr
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e−s(∆+U)

��
= −
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ε
µ2

dsσTr
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(∆ + U) e−s(∆+U)

�

8

→ − 1
16π2

� √
g b4(∆ + U) = − 1

4!

�
3g2

16π2

�
φ4 = − 1

4!βgφ4
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3. Conformal anomaly

S0 =
�
d2x

√
g 1
2φ∆φ

Massless scalar field:

The Effective Action reads:

Γ =
� √

g 1
2φ∆φ− c

96π

� √
gR 1

∆R

can be found using ERGE plus non-
local Heat Kernel (A. Codello Ann. Phys. 325 (2010) 

1727)

9

δΓ = − 1
(4π)

� √
gb2 = − 1

(24π)

� √
gR
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An ansatz satisfying the requirments

−
� √

gβiOi
1
2∆R

Γk =
� √

g
�
1
2∂µφ∂

µφ+
�

i λiOi

�

− c
96π

� √
gR 1

∆R

Suitable extension of the LPA

Clue 1

Clue 2

Using:

10

δσ
�

1
2∆R

�
= 1

2∆R+ σ
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Clue 3

Γk =
� √

g
�
1
2∂µφ∂

µφ+ Vk(φ)
�
+ · · ·
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Functional equation for the c-function

Structure of the EAA:

− ck
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1

∆
(2∆τ) = − ck

24π
τ∆τ

Choose a convenient background

ewτφ, e2τδµν

11

Γk =

�
d2x

√
g

�
1

2
∂µφ∂

µφ+ Vk(φ)

− ∂tVk(φ)
1

2∆
R− ck

96π
R

1

∆
R

�

 Carlo Pagani 28/05/2014

−
�
τkdi β̃iOi,
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Functional equation for the c-function

Structure of the EAA:

Flow equation for the c-function:

∂tck = ∂t

�
−12π

d

dp2

�
δΓk

�
ewτφ, e2τδµν

�

δτ(p)δτ(−p)

��

φ=0

12

Γk =

�
d2x

√
g

�
1

2
∂µφ∂

µφ+ Vk(φ)

− ∂tVk(φ)
1

2∆
R− ck

96π
R

1

∆
R

�

 Carlo Pagani 28/05/2014
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5In this section as in the following we will omit to write the k dependence of the running coupling constants
for clarity.
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Exact checks: massive scalar field

Add a mass term to the Gaussian fixed-point action:

S∗ =
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d2x

√
g
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φ∆φ S =
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d2x
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�

cUV = 1 cIR = 0

Improve using the general structure of the ansatz:
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Γk =

�
d2x

√
g

�
1

2
∂µφ∂

µφ+
1

2
m2φ2 − ck

96π
R

1

∆
R

�

=

�
d2x

�
1

2
∂µφ∂

µφ+
1

2
e2τm2φ2 − ck

24π
τ∆τ

�

Rescaling both the field and the metric we can compute             in flat
space: 

�ττ�
���
p2

5.3 The c–function in the Loop Expansion: Gaussian case

The last approximation we will consider is the loop expansion. Let’s begin by considering a
flow that starts from the Gaussian fixed point. We will briefly sketch the interacting case in
the next subsection. In this two subsections, our aim is not to be quantitative, but to present
the algorithm which allows one to construct the loop expansion for the c–function.

5.3.1 Zamolodchikov’s metric: general construction

Using relation (??) we can compute the running of the EAA at each order in the loop ex-
pansion. The running of the L–th term, say, will contain a contribution to the running of
ck

∂tΓL,k ⊃
∂tcL,k
24π

ˆ

τ!τ . (24)

We denoted this contribution cL,k because it is the one that arises only from diagrams with
L matter loops, and two dilaton external lines. In this way we can build a loop expansion for
the c–function.

We can start by applying this construction step by step so to make clear how everything
works. We will work with a Z2–symmetric scalar theory.

Once projected, the part linear in the dilaton of our general truncation takes the form

∑

n

1

(2n)!
βnϕ

2nτ

So β1 is the mass beta function, β2 is the ϕ4 coupling beta function, and so on.
At one loop, we have only one diagram

The vertices are the mass beta function, so this contribution goes like the mass beta
function squared and we recover the LPA result, as one would expect.

At two loops we get the “non–diagonal” contribution (we will make this jargon clear in a
second)

This belongs to the class of mixed contributions of the form

∂tc
(n)
k = −Nnβ̃1β̃nk

412π2

ˆ ∞

0

dy y3∂̃t
[
Gk (y)

2Gk (0)
n−1]

24

Using

δσΓ =

ˆ

√
g
〈
T µ

µ

〉
σ

The scale anomaly is:

〈
T µ

µ

〉
= −

(
βm2(m2

R)− 2m2
R

) ˆ √
g
1

2
φ2 − βλ(λR)

ˆ

√
g
1

4!
φ4

〈
T µ

µ

〉
= −

∑

A

(βA + dAλA)OA

sum over relevant UV operators ∆i ≥ 0 .

Note that at the fixed point
〈
T µ

µ

〉
= 0.

∂tgk = ∂t(g̃kk
−∆) = −∆gk + k−∆∂tg̃k

k−∆β̃k = βk +∆gk

Away from a FP we must have
β̃λ ∼ 0 k $ mk

k2β̃m = −2m2
k −

k2

2(4π)2
λk

(1 + m̃2
k)

2

k2β̃m ∼ −2m2
k k $ mk

k−2β̃6 ∼ 2λ6,k k $ mk .

Appendix B: 3–loop contribution

We will here compute the three-loop contribution associated with the diagram

In this case we will leave the indices since they are crucial to identify the diagram.

∂tΓ3,k =
1

2

[
Gk,abΓ

(2)bc
1,k Gk,cdΓ

(2)de
1,k Gk,eg −Gk,abΓ

(2)bc
2,k Gk,cg

]
∂tRk,ga.
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∂t

�
δ2Γk

δτ(p)δτ(−p)

����
p2

=

Using the ERGE for the functional derivatives of the EAA:

We solve the equation with the boundary condition c∞ = 1

14

∂tck =
4ak2m2

(ak2 +m2)3
ck = 1− m4

(ak2 +m2)2
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(63) evaluated at ḡµν = δµν . In momentum space, these are given by the following relations:

I(2)0 (p,−p)µν,αβ = −
1

2
δµν,αβ +

1

4
gµνgαβ

−
1

2
I(2)1 (p,−p)µν,αβ + Sgf(p,−p)µν,αβ =

1

2
p2δµν,αβ −

1

2

(

1−
β2

2α

)

p2gµνgαβ

−
1

4

(

1−
1

α

)

(

gµαpνpβ + gµβpνpα

+gναpµpβ + gνβpµpα
)

+
1

2

(

1−
β

α

)

(

gµνpαpβ + gαβpµpν
)

, (129)

where in the second line we added the contribution from the gauge-fixing term (106). Note

that the second relation in (129) agrees with the variation (107) if we evaluate it on flat

momentum space. We can now write down, in momentum space, the Hessian of the bEAA

we are considering using the projection operators introduced in the previous section. We find

the following form:5

γ(2,0,0;0)
k (p,−p) = Zh

{

1

2

(

p2 + 2m2
h − 2Λ

)

P2 +

(

1

2α
p2 +m2

h − Λ

)

P1

+

[

−
(

d− 2

2
−

(d− 1)β2

4α

)

p2 +
Λ

2

]

PS +

(

(2− β)2

4α
p2 −

Λ

2

)

Pσ

+

√
d− 1

2

[

β(β − 2)

2α
p2 + 2m2

h + Λ

]

PSσ

}

. (130)

It is now the moment to chose the tensor structure of the cutoff kernel. Here we will consider

the following form:

Rk[δ] =
1

2
Zh

[

P2 +P1 −
d− 3

2
PS +

1

2
Pσ −

√
d− 1

2
PSσ

]

Rk(p
2) , (131)

that corresponds to the choice that we will make in the next section when we derive the beta

function of Λ and G. The inverse regularized graviton propagator can thus be written by

summing (130) and (131):

γ(2,0,0;0)
k +Rk[δ] = Zh [γ2P2 + γ1P1 + γSPS + γSσPsσ + γσPσ] , (132)

5In this section as in the following we will omit to write the k dependence of the running coupling constants
for clarity.
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The Sine-Gordon model

S =

�
√
g

�
1

2
φ∆φ− m

β2
(cos (βφ)− 1)

�
Perturb the Gaussian fixed-point action: 

∆c = 1

The beta functions are:

∂tm̃ =
m̃

4π

�
β2 − 8π(1 + m̃)

1 + m̃

�

∂tβ = − 3m̃β3

8π(1 + m̃)3
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(63) evaluated at ḡµν = δµν . In momentum space, these are given by the following relations:

I(2)0 (p,−p)µν,αβ = −
1

2
δµν,αβ +

1

4
gµνgαβ

−
1

2
I(2)1 (p,−p)µν,αβ + Sgf(p,−p)µν,αβ =

1

2
p2δµν,αβ −
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2

(
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)
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−
1

4

(

1−
1

α

)

(

gµαpνpβ + gµβpνpα

+gναpµpβ + gνβpµpα
)

+
1

2

(

1−
β

α

)

(

gµνpαpβ + gαβpµpν
)

, (129)

where in the second line we added the contribution from the gauge-fixing term (106). Note

that the second relation in (129) agrees with the variation (107) if we evaluate it on flat

momentum space. We can now write down, in momentum space, the Hessian of the bEAA

we are considering using the projection operators introduced in the previous section. We find

the following form:5

γ(2,0,0;0)
k (p,−p) = Zh

{

1

2

(

p2 + 2m2
h − 2Λ

)

P2 +

(

1

2α
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h − Λ

)

P1

+
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−
(
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−

(d− 1)β2
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)
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2

]

PS +

(

(2− β)2

4α
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Λ

2

)

Pσ

+

√
d− 1

2

[

β(β − 2)

2α
p2 + 2m2

h + Λ

]

PSσ

}

. (130)

It is now the moment to chose the tensor structure of the cutoff kernel. Here we will consider

the following form:

Rk[δ] =
1

2
Zh

[

P2 +P1 −
d− 3

2
PS +

1

2
Pσ −

√
d− 1

2
PSσ

]

Rk(p
2) , (131)

that corresponds to the choice that we will make in the next section when we derive the beta

function of Λ and G. The inverse regularized graviton propagator can thus be written by

summing (130) and (131):

γ(2,0,0;0)
k +Rk[δ] = Zh [γ2P2 + γ1P1 + γSPS + γSσPsσ + γσPσ] , (132)

5In this section as in the following we will omit to write the k dependence of the running coupling constants
for clarity.
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∂tck =
m̃2

�
β2 − 8π(1 + m̃)

�2

16π2(1 + m̃)5

Using the extended ansatz we find:

100000 200000 300000 400000

0.2

0.4

0.6

0.8

1.0

Figure 1: Flow of the Sine-Gordon model: the red line shows the running of the c-function and
the green line has a bell shape meaning that the beta function of ck is zero at the endpoints
of the flow.

function.

5.2 The c–theorem in the LPA

5.2.1 A scalar theory

The Local Potential Approximation (LPA) is characterized by the following ansatz:

Γk[ϕ] =

ˆ

[
Vk(ϕ) +

1

2
∂µϕ∂

µϕ+ ....

]

which in our case generalizes to:

Γk[ϕ, g] =

ˆ

√
g

[
Vk(ϕ) +

1

2
∂µϕ∂

µϕ+ ...

−
1

2
∂tVk(ϕ)

1

∆
R + ...

−
ck − cΛ
96π

R
1

∆
R + ...

]

We can compute the two–point function in the vertex expansion, using the LPA ansatz and
expand to order p2. In this way the ERGE for ck

∂tck = 24π ∂tΓk[0, e
2τδ]

∣∣
´

(∂τ)2

gives

∂tck = −24π(∂tṼ
′′
k )

2k4

ˆ

q

(Gq)
2(Gp+q)O(p2)∂tRq

22

Numerical integration gives satisfactory agreement:

k

ck

∂tck

5.3 The c–function in the Loop Expansion: Gaussian case

The last approximation we will consider is the loop expansion. Let’s begin by considering a
flow that starts from the Gaussian fixed point. We will briefly sketch the interacting case in
the next subsection. In this two subsections, our aim is not to be quantitative, but to present
the algorithm which allows one to construct the loop expansion for the c–function.

5.3.1 Zamolodchikov’s metric: general construction

Using relation (??) we can compute the running of the EAA at each order in the loop ex-
pansion. The running of the L–th term, say, will contain a contribution to the running of
ck

∂tΓL,k ⊃
∂tcL,k
24π

ˆ

τ!τ . (24)

We denoted this contribution cL,k because it is the one that arises only from diagrams with
L matter loops, and two dilaton external lines. In this way we can build a loop expansion for
the c–function.

We can start by applying this construction step by step so to make clear how everything
works. We will work with a Z2–symmetric scalar theory.

Once projected, the part linear in the dilaton of our general truncation takes the form

∑

n

1

(2n)!
βnϕ

2nτ

So β1 is the mass beta function, β2 is the ϕ4 coupling beta function, and so on.
At one loop, we have only one diagram

The vertices are the mass beta function, so this contribution goes like the mass beta
function squared and we recover the LPA result, as one would expect.

At two loops we get the “non–diagonal” contribution (we will make this jargon clear in a
second)

This belongs to the class of mixed contributions of the form

∂tc
(n)
k = −Nnβ̃1β̃nk

412π2

ˆ ∞

0

dy y3∂̃t
[
Gk (y)

2Gk (0)
n−1]

24

Using

δσΓ =

ˆ

√
g
〈
T µ

µ

〉
σ

The scale anomaly is:

〈
T µ

µ

〉
= −

(
βm2(m2

R)− 2m2
R

) ˆ √
g
1

2
φ2 − βλ(λR)

ˆ

√
g
1

4!
φ4

〈
T µ

µ

〉
= −

∑

A

(βA + dAλA)OA

sum over relevant UV operators ∆i ≥ 0 .

Note that at the fixed point
〈
T µ

µ

〉
= 0.

∂tgk = ∂t(g̃kk
−∆) = −∆gk + k−∆∂tg̃k

k−∆β̃k = βk +∆gk

Away from a FP we must have
β̃λ ∼ 0 k $ mk

k2β̃m = −2m2
k −

k2

2(4π)2
λk

(1 + m̃2
k)

2

k2β̃m ∼ −2m2
k k $ mk

k−2β̃6 ∼ 2λ6,k k $ mk .

Appendix B: 3–loop contribution

We will here compute the three-loop contribution associated with the diagram

In this case we will leave the indices since they are crucial to identify the diagram.

∂tΓ3,k =
1

2

[
Gk,abΓ

(2)bc
1,k Gk,cdΓ

(2)de
1,k Gk,eg −Gk,abΓ

(2)bc
2,k Gk,cg

]
∂tRk,ga.
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(63) evaluated at ḡµν = δµν . In momentum space, these are given by the following relations:

I(2)0 (p,−p)µν,αβ = −
1

2
δµν,αβ +

1

4
gµνgαβ

−
1

2
I(2)1 (p,−p)µν,αβ + Sgf(p,−p)µν,αβ =

1

2
p2δµν,αβ −

1

2

(

1−
β2

2α

)

p2gµνgαβ

−
1

4

(

1−
1

α

)

(

gµαpνpβ + gµβpνpα

+gναpµpβ + gνβpµpα
)

+
1

2

(

1−
β

α

)

(

gµνpαpβ + gαβpµpν
)

, (129)

where in the second line we added the contribution from the gauge-fixing term (106). Note

that the second relation in (129) agrees with the variation (107) if we evaluate it on flat

momentum space. We can now write down, in momentum space, the Hessian of the bEAA

we are considering using the projection operators introduced in the previous section. We find

the following form:5

γ(2,0,0;0)
k (p,−p) = Zh

{

1

2

(

p2 + 2m2
h − 2Λ

)

P2 +

(

1

2α
p2 +m2

h − Λ

)

P1

+

[

−
(

d− 2

2
−

(d− 1)β2

4α

)

p2 +
Λ

2

]

PS +

(

(2− β)2

4α
p2 −

Λ

2

)

Pσ

+

√
d− 1

2

[

β(β − 2)

2α
p2 + 2m2

h + Λ

]

PSσ

}

. (130)

It is now the moment to chose the tensor structure of the cutoff kernel. Here we will consider

the following form:

Rk[δ] =
1

2
Zh

[

P2 +P1 −
d− 3

2
PS +

1

2
Pσ −

√
d− 1

2
PSσ

]

Rk(p
2) , (131)

that corresponds to the choice that we will make in the next section when we derive the beta

function of Λ and G. The inverse regularized graviton propagator can thus be written by

summing (130) and (131):

γ(2,0,0;0)
k +Rk[δ] = Zh [γ2P2 + γ1P1 + γSPS + γSσPsσ + γσPσ] , (132)

5In this section as in the following we will omit to write the k dependence of the running coupling constants
for clarity.
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5.3 The c–function in the Loop Expansion: Gaussian case

The last approximation we will consider is the loop expansion. Let’s begin by considering a
flow that starts from the Gaussian fixed point. We will briefly sketch the interacting case in
the next subsection. In this two subsections, our aim is not to be quantitative, but to present
the algorithm which allows one to construct the loop expansion for the c–function.

5.3.1 Zamolodchikov’s metric: general construction

Using relation (??) we can compute the running of the EAA at each order in the loop ex-
pansion. The running of the L–th term, say, will contain a contribution to the running of
ck

∂tΓL,k ⊃
∂tcL,k
24π

ˆ

τ!τ . (24)

We denoted this contribution cL,k because it is the one that arises only from diagrams with
L matter loops, and two dilaton external lines. In this way we can build a loop expansion for
the c–function.

We can start by applying this construction step by step so to make clear how everything
works. We will work with a Z2–symmetric scalar theory.

Once projected, the part linear in the dilaton of our general truncation takes the form

∑

n

1

(2n)!
βnϕ

2nτ

So β1 is the mass beta function, β2 is the ϕ4 coupling beta function, and so on.
At one loop, we have only one diagram

The vertices are the mass beta function, so this contribution goes like the mass beta
function squared and we recover the LPA result, as one would expect.

At two loops we get the “non–diagonal” contribution (we will make this jargon clear in a
second)

This belongs to the class of mixed contributions of the form

∂tc
(n)
k = −Nnβ̃1β̃nk

412π2

ˆ ∞

0

dy y3∂̃t
[
Gk (y)

2Gk (0)
n−1]

24

Using

δσΓ =

ˆ

√
g
〈
T µ

µ

〉
σ

The scale anomaly is:

〈
T µ

µ

〉
= −

(
βm2(m2

R)− 2m2
R

) ˆ √
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1

2
φ2 − βλ(λR)

ˆ

√
g
1

4!
φ4

〈
T µ

µ

〉
= −

∑

A

(βA + dAλA)OA

sum over relevant UV operators ∆i ≥ 0 .

Note that at the fixed point
〈
T µ

µ

〉
= 0.

∂tgk = ∂t(g̃kk
−∆) = −∆gk + k−∆∂tg̃k

k−∆β̃k = βk +∆gk

Away from a FP we must have
β̃λ ∼ 0 k $ mk

k2β̃m = −2m2
k −

k2

2(4π)2
λk

(1 + m̃2
k)

2

k2β̃m ∼ −2m2
k k $ mk

k−2β̃6 ∼ 2λ6,k k $ mk .

Appendix B: 3–loop contribution

We will here compute the three-loop contribution associated with the diagram

In this case we will leave the indices since they are crucial to identify the diagram.

∂tΓ3,k =
1

2

[
Gk,abΓ

(2)bc
1,k Gk,cdΓ

(2)de
1,k Gk,eg −Gk,abΓ

(2)bc
2,k Gk,cg

]
∂tRk,ga.
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Loop expansion and the C-function

Up to now we limited ourselves to 1 loop results:

17

For instance:

Vk (φ) =
m2

2
φ2 +

g

4!
φ4 + · · · ⇒ vertex ∼ β̃m2

∼ ∂t �V ��
k (φ)

���
φ=0

What about the others beta functions? ∂tck = Gij β̃iβ̃j
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(63) evaluated at ḡµν = δµν . In momentum space, these are given by the following relations:

I(2)0 (p,−p)µν,αβ = −
1

2
δµν,αβ +

1

4
gµνgαβ

−
1

2
I(2)1 (p,−p)µν,αβ + Sgf(p,−p)µν,αβ =

1

2
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2
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)
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−
1

4
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1−
1

α

)

(
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+gναpµpβ + gνβpµpα
)

+
1

2
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α

)

(

gµνpαpβ + gαβpµpν
)

, (129)

where in the second line we added the contribution from the gauge-fixing term (106). Note

that the second relation in (129) agrees with the variation (107) if we evaluate it on flat

momentum space. We can now write down, in momentum space, the Hessian of the bEAA

we are considering using the projection operators introduced in the previous section. We find

the following form:5

γ(2,0,0;0)
k (p,−p) = Zh

{

1

2

(

p2 + 2m2
h − 2Λ

)

P2 +
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)
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+
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(d− 1)β2

4α

)
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]

PS +

(
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)
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+
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2

[

β(β − 2)
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}

. (130)

It is now the moment to chose the tensor structure of the cutoff kernel. Here we will consider

the following form:

Rk[δ] =
1

2
Zh

[

P2 +P1 −
d− 3

2
PS +

1

2
Pσ −

√
d− 1

2
PSσ

]

Rk(p
2) , (131)

that corresponds to the choice that we will make in the next section when we derive the beta

function of Λ and G. The inverse regularized graviton propagator can thus be written by

summing (130) and (131):

γ(2,0,0;0)
k +Rk[δ] = Zh [γ2P2 + γ1P1 + γSPS + γSσPsσ + γσPσ] , (132)

5In this section as in the following we will omit to write the k dependence of the running coupling constants
for clarity.
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Loop expansion from the EAA

It is possible to recover the loop expansion of the EA from the EAA. 
(See: D. F. Limit  and J. M. Pawlowski, PRD 66, 025030 (2002), hep-th/0202188 and A. Codello, M. Demmel and O. Zanusso arXiv:
1310.7625).
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15.2 Quadratic Fluctuations 961

If we insert

G0 =
i

−∂2 −m2
, (15.33)

then (15.32) can be written as

i
h̄

2
Tr log

(

−∂2 −m2
)

− i
h̄

2

∞
∑

n=1

(

−i
g

2

)n 1

n
Tr

(

G0Φ
2
)n

. (15.34)

More explicitly, the terms with n = 1 and n = 2 read:

− h̄

2
g
∫

d4xd4yδ(4)(x− y)G0(x, y)Φ
2(y)

+ih̄
g2

16

∫

d4xd4yd4zδ4(x− z)G0(x, y)Φ
2(y)G0(y, z)Φ

2(z) + . . . . (15.35)

The expansion terms of (15.34) for n ≥ 1 correspond obviously to the Feynman
diagrams

A[φcl] =
(15.36)

Thus the series (15.34), is a sum of all diagrams with one loop and any number of
fundamental Φ4-vertices

To systematize the entire expansion (15.34), the trace log term may be pictured
by a single-loop diagram

i
h̄

2
Tr log

(

−∂2 −m2
)

= . (15.37)

The first two diagrams in (15.36) contribute corrections to the vertices Γ(2) and
Γ(4) of (15.17), (15.20). The remaining ones produce higher vertex functions and
lead to more involved tree diagrams. Note that only the first two corrections are
formally divergent, all other Feynman integrals converge. In momentum space we
find from (15.35)

Γ(2)(q) = q2 −m2 − h̄
g

2

∫ dk4

(2π)4
i

k2 −m2 + iη
(15.38)

Γ(4)(qi) = g − i
g2

2

[

∫ d4k

(2π)4
i

k2 −m2 + iε

i

(q1 + q2 − k)2 −m2 + iη
+ 2 perm

]

.

(15.39)

The convergence of all higher diagrams the expansion (15.36) is ensured by the
renormalizability of the theory since only up to n = 4, a counter term may be formed
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15.4 Effective Action to Second Order in h̄ 971

Only the first two graphs are one-particle irreducible. It is now a pleasant feature
that the third graph cancels with the last term in (15.99). In order to see this we
write the diagram more explicitly as

− h̄2

8
GΦ1Φ2AΦ1Φ2Φ3GΦ3Φ3′

AΦ3′Φ1′Φ2′
GΦ1′Φ2′

(15.103)

which is now part of iW2. Thus, only the one-particle irreducible vacuum graphs as
make up the h̄2-correction to Γ[Φ]:

ih̄2Γ2[Φ] = ih̄2 3

4!
G12AΦ1Φ2Φ3Φ4G34 + ih̄2 1

4!2
AΦ1Φ2Φ3GΦ1Φ1′

GΦ2Φ2′
GΦ3Φ3′

AΦ1Φ2Φ3

(15.104)

whose graphical representation is

ih̄2Γ2[Φ] = (15.105)

This topological property of the diagram is true for arbitrary orders in h̄. To calcu-
late Γ, we define fundamental vertices of nth order

AΦ1...Φn [Φ],

and sum up all connected one particle irreducible vacuum graphs 4

∑

n≥2

ih̄nΓn[Φ] =

(15.106)

Note the content of the lines G in terms of fundamental Feynman diagrams. The
lines in these diagrams contain infinite sums of diagrams in the original perturbation

4Note that each line carries a factor h̄ from the propagator, the n-vertex contributes a factor
h̄1−n.
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This expansion is generalized to a loop expansion of the EAA.

with n = 1, and ∂̃t is defined as (∂tRk)
∂

∂Rk
. Here Nn are the usual loop symmetry factors.

The factors of π, as well as the form of the integrand, come from the corresponding factor in
eq. (??) as well as the details of the calculation which are explained below.

Together with this, we also have the following 2–loop diagonal contributions:

These are contributions proportional to β2
1λ2. As will become clear in a while, these

represent a diagonal but coupling–dependent contribution. When going to 3–loops, 4–loops
and so on, corresponding diagrams must be considered for all the diagonal contributions. In
the rest of the discussion here we will forget these for simplicity, so we will only sketch the
computations for the coupling–independent part.

At three loops (remember we are considering a Z2–symmetric theory, so there are no scalar
odd power interactions) we get again the “diagonal” contributions

as well as a nondiagonal one

We see now clearly that from the structure of the loop expansion, we only get terms
quadratic in the beta functions.

We can indeed follow Zamolodchikov and define the “metric” gAB through

∂tck = gABβ̃
Aβ̃B

This is called Zamolodchikov’s metric. Our construction gives a representation (or an esti-
mate) of it. It is also clear now what we meant by diagonal or nondiagonal contributions:
they refer to the entries of this metric.
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(63) evaluated at ḡµν = δµν . In momentum space, these are given by the following relations:

I(2)0 (p,−p)µν,αβ = −
1

2
δµν,αβ +

1

4
gµνgαβ

−
1

2
I(2)1 (p,−p)µν,αβ + Sgf(p,−p)µν,αβ =

1

2
p2δµν,αβ −

1

2

(

1−
β2

2α

)

p2gµνgαβ

−
1

4

(

1−
1

α

)

(

gµαpνpβ + gµβpνpα

+gναpµpβ + gνβpµpα
)

+
1

2

(

1−
β

α

)

(

gµνpαpβ + gαβpµpν
)

, (129)

where in the second line we added the contribution from the gauge-fixing term (106). Note

that the second relation in (129) agrees with the variation (107) if we evaluate it on flat

momentum space. We can now write down, in momentum space, the Hessian of the bEAA

we are considering using the projection operators introduced in the previous section. We find

the following form:5

γ(2,0,0;0)
k (p,−p) = Zh

{

1

2

(

p2 + 2m2
h − 2Λ

)

P2 +

(

1

2α
p2 +m2

h − Λ

)

P1

+

[

−
(

d− 2

2
−

(d− 1)β2

4α

)

p2 +
Λ

2

]

PS +

(

(2− β)2

4α
p2 −

Λ

2

)

Pσ

+

√
d− 1

2

[

β(β − 2)

2α
p2 + 2m2

h + Λ

]

PSσ

}

. (130)

It is now the moment to chose the tensor structure of the cutoff kernel. Here we will consider

the following form:

Rk[δ] =
1

2
Zh

[

P2 +P1 −
d− 3

2
PS +

1

2
Pσ −

√
d− 1

2
PSσ

]

Rk(p
2) , (131)

that corresponds to the choice that we will make in the next section when we derive the beta

function of Λ and G. The inverse regularized graviton propagator can thus be written by

summing (130) and (131):

γ(2,0,0;0)
k +Rk[δ] = Zh [γ2P2 + γ1P1 + γSPS + γSσPsσ + γσPσ] , (132)

5In this section as in the following we will omit to write the k dependence of the running coupling constants
for clarity.
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The calculation has to be repeated for all the relevant diagrams to build
an estimate for the Zamolodchikov’s metric.

Non unitary theories: Yang-Lee model

V (φ) = ihφ+ igφ3

change in the sign of the entries.

 Carlo Pagani 28/05/2014

∂tck = Gij β̃iβ̃j

β̃4 β̃4

∂tck ∼

with n = 1, and ∂̃t is defined as (∂tRk)
∂

∂Rk
. Here Nn are the usual loop symmetry factors.

The factors of π, as well as the form of the integrand, come from the corresponding factor in
eq. (??) as well as the details of the calculation which are explained below.

Together with this, we also have the following 2–loop diagonal contributions:

These are contributions proportional to β2
1λ2. As will become clear in a while, these

represent a diagonal but coupling–dependent contribution. When going to 3–loops, 4–loops
and so on, corresponding diagrams must be considered for all the diagonal contributions. In
the rest of the discussion here we will forget these for simplicity, so we will only sketch the
computations for the coupling–independent part.

At three loops (remember we are considering a Z2–symmetric theory, so there are no scalar
odd power interactions) we get again the “diagonal” contributions

as well as a nondiagonal one

We see now clearly that from the structure of the loop expansion, we only get terms
quadratic in the beta functions.

We can indeed follow Zamolodchikov and define the “metric” gAB through

∂tck = gABβ̃
Aβ̃B

This is called Zamolodchikov’s metric. Our construction gives a representation (or an esti-
mate) of it. It is also clear now what we meant by diagonal or nondiagonal contributions:
they refer to the entries of this metric.

25
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Conclusions

We set up a non perturbative functional equation for the c-function.

We investigated a general form of the EAA which takes into account
scale and conformal anomalies.

From this generalized ansatz we can find non-trivial flow for the 
c-function. Both from 2-point function and loop expansion.

Strategy may be generalized to 4 dimensions.
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