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• What is chiral crystals?

• generalized Ginzburg-Landau (gGL) 
expansion and the effect of quark mass

• Isospin mismatch: Charged pion crystal

• Summary and Outlook



SolitonicChiralCrystal: RKC
M. Thies, J. Phys. A2006
D. Nickel, PRL09, PRD09

Results: NJL (chiral limit)
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I Homogeneous only:

I First order phase transition
I ending at a critical point
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1st order line
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Results: NJL (chiral limit)
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I Allow for inhomogeneous condensates:

I First order transition line covered
by inhomogeneous phase

I All phase transitions are 2nd order
I Critical point � Lifschitz point

(D. Nickel, Phys.Rev.D80 074025, 2009 - arXiv:0906.5295)
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PS with a microscale spatial order
c.f. for explicit demonstration, see Carignano, Buballa, Nickel 2010

z

�q̄q�

�q+q�

ordering density
versus

non-ordering density

Periodically placed normal phase domains 
accommodating for a large q-qbar imbalance
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When may crystals develop? 

Chiral 
Crystal FFLO

CSC 
Crystal

order density

non-ordering 
density

stress force

n↑-−n↓ nA-−nB

µq
h

µ↑-−µ↓
µA-−µB

�q†q�

�������q̄q�

for CSC and CSC crystals, see Casalbuoni, Mannarelli, Ruggieri et al., arXiv:1302:4264
                                              Alford, Schmitt, Rajagopal, Schafer, RMP 80 (2008)

�qAqB�

nq � nq̄
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Ginzburg-Landau (GL) 
approach (homogeneous)

カイラル極限
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aα2

aα4 axis points into aα4 >0 along the line aα2=0
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generalized Ginzburg-
Landau (gGL) expansion

gradient terms

D. Nickel, PRL09

aα4b = 0 : Lifshitz Point (LP)

h = aα2 = aα4 = 0 : Tricritical Point (TCP)

h = aα4b = aα2 = aα4 = 0: Lifshitz TCP (LTCP)
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mass:  External field : OΟ(4)  O(3) isospin
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Ansatz for 1D crystal

Saddle point equation (EL eq.):

Extended solitonic chiral condensate (RKC)

In the chiral limit

�(z) = ksn(b, �)
�

�2sn(kz, �)sn(kz + b, �) +
cn(b, �)dn(b, �)

sn2(b, �)

�

M. Thies, J. Phys. A2006
D. Nickel, PRL09, PRD09

H. Abuki, PLB (2014)

h = �5 + �4�3 + �2�

+ 1
6�(4) � 5

3 (�2��� + �(��)2)� 1
2�4���

b� � K(�)

�(z) = k�2 sn(kz, �)cn(kz, �)
dn(kz, �)

�
= k���sn(k�z, ��)

�

7/17



-10

-5

 0

 5

-5  0  5  10  15  20

_
4 

  [
 h

2/
5  ]

_2   [ h4/5 ]

Effect of h @ µIΙ = 0
(1) CP (2.28, -2.25)
     coincides with

  Lifshitz point
  

    LCP = Lifshitz CP

cr
os

so
ve

r

2nd

2 nd
RKC

sσL sσS

sσ(z)

LCP (2.28, -2.25)

(2) RKC stabilized:
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2-flavor NJL at T=0
Barducci, Casalbuoni et al. (2004)
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pπ
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Extension of gGL

• Rewrite 6th gGL @ µI=0, mq=0 in the OΟ(4) 
invariant form.  With 4-vector fφ=(pπ1, pπ2, pπ3, sσ)
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i. Shift of LCP
   (2.28, -−2.25) 
     (2.28, -− 2.25-− µIΙ2 )

ii. SPIC replaces a
   part of RKC
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(µI  50 MeV)
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c.f. Pion LOFF superfluidity: He, Jin, Zhuang (2008)

z

Charged Pion Crystal?

�d̄�5u�

�u†u� dd†�
= nu � nd̄ � nq

by µq
�nq�

non-ordering density

ordering density
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Implication to QCD

RKC

SPIC

µ

T

BCP

LCP
When µI is nonzero: 
SPIC: spontaneously 
U(1) and translational 

symmetry broken 
phase of QCD
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• Studied the response of TCP against mq and µI 
within a generalized GL approach.

• Solitonic pion crystal (SPIC) replaces a part of 
RKC by isospin mismatch.

• In QCD there may be a region of SPIC              
in high density and low temperature side.

Summary



Backups



Outlook
• What about magnetic properties of crystals?

• What is properties of phonon in crystals?

• No shape ansatz for crystals?
• Phenomenological consequences on compact star 

physics?

• Extension to 3-flavors (including strange quraks):   
      µS & possible Kaon condensate?

New LP?: Karasawa, Nishiyama,  Tatsumi (2013, 2014) 

Landau-Pierls instability?: see e.g. Baym, Friman, Grinstein, NPB82

Quark beta decay:  Tatsumi, Muto (2014)

Moreira, et al. (2014)



FFLO @ weak coupling

Chevy & Mora, Rep. Prog. Phys. 73 (2010) 112401: Ultra-cold polarized Fermi Gases

µ̄ =
µ� � µ�

2 CC : 1/
�

2

TCP

� �= 0

N� �N� = 0

� = 0

N� �N� �= 0

� �= 0

N� �N� �= 0

FFLO

population imbalance
driven FFLO



Focus on CP

µq

µI

TΤ

�d̄i�5u�

�I
>

0

|µ I
| =

m�

crossover to BCS

CP

CSC
cχSB

pπ+  co
nde

nsa
te

??

Son, Stephanov (2001)



Possible new states
(i) PIC: Pion Condensate

(ii) SPIC: Solitonic Pion Crystal (Condensate)

  : Pionic analog to solitonic chiral crystal (RKC)

� = const. �= 0, |�c| = const. �= 0

� = const. �= 0, �(z) = k�sn(kz, �)



Increasing µIΙ
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µ

T
LCP

BCP

E

SPICPIC

Implication to QCD

At large µI, LCP shifts
to higher density & 
lower temperature

Ueda, Nakano, Ohnishi, Ruggieri (13) 
Abuki (13)



Dual ChiralDensityWave 
(DCDW)

Seminal work: Nakano, Tatsumi PRD71(2005)114006

�q̄q� = const.

�q̄q� = 0

�q̄q� � cos(kx)
�q̄i�3�5q� � sin(kx)

also known as
“chiral spiral”
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Solution to dense QCD in 1+1 dimensions
Bringoltz, 0901.4035:  ‘t Hooft model, with massive quarks.

Works in Coulomb gauge, in canonical ensemble: fixed baryon number.

Solves numerically equations of motion under constaint of nonzero baryon #

Finds chiral density wave.

N.B.: for massive quarks, should have massless excitations, but with energy

~1/Nc.
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Unitary Fermi Supersolid?

FP

y = µ�/µ�

h(y) =
P (µ�, µ�)
P0(µ�)

�= minority

Bulgac & Forbes, RRL (2008)
Hohenberg-Kohn-Sham DFT solved
with DVR (discrete variable representation)

n� = 0
UFS

PP

h(1) =
22/5

�3/5
�= 3.1 (� = 0.42(1))

n� < n�

� �= 0

n� < n�

S

n� = n�

� �= 0

see also:  Yoshida & Yip (2007)
MF Bogoliubov-deGennes (B-dG) equation
solved with an ansatz for pair potential

n�

n�



Effect of current mass: mq
:  External field : OΟ(4)  O(3)=SU(2) isospin
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reduced gGL potential
D. Nickel, PRL09

[�6] = ��2

• Three independent GL parameters.

• For thermodynamic stability aα6>0, so use 
this to set an energy scale
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@Single Defect Onset
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2-flavor QCD phases
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Final result of gGL
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In other Systems?

テキスト

http://www.cresst.de/refrigerators.php

TCP
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