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Chiral Vortical Effect
[See also K. Landsteiner’s talk]

Theory of N Free Chiral fermions =⇒ 1 loop calculation

[Landsteiner, Megı́as, Pena-Benitez, PRL107 ’11]:

(σV)A = lim
kn→0

∑

i,j

ǫijn
i

2kn
〈J i

AT 0j〉|ω=0

=
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︸ ︷︷ ︸

Chiral Anomaly

+
T 2

24
tr (TA)

︸ ︷︷ ︸

Gauge-Gravitational Anomaly

J
A

i T0 j

k k

q

q + k
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Chiral Vortical Conductivity induced by the Chiral and Gauge-Gravitational Anomalies.
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Chiral Vortical Effect: Frequency dependence

[Landsteiner, Megı́as, Pena-Benitez ’13]

Chiral Vortical Conductivity

σV

A (ω,
~k) = −

∑

i,j

ǫijn
i

2kn
〈J i

AJ j
ε〉 , J i

A ∈ {J i
e, J

i
5, J

i
ε} ,

Free field theory: symmetry group UV (1)× UA(1).
=⇒ Vector and axial chemical potentials: µ± = µ± µ5.

Currents

J i
e,5(x) = Ψ(x)γ iQe,5Ψ(x) , Qe,5 = 1, γ5

J i
ε(x) ≡ T 0i(x) =

i

4
Ψ̄(x)(γ0

←→
∂ i + γ i

←→
∂0 )Ψ(x) ,

Retarded Correlators

GV

A ≡ GAε(x−x ′) =
i

2
ǫijn θ(t−t ′) 〈[J i

A(x), J
j
ε(x

′)]〉 , A = e,5, ε .
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Chiral Vortical Effect: Frequency dependence

1 loop computation

J
A

i T0 j

k k

q

q + k

_ _ _ _ _ _ _ _ _ _> >

+ (seagull diagram)·δA,ǫ

Πµν,ρσ
2 (k) = −4〈 δ2S2

δhµνδhρσ

〉
[Manuel Valle, Juan L. Mañes,

JHEP 1301:008 (2013)]

In momentum space:

GV
ε ≡ Gεε(k0, k) =

1

16β

∑

ω̃

∫
d3q

(2π)3
ǫijntr

[
Seagull diagram

︷ ︸︸ ︷

S(q)
{

γ iγ j , k/
}

+S(q)γ iS(q + k)
(

2γ0(2q j + k j) + γ j(2iω̃ + k0)
)

(2iω̃ + k0)

]

,
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Chiral Vortical Effect

Limit ~k → 0

Re[σV

A (ω,0)] =

{
σV

A,(0) ω = 0

0 ω 6= 0
, Im[σV

A (ω,0)] = πσV

A,(0)ωδ(ω)

Re[σ]
Kramers-Kroning relation⇐⇒ Im[σ]

Conductivities at zero frequency ≡ σV

A,(0) =







1
2π2 µµ5

1
4π2

(

µ2 + µ2
5 +

π2

3
T 2

)

µ5

6π2

(
3µ2 + µ2

5 + π2T 2
)

σV
A (ω,0) = 0 when ω 6= 0 and µs,T 6= 0
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Chiral Vortical Effect

Chiral Vortical Effect: Frequency dependence

T ≪ Tc

T ≃ 5Tc
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Holography

[K. Landsteiner, E. Megı́as, L. Melgar, F. Pena-Benitez, JHEP 1109:121(2011)]

Mixed gauge-gravitational Chern Simons term

S =
1

16πG

∫

d5x
√−g

[

R + 2Λ− 1

4
FMNF MN

+ǫMNPQRAM

(
κ
3
FNPFQR + λRA

BNPRB
AQR

)

]

+ SGH + SCSK

Consistent current:

Jµ = −
√−γ
16πG

[

F rµ +
4

3
κǫµνρλAνFρλ

]

∂

≡ J̃µ
︸︷︷︸

Covariant current

+ Kµ
︸︷︷︸

CS current

.

On-shell we recover the anomaly

DµJ̃µ = − 1

16πG
ǫµνρλ

(

κFµνFρλ + λRα
(4) βµνR

β
(4) αρλ

)
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Transport coefficients using Kubo formulae

Background: charged AdS black hole

ds2 = r2
(
−f (r)dt2 + d~x2

)
+

1

r2f (r)
dr2 , f (r) = 1− m

r4
+

q2

r6
,

A(0) = −
µr2

h

r2
dt , A

(5)
(0) = −

µ5r2
h

r2
dt

Mass, Charge and Temperature of the Reissner-Nordström black hole

m = 1 + q2 , q2 =
µ2 + µ2

5

3
, T =

r2
h

4π
f ′(rh) =

(
2 m − 3 q2

)

2π

Fluctuations in shear sector

AM = A(0)M + ǫ aM , A
(5)
M = A

(5)
(0)M + ǫ ãM , gMN = g(0)MN + ǫ hMN .

Gauge fields: ax , az , ãx , ãz . Metric: hx
t , hz

t , hx
y , hz

y .
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Transport coefficients using Kubo formulae

[Kaminski, Landsteiner, Mas, Shock, Tarrio, JHEP02 ’10]

Second order action on-shell (expansion O(ǫ2))

δS
(2)
ren =

∫
ddk

(2π)d
{ΦI

−kAIJΦ
′J
k +ΦI

−kBIJΦ
J
k}
∣
∣
∣
r→∞

,

where ΦI
k ≡

(

ax , ãx ,h
x
t ,h

x
y ,az , ãz ,h

z
t ,h

z
y

)

.

Bulk solutions (ϕJ
k ≡ boundary values)

ΦI
k (r) = F I

J(k , r)ϕ
J
k , F I

J(k , r)
r→∞→ 1 .

Retarded Green functions

[Son,Starinets ’02], [Herzog, Son ’03], [Kaminski et al ’10], [Amado et al ’09]

GIJ(k) = −2 lim
r→∞

(

AIM(F M
J(k , r))

′ + BIJ

)

.
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Transport coefficients using Kubo Formulae

Conductivities at (ω → 0 , ~k → 0) agree in weak and strong

coupling:

σB

A,(0) =
1

2π2







µ5

µ
µµ5

, σB5

A,(0) =
1

2π2







µ
µ5

µ2+µ2
5

2
+ π2T 2

6

σV

A,(0) =
1

2π2







µµ5

µ2+µ2
5

2
+ π2T 2

6
µ5

3

(
3µ2 + µ2

5 + π2T 2
)

When including dynamical gauge fields [Golkar,Son’12], [Hou,Liu,Ren’12]

σV

e,(0) ∼
T 2

12

(

1 +
N2

c − 1

2Nc

g2

4π2

)

Finite frequency and momentum =⇒ weak and strong coupling

not identical

Eugenio Megı́as Anomalous Transport in Field Theory and Holography



Anomalous Transport: Weak Coupling

Anomalous Transport: Strong Coupling

Anomalous Transport: Hydrodynamics Approach

Possible Implications for Heavy Ion Physics

Holographic model

Transport coefficients

Frequency dependence
[Landsteiner, Megı́as, Pena-Benitez ’13]

Weak coupling Strong coupling

σV

A (ω,0) = 0 when ω 6= 0 and µs,T 6= 0 Also at strong coupling!!!
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Two point functions in Hydrodynamics approach

Hydrodynamics approach: ω << 1/τmft, k << 1/ℓmfp

Fluid with an anomalous charge U(1)5.

Constitutive relations:

〈Tµν〉 = (ε+ P)uµuν + Pgµν

︸ ︷︷ ︸

Ideal Hydro

−ησµν + 2σB
ε B(µuν) + 2σV

ε ω
(µuν)

︸ ︷︷ ︸

Dissipative & Anomalous

,

〈Jµ〉 = ρuµ

︸︷︷︸

Ideal Hydro

+ σBBµ + σVωµ

︸ ︷︷ ︸

Anomalous

.

Energy-momentum conservation:

∇µTµν = F νµJµ .

Fluctuations: Metric: gµν = ηµν + ǫhµν ; Gauge fields: ǫAµ.

Linear response theory:

〈T tiT tj〉 = ∂

∂htj

〈T ti〉 , 〈J iT tj〉 = ∂

∂htj

〈J i〉 , 〈J iJ j〉 = ∂

∂Aj

〈J i〉 .
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Two point functions in Hydrodynamics

[Landsteiner, Megı́as, Pena-Benitez ’13]

Retarded Correlators:

〈T tiT tj〉=−iǫijkσ
V
ε

−D2k4

(ω + iDk2)2
= −iǫijkσ

V
ε (ω, k) ,

〈J iT tj〉 = −iǫijk

(

σV − ρσV
ε

ǫ+ P

ω

ω + iDk2

)
iDk2

ω + iDk2
= −iǫijkσ

V(ω, k) ,

〈J iJ j〉=−iǫijk

(

σB − ρ

ǫ+ P

[

2σV − ρσV
ε

ǫ+ P

ω

ω + iDk2

]
ω

ω + iDk2

)

=−iǫijkσ
B(ω, k)

Shear poles with diffusion constant D = η/(ε+ P) ≃ 1/(4πT ).
Non-commutativity of the limits ω → 0 , k → 0. See [Satow,Yee’14] for σB.

Maximum in Imσ:

ωM = ± 1√
3

Dk2 for 〈T tiT tj〉 ,

ωM ≃ ±Dk2 for 〈J iT tj〉 and 〈J iJ j〉 .
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Two point functions in Hydrodynamics

〈J i
eT tj 〉 〈J i

5T tj 〉

kc

T
=

2 Π

5

kc

T
=
Π

25

kc

T
=
Π

250

Hydro prediction
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〈T ti T tj 〉 〈T ti J
j
e〉

0 1

3
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1

4ΠT

Ω
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2

Σ
¶
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Σ
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Chiral Magnetic Effect [Kharzeev, Warringa PRD80 (2009)]

~J(ω) = σB(ω)~B(ω)

B(t) =
B0

(1 + (t/τ)2)3/2

Fourier transf.
=⇒ B(ω) = 2τ2|ω|K1(τ |ω|)B0

J(ω)
Inverse Fourier transf.

=⇒ J(t)

B(t) homogeneous =⇒ ~k = 0

τ = 0.1/T

τ = 0.2/T

τ = 1/T

t/τ

j(t)

σ0B0

151050-5

0.4

0.3

0.2

0.1

0

Eugenio Megı́as Anomalous Transport in Field Theory and Holography



Anomalous Transport: Weak Coupling

Anomalous Transport: Strong Coupling

Anomalous Transport: Hydrodynamics Approach

Possible Implications for Heavy Ion Physics

Possible Implications for Heavy Ion Physics

Chiral Vortical Effect [Landsteiner, Megı́as, Pena-Benitez ’13]

~J(ω) = σV(ω) ~ω(ω) ,

σV(ω) =

(

σV
0

iDk2

ω + iDk2
− ρσV

ǫ

ǫ+ P

ωiDk2

(ω + iDk2)2

)

.

To compute ~ω(t) (and ~ω(ω)) one has to solve dynamically with the

hydrodynamical equations: ∂µTµν = 0 =⇒ Very difficult!!!

Estimate: ~ω(t) = ΩkΘ(t) =⇒ ~ω(ω) = Ωk
i

2π
1

ω+iǫ .

Inverse Fourier transf.
=⇒ J(t) = θ(t)Ωk

[

σV
0 (1− e−Dk2t)− ρσV

ǫ

ǫ+ P
Dk2te−Dk2t

]

.

Decay time: tc ≃ 1
Dk2 ≃ 4πTL2
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Possible Implications for Heavy Ion Physics

Induced electric currents for σV and σV
ε

-20 0 20 40 60 80 100 120

0.0

0.2

0.4

0.6

0.8

1.0

t

JH
tL
�H
Σ

0
V
W

kL
J<J\T> HtL

J<\T \T \> HtL

Ω
®

HtL = Wk Q HtL

Ω
®

HtL = Wk AQ HtL - Q It-t f ME

~tc
ΤQGP

------

------

8
8

Decay time: tc ≃ 1
Dk2 ≃ 4πTL2 with T ≃ 350 MeV and L ≃ 10 fm.

τQGP ≃ 10 fm/c << tc ≃ 2200 fm/c

=⇒ No response of the system on time scale τQGP.

Chiral vortical effect could be negligible in heavy ion collisions.
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Conclusions

We have derived Kubo formulae to compute anomalous

transport: effects of external magnetic fields and vortices in a

relativistic fluid.

Mixed gauge-gravitational anomaly contributes at 1st order!!!

Results at zero frequency agree using two methods and regimes:

Field Theory - Weak Coupling.

Holography - Strong Coupling.

Shear diffusion pole in the conductivities: seen at strong

coupling.

Chiral vortical effect negligible in heavy ion collisions?

Currently working on Kubo formulae for 2nd order

hydrodynamics: 2 and 3 point functions

〈JxJy 〉 = −iσBkz + ξ̃5ωkz + · · · =⇒ 〈~J〉 = σB~B + ξ̃5
~∇× ~E + · · ·
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