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and structure of the proton
Quantum Quantum 
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hadrons as hadrons as 
compound objects:compound objects:

hadronhadron structurestructure
affects details of 
interactions;
not calculable, to 
be measured;
space distribution 
of charge and 
magnetic moment;
form factors (in 
momentum 
space).
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Atomic energy levels and 
the proton radius

Proton structure 
affects

the Lamb shiftthe Lamb shift
the hyperfine 
splitting

The Lamb shiftThe Lamb shift in 
hydrogen and 
muonic hydrogen

splits 2s1/2 & 2p1/2

The proton finite 
size contribution
~ (Zα) Rp

2 |Ψ(0)|2

shifts all s states



Different methods to determine 
the proton charge radius

Spectroscopy of 
hydrogen (and 
deuterium)

The Lamb shift in 
muonic hydrogen

Spectroscopy produces a 
model-independent 
result, but involves a 
lot of theory and/or a 
bit of modeling.

Electron-proton 
scattering

Studies of scattering need 
theory of radiative
corrections, estimation 
of two-photon effects; 
the result is to depend
on model applied to 
extrapolate to zero 
momentum transfer.
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Brief story of hydrogenic
energy levels

First, there were 
the Bohr levels...

That as a rare That as a rare 
success of success of 
numerology numerology 
((BalmerBalmer series)series)..



Brief story of hydrogenic
energy levels

First, there were the 
Bohr levels.
The energies were OK, 
the wave functions 
were not. Thus, 
nonrelativistic quantum 
mechanics appeared.

That was a pure non-
relativistic theory.
Which was not good Which was not good 
after decades of after decades of 
enjoying the special enjoying the special 
relativity.relativity.
Without a spin there Without a spin there 
were no chance for a were no chance for a 
correct relativistic correct relativistic 
atomic theory.atomic theory.
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First, there were 
the Bohr levels..
Next, nonrelativistic
quantum 
mechanics 
appeared.
Later on, the Dirac 
theory came.

The Dirac theory 
predicted:

the fine structure
g = 2 (that was 
expected also for 
a proton)
positron



Brief story of hydrogenic
energy levels

First, there were 
the Bohr levels..
Next, nonrelativistic
quantum 
mechanics 
appeared.
Later on, the Dirac 
theory came.

The Dirac theory 
predicted:

the fine structure
g = 2. 

Departures from the Departures from the 
Dirac theory and their Dirac theory and their 
explanations were the explanations were the 
beginning of beginning of practical practical 
quantum quantum 
electrodynamicselectrodynamics..



Energy levels in the hydrogen 
atom



Brief theory of hydrogenic
energy levels

The Schrödinger-
theory energy levels 
are 

En = – ½ α2mc2/n2

– no dependence on 
momentum (j, l).



Brief theory of hydrogenic
energy levels: without QED

The Schrödinger-
theory energy levels 
are 

En = – ½ α2mc2/n2

– no dependence on 
momentum (j, l).

The Dirac theory of 
the energy levels: 

The 2p1/2 and 2p3/2
are split (j=1/2 & 3/2) 
= fine structure;
The 2p1/2 and 2s1/2
are degenerated
(j=1/2; l=0 & 1).



Brief theory of hydrogenic
energy levels: still without QED

The nuclear spin:

Hyperfine structure is 
due to splitting of 
levels with the same 
total angular 
momentum 
(electron’s + 
nucleus);

In particular, 1s level in 
hydrogen is split into 
two levels.

Quantum
mechanics + 
emission:

all states, but the 
ground one, are 
metastable, i.e. 
they decay via 
photon(s) emission.



Energy levels in the hydrogen 
atom



Brief theory of hydrogenic
energy levels: now with QED

Radiative width
Self energy of an 
electron and Lamb shift 
Hyperfine structure and 
Anomalous magnetic 
moment of the electron 
Vacuum polarization
Annihilation of electron 
and positron 
Recoil corrections



Brief theory of hydrogenic
energy levels: now with QED

Radiative width
Self energy of an electron 
and Lamb shift 
Hyperfine structure and 
Anomalous magnetic 
moment of the electron 
Vacuum polarization
Annihilation of electron 
and positron 
Recoil corrections

The leading channel is E1 
decay. Most of levels (and 
2p) go through this mode.
The E1 decay width ~ 
α(Zα)4mc2.
The 2s level is metastable
decaying via two-photon 
2E1 mode with width ~ 
α2(Zα)6mc2.
Complex energy with the 
imaginary part as decay 
width.
Difference in width of 2s1/2
and 2p1/2 is a good reason 
to expect a difference in 
their energy in order 
α(Zα)4mc2.



Brief theory of hydrogenic
energy levels: now with QED

Radiative width
Self energy of an 
electron and Lamb 
shift 
Hyperfine structure 
and Anomalous 
magnetic moment of 
the electron 
Vacuum polarization
Annihilation of 
electron and positron 
Recoil corrections

A complex energy for 
decaying states is with its 
real part as energy and 
its imaginary part as 
decay width. 
The E1 decay width is an 
imaginary part of the 
electron self energy while 
its real part is responsible 
for the Lamb shift ~ 
α(Zα)4mc2 log(Zα) and a 
splitting of 2s1/2 – 2p1/2 is by 
about tenfold larger than 
the 2p1/2 width. 
Self energy dominates.



Brief theory of hydrogenic
energy levels: now with QED

Radiative width
Self energy of an 
electron and Lamb shift 
Hyperfine structure and 
Anomalous magnetic 
moment of the electron
Vacuum polarization
Annihilation of electron 
and positron 
Recoil corrections

The `electron magnetic 
moment anomaly’ was 
first observed studying 
HFS.



Brief theory of hydrogenic
energy levels: now with QED

Radiative width
Self energy of an 
electron and Lamb shift 
Hyperfine structure and 
Anomalous magnetic 
moment of the electron 
Vacuum polarization
Annihilation of electron 
and positron 
Recoil corrections

dominates in muonic
atoms:

α(Zα)2mμc2 × F(Zαmμ/me)



Three fundamental spectra:
n = 2



Three fundamental spectra:
n = 2

The dominant effect is 
the fine structure.
The Lamb shift is about 
10% of the fine 
structure.
The 2p line width (not 
shown) is about 10% of 
the Lamb shift.
The 2s hyperfine 
structure is about 15% 
of the Lamb shift.



Three fundamental spectra:
n = 2

In posirtonium a number 
of effects are of the 
same order:
fine structure;
hyperfine structure;
shift of 23S1 state 
(orthopositronium) due 
to virtual annihilation.

There is no strong 
hierarchy.  



Three fundamental spectra:
n = 2

The Lamb shift 
originating from 
vacuum polarization 
effects dominates over 
fine structure (4% of 
the Lamb shift).
The fine structure is 
larger than radiative
line width.
The HFS is larger than 
fine structure ~ 10% of 
the Lamb shift 
(because mμ/mp ~ 1/9).



QED tests in microwave

Lamb shift used to be 
measured either as a 
splitting between 2s1/2
and 2p1/2 (1057 MHz)

2s1/2

2p3/2

2p1/2

Lamb shift:
1057 MHz
(RF)
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Lamb shift used to be 
measured either as a 
splitting between 2s1/2
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fine splitting 2p3/2 – 2s1/2
11 THz (fine structure).

2s1/2

2p3/2

2p1/2

Fine structure:
11 050 MHz
(RF)



QED tests in microwave & 
optics

Lamb shift used to be 
measured either as a 
splitting between 2s1/2
and 2p1/2 (1057 MHz) or 
a big contribution into 
the fine splitting 2p3/2 –
2s1/2 11 THz (fine 
structure).
However, the best result 
for the Lamb shift has 
been obtained up to now 
from UV transitions 
(such as 1s – 2s).

2s1/2

2p3/2

2p1/2

1s1/2

RF

1s – 2s:
UV



Two-photon Doppler-free 
spectroscopy of hydrogen atom
Two-photon spectroscopy

is free of linear Doppler 
effect.

That makes cooling 
relatively not too 
important problem.

All states but 2s are broad 
because of the E1 
decay. 

The widths decrease with 
increase of n.

However, higher levels 
are badly accessible.

Two-photon transitions 
double frequency and 
allow to go higher.

v
ν, k ν, - k



Spectroscopy of hydrogen 
(and deuterium)
Two-photon spectroscopy 

involves a number of 
levels strongly affected 
by QED.

In “old good time” we had 
to deal only with 2s 
Lamb shift.

Theory for p states is 
simple since their wave 
functions vanish at r=0. 

Now we have more data 
and more unknown 
variables.
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variables to determine: 
the 1s Lamb shift L1s & 
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The Rydberg constant R∞

1973 10 973 731.77(83)         m-1 [7.5×10-8]
1986 10 973 731.534(13)       m-1 [1.2×10-9]
1998 10 973 731.568 549(83) m-1 [7.6×10-12]
2002 10 973 731.568 525(73) m-1 [6.6×10-12]
2006 10 973 731.568 527(73) m-1 [6.6×10-12]

The Rydberg constant is important for a number of reasons. It is 
a basic atomic constant.

Meantime that is  the most accurately measured fundamental 
constant.

The improvement of accuracy is nearly 4 orders in 30 years.
There has been no real progress since that.There has been no real progress since that.



Spectroscopy of hydrogen 
(and deuterium)



Лэмбовский сдвиг (2s1/2–
2p1/2) в атоме водорода
theory vs. experiment



Lamb shift (2s1/2 – 2p1/2) 
in the hydrogen atom
theory vs. experiment



Lamb shift (2s1/2 – 2p1/2) 
in the hydrogen atom
theory vs. experiment LS: direct 

measurements of the 
2s1/2 – 2p1/2 splitting.

Sokolov-&-
Yakovlev’s result 
(2 ppm) is 
excluded because 
of possible 
systematic effects.
The best included 
result is from 
Lundeen and 
Pipkin (~10 ppm).



Lamb shift (2s1/2 – 2p1/2) 
in the hydrogen atom
theory vs. experiment FS: measurement 

of the 2p3/2 – 2s1/2
splitting. The Lamb 
shift is about of 
10% of this effects.

The best result 
(Hagley & Pipkin) 
leads to 
uncertainty of ~ 
10 ppm for the 
Lamb shift. 



Lamb shift (2s1/2 – 2p1/2) 
in the hydrogen atom
theory vs. experiment OBF: the first generation of 

optical measurements. 
They were relative 
measurements with two 
frequencies different by an 
almost integer factor. 

Yale: 1s-2s and 2s-4p
Garching: 1s-2s and 
2s-4s
Paris: 1s-3s and 2s-
6s

The result was reached 
through measurement of a 
`beat frequency’ such as

f(1s-2s)-4×f(2s-4s).



Lamb shift (2s1/2 – 2p1/2) 
in the hydrogen atom
theory vs. experiment The most accurate 

result is a comparison 
of independent 
absolute 
measurements:

Garching: 1s-2s
Paris: 2s → n=8-
12



Lamb shift (2s1/2 – 2p1/2) 
in the hydrogen atom
theory vs. experiment Uncertainties:

Experiment: 2 ppm
QED: 2 ppm
Proton size 10 ppm



Lamb shift (2s1/2 – 2p1/2) 
in the hydrogen atom

There are data on a 
number of 
transitions, but 
most of them are 
correlated. 

Uncertainties:
Experiment: 2 ppm
QED: 2 ppm
Proton size 10 ppm



Lamb shift (2s1/2 – 2p1/2) 
in the hydrogen atom
Uncertainties:

Experiment: 2 ppm
QED: 2 ppm
Proton size 10 ppm

At present, it used to be 
believed that the 
theoretical uncertainty 
is well below 1 ppm.

However, we are in a kind 
of ge-2 situation: the 
most important two-
loop corrections have 
not been checked 
independently.



Lamb shift (2s1/2 – 2p1/2) 
in the hydrogen atom

Accuracy of the 
proton-radius 
contribution suffers 
from estimation of 
uncertainty of 
scattering data 
evaluation and of 
proper estimation 
of higher-order 
QED and two-
photon effects.

Uncertainties:
Experiment: 2 ppm
QED: 2 ppm
Proton size 10 ppm



Lamb shift (2s1/2 – 2p1/2) 
in the hydrogen atom
Uncertainties:

Experiment: 2 ppm
QED: 2 ppm
Proton size 10 ppm

The scattering data 
claimed a better 
accuracy (3 ppm), 
however, we should 
not completely trust 
them. 

It is likely that we need to 
have proton charge 
radius obtained in 
some other way (e.g. e.g. 
via the Lamb shift in via the Lamb shift in 
muonicmuonic hydrogen hydrogen –– in in 
the way at PSIthe way at PSI).



The Lamb shift in muonic
hydrogen

Used to believe: since 
a muon is heavier than 
an electron, muonic
atoms are more 
sensitive to the nuclear 
structure.
Not quite true. What is What is 
importantimportant: scaling of 
various contributions 
with m.

Scaling of contributions
nuclear finite size nuclear finite size 
effects: effects: ~ m3;
standard Lamb-shift 
QED and its 
uncertainties: ~ m;
width of the 2p state: ~ 
m;
nuclear finite size effects 
for HFS: ~ m3



The Lamb shift in muonic
hydrogen: experiment
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The Lamb shift in muonic
hydrogen: experiment



The Lamb shift in muonic
hydrogen: theory



The Lamb shift in muonic
hydrogen: theory

Numerous errors, 
underestimated 
uncertainties and 
missed 
contributions …
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The Lamb shift in muonic
hydrogen: theory

Discrepancy ~ 
0.300 meV.
Only few 
contributions are 
important at this 
level.
They are reliable.
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The Lamb shift in muonic
hydrogen: theory

DiscrepancyDiscrepancy ~ 0.300 ~ 0.300 
meV.meV.
`Rescaled’
hydrogen-Lamb-
shift contributions
- well established.

Specific muonic
contributions.



The Lamb shift in muonic
hydrogen: theory

DiscrepancyDiscrepancy ~ 0.300 ~ 0.300 
meVmeV..
Specific muonic
contributions

1st and 2nd order 
perturbation 
theory with VP 
potential
� � � � �= + 2

V
(2)
VPV

(1·1)
VPV

(1)
VP

eee
e

e
e



The Lamb shift in muonic
hydrogen: theory

DiscrepancyDiscrepancy ~ 0.300 ~ 0.300 
meVmeV..
Specific muonic
contributions

The only relevant  
contribution of the 
2nd order PT

�
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The Lamb shift in muonic
hydrogen: theory

DiscrepancyDiscrepancy ~ 0.300 ~ 0.300 
meV.meV.
Specific muonic
contributions
- well established.



Electron-proton scattering:
early experiments

Rosenbluth formula 
for electron-proton 
scattering.
Corrections are 
introduced

QED
two-photon 
exchange

`Old Mainz data’
dominates.



Electron-proton scattering:
old Mainz experiment



Electron-proton scattering:
old Mainz experiment

Normalization problem: a Normalization problem: a 
value denoted as G(qvalue denoted as G(q22) ) 
is a `trueis a `true’’ form factor form factor 
as long as systematic as long as systematic 
errors are introduced. errors are introduced. 

G(q2) = a0 (1 + a1 q2 + a2 q4)



Electron-proton scattering:
new Mainz experiment



Electron-proton scattering: 
evaluations of `the World data’

Mainz:

JLab (similar 
results also from 
Ingo Sick)

Charge radius:

Magnetic radius does not agreeMagnetic radius does not agree!!

JLab
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Mainz:
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Charge radius:
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Different methods to determine 
the proton charge radius

spectroscopy 
of hydrogen 
(and 
deuterium)
the Lamb shift 
in muonic
hydrogen
electron-proton 
scattering

Comparison:

JLab



Present status of proton radius:
three convincing results
charge radiuscharge radius and the 

Rydberg constant: a 
strong discrepancy.
If I would bet: 

systematic effects in 
hydrogen and deuterium 
spectroscopy
error or underestimation 
of uncalculated terms in 
1s Lamb shift theory

Uncertainty and model-
independence of 
scattering results. 

magnetic radiusmagnetic radius:
a strong discrepancy 

between different 
evaluation of the 
data and maybe 
between the data



Proton radius determination as 
a probe of the Coulomb law

hydrogen
e-p

q ~  1 – 4 keV

muonic 
hydrogen
μ-p

q ~  0.35 MeV

scattering
e-p

q from few 
MeV to 1 GeV



What is next?

new evaluations of scattering data (old and new evaluations of scattering data (old and 
new)new)
new spectroscopic experiments on new spectroscopic experiments on 
hydrogen and deuteriumhydrogen and deuterium
evaluation of data on the Lamb shift in evaluation of data on the Lamb shift in 
muonicmuonic deuterium (from PSI) and new value deuterium (from PSI) and new value 
of the of the RydbergRydberg constantconstant

systematic check on muonic hydrogen and 
deuterium theory
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