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Why Dihadron Fragmentation Functions?

How well do we know DiFFs?

The very first success: Transverse Target-Spin Asymmetry in two-pion SIDIS 

This year’s fav’ topic: Higher-twist distributions
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Why Dihadron Fragmentation Functions



Hadronization: fragmentation functions
   see Francesca Giordano’s talk
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Interference Fragmentation Functions
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transverse pol. of the fragm. quark ↔  angular distribution of hadron pairs in the transverse plane
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TMD PDF vs. collinear PDF

see talks by J.O. Gonzalez H. & M. Radici
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The DiFF family

‣ Twist-2

                                                                                             plus 2 kT  dependent FF

‣ Twist-3

Kinematical twist-3 Wandzura-Wilzcek approximation

Dynamical twist-3 ...

‣ higher-twists...

‣ P-odd DiFFs    [Bacchetta, Boer, Radici, in progress?? ]

Bianconi, Boffi, Jakob & Radici, PRD62
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Semi-inclusive production of two hadrons [19,21] offers
an alternative way to access transversity, where the chiral-
odd partner of transversity is represented by the DiFF H!

1
[47], which relates the transverse spin of the quark to the
azimuthal orientation of the two-hadron plane. This func-
tion is at present unknown. Very recently, the HERMES
collaboration has reported measurements of the asymmetry
containing the product h1H!

1 [48]. The COMPASS col-
laboration has also presented analogous preliminary results
[49]. In the meanwhile, the BELLE collaboration is plan-
ning to measure the fragmentation functions H!

1 in the near
future [50,51].

In this context, it seems of great importance to devise a
way to model DiFF. From the theoretical side, this can help
in understanding what are the essential building blocks and
mechanisms involved in dihadron fragmentation. It can
also provide guidance for fits to data and further phenome-
nological studies. From the experimental side, a model
could be useful to study the effects of cuts and acceptance,
to estimate the size of observables in different processes
and kinematical regimes. Our work is not the first one in
this direction [21,47,52]. The model presented here is close
to the one discussed in Ref. [47]. However, for the first time
we are able to fix the parameters by comparing our unpo-
larized DiFF D1 with the output of the PYTHIA event
generator [53] tuned for HERMES [54]. Then, without
introducing extra parameters, we make predictions for
the polarized DiFF H!

1 and the related SSA involving the
transversity distribution h1.

The paper is organized as follows. In Sec. II, we review
the basic formalism of DiFF and of SIDIS cross section for
two-hadron production. In Sec. III, we describe our model
for the fragmentation of a quark into two unpolarized
hadrons and give analytic results for DiFF calculated in
this model. In Sec. IV, we fix the parameters of the model
by comparing it to the output of the PYTHIA event gen-
erator tuned for HERMES kinematics. In Sec. V, we show
numerical predictions for the DiFF and for the above-
mentioned SSA in the kinematics explored by the
HERMES [48] and COMPASS collaborations [49].
Finally, in Sec. VI we draw some conclusions.

II. BASICS OF DIHADRON FRAGMENTATION
FUNCTIONS

Dihadron fragmentation functions are involved in the
description of the fragmentation process q ! !!!"X.
The quark has momentum k. The two pions have masses
m! # 0:140 GeV, momenta P1 and P2, respectively, and
invariant mass Mh (considered to be much smaller than the
hard scale of the process, e.g., the virtuality of the photon,
Q, in SIDIS). We introduce the vectors Ph # P1 ! P2
and R # $P1 " P2%=2. We describe a 4-vector a as
&a"; a!; ax; ay', i.e. in terms of its light cone components
a( # $a0 ( a3%=

!!!
2

p
and its transverse spatial components.

We introduce the light cone fraction z # P"
h =k

" and the
polar angle ", being the angle between the direction of P1
in the pair’s center of mass and the direction of Ph in the
lab frame [55], so that the relevant momenta can be written
as
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and $R is defined later in Eq. (15) (see also Fig. 1). It is
useful to compute the scalar products
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FIG. 1 (color online). Angles involved in the measurement of
the transverse single-spin asymmetry in deep-inelastic produc-
tion of two hadrons in the current region.

1Note that there is a misprint in the expressions for j ~Rj in
Eq. (27) of Ref. [55] and in Eq. (23) of Ref. [28].
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Semi-inclusive production of two hadrons [19,21] offers
an alternative way to access transversity, where the chiral-
odd partner of transversity is represented by the DiFF H!

1
[47], which relates the transverse spin of the quark to the
azimuthal orientation of the two-hadron plane. This func-
tion is at present unknown. Very recently, the HERMES
collaboration has reported measurements of the asymmetry
containing the product h1H!

1 [48]. The COMPASS col-
laboration has also presented analogous preliminary results
[49]. In the meanwhile, the BELLE collaboration is plan-
ning to measure the fragmentation functions H!

1 in the near
future [50,51].

In this context, it seems of great importance to devise a
way to model DiFF. From the theoretical side, this can help
in understanding what are the essential building blocks and
mechanisms involved in dihadron fragmentation. It can
also provide guidance for fits to data and further phenome-
nological studies. From the experimental side, a model
could be useful to study the effects of cuts and acceptance,
to estimate the size of observables in different processes
and kinematical regimes. Our work is not the first one in
this direction [21,47,52]. The model presented here is close
to the one discussed in Ref. [47]. However, for the first time
we are able to fix the parameters by comparing our unpo-
larized DiFF D1 with the output of the PYTHIA event
generator [53] tuned for HERMES [54]. Then, without
introducing extra parameters, we make predictions for
the polarized DiFF H!

1 and the related SSA involving the
transversity distribution h1.

The paper is organized as follows. In Sec. II, we review
the basic formalism of DiFF and of SIDIS cross section for
two-hadron production. In Sec. III, we describe our model
for the fragmentation of a quark into two unpolarized
hadrons and give analytic results for DiFF calculated in
this model. In Sec. IV, we fix the parameters of the model
by comparing it to the output of the PYTHIA event gen-
erator tuned for HERMES kinematics. In Sec. V, we show
numerical predictions for the DiFF and for the above-
mentioned SSA in the kinematics explored by the
HERMES [48] and COMPASS collaborations [49].
Finally, in Sec. VI we draw some conclusions.

II. BASICS OF DIHADRON FRAGMENTATION
FUNCTIONS

Dihadron fragmentation functions are involved in the
description of the fragmentation process q ! !!!"X.
The quark has momentum k. The two pions have masses
m! # 0:140 GeV, momenta P1 and P2, respectively, and
invariant mass Mh (considered to be much smaller than the
hard scale of the process, e.g., the virtuality of the photon,
Q, in SIDIS). We introduce the vectors Ph # P1 ! P2
and R # $P1 " P2%=2. We describe a 4-vector a as
&a"; a!; ax; ay', i.e. in terms of its light cone components
a( # $a0 ( a3%=

!!!
2

p
and its transverse spatial components.

We introduce the light cone fraction z # P"
h =k

" and the
polar angle ", being the angle between the direction of P1
in the pair’s center of mass and the direction of Ph in the
lab frame [55], so that the relevant momenta can be written
as

 k# #
"
P"
h

z
;
z$k2 ! ~k2T%

2P"
h

; kxT; k
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#
; (1)
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 j ~Rj # Mh

2

!!!!!!!!!!!!!!!!!!!
1" 4m2

!

M2
h

s
; (4)

and $R is defined later in Eq. (15) (see also Fig. 1). It is
useful to compute the scalar products

 Ph * R # 0; (5)

 Ph * k # M2
h

2z
! z

k2 ! j ~kT j2
2

; (6)
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FIG. 1 (color online). Angles involved in the measurement of
the transverse single-spin asymmetry in deep-inelastic produc-
tion of two hadrons in the current region.

1Note that there is a misprint in the expressions for j ~Rj in
Eq. (27) of Ref. [55] and in Eq. (23) of Ref. [28].
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AUT at HERMES and COMPASS 
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Figure 2: The top panels show Asin(φR⊥+φS) sin θ
U⊥ versus Mππ, x, and z. The bottom panels show

the average values of the variables that were integrated over. For the dependence on x and z,
Mππ was constrained to the range 0.5 GeV < Mππ < 1.0 GeV, where the signal is expected to be
largest. The error bars show the statistical uncertainty. A scale uncertainty of 8.1% arises from
the uncertainty in the target polarization. Other contributions to the systematic uncertainty are
summed in quadrature and represented by the asymmetric error band.

The modulation amplitudes extracted are not influenced by the addition in the fit of

terms of the form sinφS (which appears at subleading twist in the polarized cross section

σUT ), or of the form cosφR⊥ sin θ (which appears at subleading twist in the unpolarized

cross section σUU ). These angular combinations exhaust the possibilities up to subleading

twist. In order to eliminate effects of the natural polarization of the Hera lepton beam,

data with both beam-helicity states were combined. The resulting net beam polarization is

−0.020 ± 0.001. The influence of this small but nonzero net polarization on the amplitude

extracted was shown to be negligible by analyzing separately the data of the two beam-

helicity states. There is also no influence from the addition to the fit of a constant term,

the latter being consistent with zero. Identical results were obtained using an unbinned

maximum-likelihood fit.

Tracking corrections that are applied for the deflections of the scattered particles caused

by the vertical 0.3 T target holding field have also a negligible effect on the extracted

asymmetries.

The fully differential asymmetry depends on nine kinematic variables: x, y, z, φR⊥,

φS , and θ, Mππ, and Ph⊥ ( d2Ph⊥ = |Ph⊥|d|Ph⊥|dφh). Due to the limited statistical

precision, it is not possible to measure the asymmetry AU⊥ fully differential in all relevant

variables. Combined with the fact that the Hermes spectrometer does not have a full 4π

acceptance, this implies that the measured number of events is always convolved with the
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Fig. 4: Deuteron and proton asymmetries, integrated over the angle q , as a function of x, z and Mhh, for
the data taken with the 6LiD (top) and NH3 target (bottom), respectively. The open data points in both
asymmetry distributions vs. Mhh include all hadron pairs with an invariant mass of Mhh � 1.5 GeV/c2.
These pairs are discarded for the two other distributions, which are integrated over Mhh. The grey bands
indicate the systematic uncertainties, where the last bin in Mhh is not fully shown. The curves show the
comparison of the extracted asymmetries to predictions [37, 38] made using the transversity functions
extracted in Ref. [15] (solid lines) or a pQCD based counting rule analysis (dotted lines).1

5 Discussion of Results

The resulting asymmetries are shown in Fig. 4 as a function of x, z and Mhh for the 6LiD (top) and NH3
(bottom) targets, respectively. For 6LiD, no significant asymmetry is observed in any variable. For NH3,
large negative asymmetries are observed in the region x > 0.03, which implies that both transversity
distributions and polarised two-hadron interference fragmentation functions do not vanish. For x < 0.03,
the asymmetries are compatible with zero. Over the measured range of the invariant mass Mhh and z, the
asymmetry is negative and shows no strong dependence on these variables.
When comparing the results on the NH3 target to the published HERMES results on a transversely po-
larised proton target [28], the larger kinematic region in x and Mhh is evident. However, both results can-
not be directly compared for several reasons: (1) The opposite sign is due to the fact that in the extraction
of the asymmetries the phase p in the angle fRS is used in the COMPASS analysis; (2) COMPASS calcu-
lates asymmetries in the photon-nucleon system, while HERMES published them in the lepton-nucleon
system; both agree reasonably well when including Dnn corrections for HERMES; (3) HERMES uses
identified p

+
p

� pairs and COMPASS h+h� pairs; (4) COMPASS applies a minimum cut on z, removing
a possible dilution due to contributions from target fragmentation.
A naive interpretation of our data, based on Eq. (7) and on isospin symmetry and charge conjugation,
yields D1,u = D1,d and H^

1,u =�H^
1,d [27]. When considering only valence quarks, the asymmetry AsinfRS

UT,d

is proportional to [hu
1 +hd

1 ]H
^
1,u for the deuteron target, while for the proton target AsinfRS

UT,p µ [4hu
1 �hd

1 ]H
^
1,u.

Therefore, like in the case of the Collins asymmetry, the small asymmetries observed for the deuteron

[JHEP 06, 017 (2008)]

[Phys. Lett. B 713 (2012)]
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Pion pair production in e+e- annihilation

‣ Artru-Collins asymmetry
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Artru-Collins asymmetry at Belle

(z, Mh)

[Phys.Rev.Lett.107 (2011)]
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Pion pair production in pp↑ collision
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What we know about DiFFs



First principles for D1

q → π+π-XHadronization process:                                      
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First principles for D1

One-hemisphere differential cross section:
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Spectator model for D1
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We can define the asymmetry amplitude
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Note that we avoided simplifying the prefactors because
numerator and denominator are usually integrated sepa-
rately over some of the variables.

III. FRAGMENTATION FUNCTIONS IN A
SPECTATOR MODEL

We aim at describing the process q! $"$&X at in-
variant massMh & 1:3 GeV. To have an idea of the promi-
nent channels contributing to this process, we examined
the output of the PYTHIA event generator [53] tuned for
HERMES [54], which well reproduces the measured
events at HERMES. Further details concerning the event
generator’s output will be discussed in the next section.
Figure 2 shows the number of counted dihadron pairs in
bins of Mh (200 bins from 0.3 to 1.3 GeV). The total
amount of events is 2 667 889.

A few prominent channels contribute to this process:
(1) q! $"$&X1: fragmentation into an ‘‘incoherent’’

$"$& pair that we will call, in the following,

‘‘background’’;
(2) q! %X2 ! $"$&X2: fragmentation into a % reso-

nance decaying into $"$&, responsible for a peak
at Mh ( 770 MeV (14.81%);

(3) q! !X3 ! $"$&X3: fragmentation into a !
resonance decaying into $"$&, responsible for a
small peak at Mh ( 782 MeV (0.31%);

(4) q! !X04 ! $"$&X4 with X4 % $0X04: fragmen-
tation into a ! resonance decaying into $"$&$0

($0 unobserved), responsible for a broad peak
around Mh ( 500 MeV (8.65%);

(5) q! &X05 ! $"$&X5 with X5 % XX05: fragmenta-
tion into a&!547# or&0!958# decaying into$"$&X
(X unobserved), responsible for a peak around
Mh ( 350 MeV (2.05%);

(6) q! K0X6 ! $"$&X6: fragmentation into a K0

resonance decaying into $"$&, responsible for a
narrow peak at Mh ( 498 MeV (3.41%).

On top of these, there could be the presence of two other
channels:

(7) q! "X7 ! $"$&X7: fragmentation into the
largely debated " resonance (see, e.g., Ref. [59]) decaying
into $"$&, which could be responsible for a very broad
peak anywhere between 400 and 1200 MeV;

(8) q! f0X8 ! $"$&X8: fragmentation into a f0

resonance decaying into $"$&, which should give rise
to a peak at Mh ( 980 MeV, not evident in the output of
PYTHIA.
In our model, we considered only channels 1 to 6. All
events not belonging to channels 2 to 6 were included in
channel 1, which then contains 70.77% of the total events.

We work in the framework of a ‘‘spectator’’ model for
the fragmentation process: for q! $"$&X, the sum over
all possible intermediate states X is replaced by an effec-
tive on-shell state—the spectator—whose quantum num-
bers are in this case the same as the initial quark and whose
mass is one of the parameters of the model. In principle,
different channels could produce spectators with different
masses. Moreover, each channel could end up into more
than one possible spectator [60]. For the sake of simplicity,
here we consider just a single spectator for all channels. We
shall denote its mass as Ms and its momentum as Ps. The
choice of using the same spectator for all channels implies,
in particular, that the fragmentation amplitudes of all
channels can interfere with each other maximally. In real-
ity, it is plausible that only a fraction of the total events
ends up in the same spectator and can thus produce inter-
ference effects.

Pions in channels 2 and 3 are obviously produced in
relative pwave, since they come from the decay of a vector
meson. In channel 4, each charged pion can be in a relative
p wave with respect to the other one or to $0, the net result
being that there is a fraction of $"$& pairs that is pro-
duced in a relative swave. In the following, we will neglect
this fraction and assume that all charged pairs are produced
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FIG. 2. Semi-inclusive dihadron counts in bins of Mh from the
PYTHIA event generator [53] tuned for HERMES [54]. The
thick solid line represents the sum of all channels. The thin solid
line represents the sum of channels 2, 3, and 4 described in the
text. The dashed line represents the sum of channels 5 and 6
(which are excluded in our model). The gray line is the differ-
ence between the total and the sum of all channels 2 to 6 and is
assumed to represent channel 1.
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SPECTATOR MODEL

We aim at describing the process q! $"$&X at in-
variant massMh & 1:3 GeV. To have an idea of the promi-
nent channels contributing to this process, we examined
the output of the PYTHIA event generator [53] tuned for
HERMES [54], which well reproduces the measured
events at HERMES. Further details concerning the event
generator’s output will be discussed in the next section.
Figure 2 shows the number of counted dihadron pairs in
bins of Mh (200 bins from 0.3 to 1.3 GeV). The total
amount of events is 2 667 889.

A few prominent channels contribute to this process:
(1) q! $"$&X1: fragmentation into an ‘‘incoherent’’

$"$& pair that we will call, in the following,

‘‘background’’;
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nance decaying into $"$&, responsible for a peak
at Mh ( 770 MeV (14.81%);

(3) q! !X3 ! $"$&X3: fragmentation into a !
resonance decaying into $"$&, responsible for a
small peak at Mh ( 782 MeV (0.31%);
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($0 unobserved), responsible for a broad peak
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tion into a&!547# or&0!958# decaying into$"$&X
(X unobserved), responsible for a peak around
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resonance decaying into $"$&, responsible for a
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On top of these, there could be the presence of two other
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into $"$&, which could be responsible for a very broad
peak anywhere between 400 and 1200 MeV;
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resonance decaying into $"$&, which should give rise
to a peak at Mh ( 980 MeV, not evident in the output of
PYTHIA.
In our model, we considered only channels 1 to 6. All
events not belonging to channels 2 to 6 were included in
channel 1, which then contains 70.77% of the total events.

We work in the framework of a ‘‘spectator’’ model for
the fragmentation process: for q! $"$&X, the sum over
all possible intermediate states X is replaced by an effec-
tive on-shell state—the spectator—whose quantum num-
bers are in this case the same as the initial quark and whose
mass is one of the parameters of the model. In principle,
different channels could produce spectators with different
masses. Moreover, each channel could end up into more
than one possible spectator [60]. For the sake of simplicity,
here we consider just a single spectator for all channels. We
shall denote its mass as Ms and its momentum as Ps. The
choice of using the same spectator for all channels implies,
in particular, that the fragmentation amplitudes of all
channels can interfere with each other maximally. In real-
ity, it is plausible that only a fraction of the total events
ends up in the same spectator and can thus produce inter-
ference effects.

Pions in channels 2 and 3 are obviously produced in
relative pwave, since they come from the decay of a vector
meson. In channel 4, each charged pion can be in a relative
p wave with respect to the other one or to $0, the net result
being that there is a fraction of $"$& pairs that is pro-
duced in a relative swave. In the following, we will neglect
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FIG. 2. Semi-inclusive dihadron counts in bins of Mh from the
PYTHIA event generator [53] tuned for HERMES [54]. The
thick solid line represents the sum of all channels. The thin solid
line represents the sum of channels 2, 3, and 4 described in the
text. The dashed line represents the sum of channels 5 and 6
(which are excluded in our model). The gray line is the differ-
ence between the total and the sum of all channels 2 to 6 and is
assumed to represent channel 1.
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NJL-jet model for D1
directly emitted by the quark cascade (so called ‘‘primary’’
hadrons). The vector mesons considered have an extremely
short lifetime and decay quickly, thus in an experimental
setup one usually detects only their decay products
(‘‘secondary’’ hadrons), most often pions and kaons.
Schematically, the process is depicted in Fig. 6.
Consequently, to best describe the experimentally measured
fragmentation functions of a hadron h from the Eq. (18), we
should not only consider the number of primary hadrons
with a given range of light-cone momentum fraction of the
original quark, Nh

qðz; zþ!zÞ, but also add the number of
hadrons h satisfying the above criteria that originate from
the decays of primary vector mesons (or in general other
hadronic resonances). This is accomplished using the de-
pendence of the decay probability of a hadronic resonance h
on the fractions of its light-cone momentum, z1 to z1 þ
dz1; . . . ; zn to zn þ dzn;

P
izi ¼ 1, carried by the decay

products h1; . . . hn, denoted as dPh!h1...hnðz1; . . . ; znÞ. First
we perform the MC simulations described in the previous
section and record all the produced (primary) hadrons along
with the fractions of the initial quark’s light-cone momen-
tum. We calculate the fragmentation functions without the
decays using the formula in Eq. (18). Second, we consider
each encountered resonance particle h with a momentum
fraction of the initial quark z and its possible strong decay
channels, randomly selecting one according to the corre-
sponding relative branching ratio. Then we randomly gen-
erate the light-cone momentum fractions z1; . . . ; zn carried
by the decay products h1; . . . hn according to the probability
dPh!h1...hnðz1; . . . ; znÞ. The decaying hadron h is removed
from the list of the produced hadrons and the decay products
h1; . . . ; hn are added with their respective fractions of the
initial quark’s light-cone momenta zz1; . . . ; zzn. The frag-
mentation functions are once again calculated using the new
list of produced hadrons using the formula in Eq. (18). (In
general, the decay of a primary resonance can produce
another resonance of a lower mass that decays itself, so we
start the simulation of the decay process from the heaviest
resonances present and move on to the lighter ones.)

In the current article, we consider only the strong decays
of the vector mesons to two-body pseudoscalar meson final
states for simplicity. A generalization to include the three or
more-body final states is straightforward, although it re-
quires sampling the nontrivial phase space factors using
Monte Carlo techniques. We consider all of the two-body

strong decays of!, K%, and " mesons with the correspond-
ing relative branching ratios as given in the ‘‘Review of
Particle Physics’’ [47]. For calculation of the two-body
decay probability function, let us consider the initial hadron
h with massmh, momentum q decaying to hadron h1 with a
mass mh1, and a momentum p1 and hadron h2 with mass
mh2 , and momentum p2. We also denote the light-cone

momentum fraction of the h carried by h1 as z1 & p'
1 =q

'

and the fraction carried by h2 as z2 & p'
2 =q

', where
trivially z1 þ z2 ¼ 1. Thus, the decay probability is a func-
tion of only one momentum fraction chosen to be the z1.
The dPh!h1;h2ðz1Þ is determined as a product of the decay
amplitude squared times a two-body phase space factor.
A detailed description of the decay amplitudes and the

branching ratios into different channels can be calculated
using specific models (for example model Lagrangians for
the interaction from Ref. [48]). Here, we are only con-
cerned with the dependence of the decay probability on z1,
where we average over the polarization of the vector
meson. Thus, the Lorentz invariance requires that ampli-
tude squares depend only on scalar products of the
4-momenta of the particles involved in the decay, which
in turn are trivially expressed through on-mass-shell con-
ditions in terms of their masses. Thus, the only dependence
on z1 comes from the two-body phase space factor. Our
goal is to express the elementary probability for the decay

as a function of z1, assuming a constant Ch1h2
h for the

amplitude squared of the decay. For that we integrate
over all components of momenta p1 and p2 with exception
of p'

1 , assuming q? ¼ 0 and using the light-cone form for
the two-body phase space factor:

dPh!h1;h2ðz1Þ ¼ Ch1h2
h dp'

1

Z d2p1?
ð2#Þ32p'

1

dp'
2 d

2p2?
ð2#Þ32p'

2

ð2#Þ4$4ðq' p1 ' p2Þ (19)

¼ Ch1h2
h

8#
dz1

Z 1

0
dl$ðl' ½z1z2m2

h ' z2m
2
h1 ' z1m

2
h2)Þjz2¼1'z1 (20)

¼
8
<
:

C
h1h2
h
8# dz1 if z1z2m

2
h ' z2m

2
h1 ' z1m

2
h2 * 0; z1 þ z2 ¼ 1;

0 otherwise:
(21)

FIG. 6 (color online). Quark-jet model with the decay of the
resonances.

MONTE CARLO SIMULATIONS OF HADRONIC . . . PHYSICAL REVIEW D 83, 114010 (2011)

114010-7

2

tion [13]. Projections for such asymmetries were given
in Ref. [14], where SIDIS two hadron asymmetries were
fitted using a spectator model, and making use of the
evolution equations of the DFFs derived in Ref. [15]. In
Ref. [16], IFFs were extracted by fitting a parametriza-
tion form to recent e+e� measurements by the BELLE
collaboration [17], using input from PYTHIA [18] for the
unpolarised DFFs that enter the relations for the asym-
metries. A perturbative calculation for DFFs at large
invariant mass was performed in Ref. [19].

The most recent non-perturbative model for DFFs was
constructed in Ref. [20] based on the spectator approach,
where the model parameters were fixed by fitting the un-
polarised DFFs for ⇡+⇡� pairs to Monte Carlo (MC)
samples generated using PYTHIA [18]. In these stud-
ies, due to the limited information on both unpolarised
and interference DFFs, a number of assumptions and ex-
trapolations were employed. Moreover, the extractions
of unpolarised DFFs were conducted on Monte Carlo
events generated by PYTHIA. They therefore depend
on the particular models used for the parton hadroniza-
tion and resonance decays (such as vector to pseudoscalar
mesons). These decays, as shown in our earlier work [21]
and will be again demonstrated here, have large e↵ects
on DFFs.

DFFs describe the production of two hadrons in the
parton hadronization process. They are more challenging
in terms of both theoretical description and experimen-
tal extraction than ordinary FFs. The theoretical models
should give a detailed picture of the hadronization to final
states in order to accurately describe DFFs, as the lead-
ing hadron approximation typically used in FF models is
insu�cient here. It is easy to see that, even in the region
of large total light-cone momentum fraction, choosing a
pair where one leading hadron has a large light-cone mo-
mentum fraction of the fragmenting quark requires the
second hadron in the pair to have small light-cone mo-
mentum fraction. Thus it can be produced at higher
(subleading) order. Hence a model providing complete
hadronization picture is needed for such studies, such
as the Lund model [22] implemented in the PYTHIA
event generator [18, 23]. The original studies of Field
and Feynman, based on their quark-jet model [24, 25]
of ”collinear” DFFs that depend only on the light-cone
momentum fractions of each hadron in the pair, have
been recently extended within the NJL-jet model includ-
ing the kaon production channel and also exploring their
scale evolution [26, 27].

Here we expand the NJL-jet model and the correspond-
ing Monte Carlo (MC) software of [28–34] to calculate
unpolarised DFFs of light and strange quarks to sev-
eral low-lying pseudoscalar and vector mesons. We ac-
complish this by using the probabilistic interpretation of
DFFs and the complete quark hadronization description
given by the NJL-jet model. We also study the strong
two- and three-body decays of the vector mesons and
their e↵ects on the resulting pseudoscalar meson DFFs,
where we reported the first results for u ! ⇡+⇡� in our

q
Q

Q’ Q’’

h 2h 1

FIG. 1. The quark-jet hadronization mechanism.

earlier work Ref. [21]. We also study the scale evolu-
tion of the DFFs, crucial for comparing our low energy
model results with those extracted from experiments in
the deep-inelastic regime.
This paper is organised in the following way. In the

next Section we briefly introduce the NJL-jet model and
explain in detail our method of calculating the DFFs us-
ing MC methods. In Section III we present our results
for the NJL-jet model calculations of unpolarised DFFs.
In Section IV, we briefly discuss the QCD evolution of
DFFs and present the sample results of our model DFFs
evolved to a typical experimental scale. This will be fol-
lowed by Section V with conclusions and outlook.

II. CALCULATING DFFS IN THE NJL-JET
MODEL

A. The NJL-jet Model

The NJL-jet model provides a multi-hadron emission
framework for describing the quark hadronization pro-
cess, where any single hadron production probability is
calculated within an e↵ective quark model. The multi-
hadron emission is described using the original quark-jet
hadronization framework of Field and Feynman [24, 25],
which is schematically depicted in Fig. 1. Here the frag-
menting quark sequentially emits hadrons that do not
re-interact with other produced hadrons or the remnant
parton. The elementary hadron emission probabilities at
each vertex are calculated using the e↵ective quark model
of Nambu and Jona-Lasinio (NJL) [35, 36], using the
Lepage-Brodsky regularisation scheme with dipole cut-
o↵, as described in Ref. [32]. Using the interpretation
of fragmentation functions as probability densities al-
lows one to extract them from the corresponding hadron
multiplicities. These are calculated as Monte Carlo av-
erages of the hadronization process of a quark with a
given flavour when restricting the total number of emit-
ted hadrons for each fragmentation chain to a predefined
number. In the limit of an infinite number of produced
hadrons, used in the original formalism of Field and Feyn-
man, this procedure yields a coupled set of integral equa-
tions for both FFs and DFFs [24, 25]. A detailed study
of convergence to this limit with an increasing number of
produced hadrons has been performed in Ref. [30], where
it was shown that for collinear FFs only a few hadron
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FIG. 2. The results forD⇡+⇡�
u for (a) only primary and (b) all

the final state hadrons after decay of vector mesons from the
NJL-jet MC simulations with 2 primary produced hadrons.

where q is the 4-momentum and E
q

is the energy of the
decaying meson.

When summed over the polarisation of the decaying
hadron, the absolute value square of the matrix element
given in Eq. (18) depends only on the masses of the par-
ticles in the decay and the invariant masses of all possi-
ble pairs of the final state mesons. Then the three-body
phase space becomes independent of the Euler angles of
the decay plane and can be expressed as [37]

Z
d�(3)(q, p1, p2, p3)

=
1

24(2⇡)7

Z (q�m3)
2

(m1+m2)2
dm2

12

Z
m

2
23,max

m

2
23,min

dm2
23 (20)

where the subscript indices ij denote the quantities re-
lated to the total four-momentum of particles i and j:
m2

12 = (p1 + p2)2. The expressions for m2
23,min

and
m2

23,max

for a given value ofm2
12 can be found in Ref. [37].
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FIG. 3. The comparison of the results for D⇡+⇡�
u for the
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cases when (a) integrated over z and (b) integrated over M2

h .
The MC simulations were performed with 8 primary produced
hadrons and over 1010 simulations.

Finally, we employ momentum conservation constraints
and Monte Carlo techniques to sample the transverse mo-
menta and the light cone momentum fractions of the pro-
duced final state pions according to the decay rate of V
given in Eq. (19).

III. RESULTS FROM THE NJL-JET MODEL

In this section we present the results of our calcula-
tions of DFFs of u, d and s quarks to pairs of mesons.
For this, we performed MC simulations using our NJL-jet
model based software framework and calculated the rel-
evant DFFs using the formula in Eq. (6). The number of
quark hadronization simulations N

Syms

= 1010 and dis-
cretization sizes, �z = 0.002 and �M2

h

= 2 MeV2, were
su�cient to avoid any sizeable numerical artefacts in the
extracted functions. All the remaining model parameters
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Parameterization of the unpolarized DiFF
6

⇢

u = d N⇢
1 = 0.209± 0.011 �⇢

1 = 0.999± 0.013

↵⇢
1 = 0.104± 0.025 ↵⇢

2 = �1.209± 0.008

�⇢
1 = 4.045± 0.173 �⇢

2 = �15.679± 0.870

�⇢
3 = 20.582± 1.205 ⌘⇢

1 = 1.103± 0.057

�⇢1 = �1.067± 0.023 �⇢2 = �1.357± 0.140

TABLE II. Best-fit parameters for Du
1,⇢(z,Mh;Q

2
0) from

Eq. (13). The errors are obtained using ��2 = 1.

and c, respectively. The d contribution is identical to the
u one, according to Eq. (11), but for the K0

S ! ⇡+⇡�

channel, where the di↵erence is anyway small. We recall
that at this scale we assume no contribution from the
gluon. The DiFFs are normalized using the Monte Carlo
luminosity L

MC

, although the overall normalization will
not influence the results of the next sections. In the top
panel, we can distinguish the narrow peak due to the K0

S
resonance on top of a large hump, due to the superpo-
sition of the contributions coming from the continuum
and from the ! ! (⇡+⇡�)⇡0 decay. At Mh = 0.77 GeV,
we clearly see the peak of the ⇢ resonance. Instead, the
peak of the ! ! (⇡+⇡�) decay is hardly visible. Moving
from top to bottom, we can appreciate how the relative
importance of the ⇢ channel increases over the other ones
as z increases.

In Fig. 3, we show Dq
1

(z, Mh;Q2

0

), summed over all
channels, as a function of z for Mh = 0.4, 0.8, and 1 GeV
(from top to bottom) at the starting scale Q2

0

= 1 GeV2.
Notations are the same as in the previous figure. It is
worth noting the relatively high importance of the charm
contribution, especially at low z for low and intermediate
values of Mh.

In Fig. 4, the points with error bars are the num-
bers Nij of pion pairs produced by the simulation in
the bin (zi, Mh j), summed over all flavors and chan-
nels and divided by the Monte Carlo luminosity L

MC

;
i.e., they represent the simulated experimental unpo-
larized cross section with errors defined in Eq. (15).
The histograms refer to (d�0 q

ch

)ij in Eq. (16) summed
over all flavors and channels, i.e., to the fitting unpolar-
ized cross section evolved at the Belle scale Q2 = 100
GeV2. In reality, we have independently fitted each of
the four channels. For illustration purposes, here we
show the plots in the Mh bins only for the three bins
0.24  z  0.26, 0.44  z  0.46, 0.74  z  0.76
(from top to bottom, respectively) after summing upon
all flavors and channels. The agreement between the his-
togram of theoretical predictions and the points for the
simulated experiment confirms the good quality of the
fit. As in Fig. 2, going from top to bottom panels one
can appreciate the modifications with changing z of the
relative weight among the various channels active in the
invariant mass distribution (kaon peak, ⇢ peak, broad
continuum, etc..).

In Fig. 5, the fitting (d�0 q
ch

)ij and simulated Nij/L
MC
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FIG. 2. The Dq
1(z,Mh;Q

2
0), summed over all channels, as

a function of Mh for z = 0.25, 0.45, and 0.65 (from top to
bottom) at the hadronic scale Q2

0 = 1 GeV2. Solid, dot-
dashed, and dashed, curves correspond to the contribution of
the flavors u = d, s, and c, respectively.

unpolarized cross sections, summed over all flavors and
channels, are now plotted as functions of the z bins for the
three bins 0.39  Mh  0.41, 0.79  Mh  0.81, 0.99 
Mh  1.01 GeV (from top to bottom) in the same con-
ditions and with the same notations as in the previous
figure. The agreement remains very good but for few
bins at low z at the highest considered Mh, and con-
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FIG. 2. The Dq
1(z,Mh;Q

2
0), summed over all channels, as

a function of Mh for z = 0.25, 0.45, and 0.65 (from top to
bottom) at the hadronic scale Q2

0 = 1 GeV2. Solid, dot-
dashed, and dashed, curves correspond to the contribution of
the flavors u = d, s, and c, respectively.

unpolarized cross sections, summed over all flavors and
channels, are now plotted as functions of the z bins for the
three bins 0.39  Mh  0.41, 0.79  Mh  0.81, 0.99 
Mh  1.01 GeV (from top to bottom) in the same con-
ditions and with the same notations as in the previous
figure. The agreement remains very good but for few
bins at low z at the highest considered Mh, and con-
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0) from
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and c, respectively. The d contribution is identical to the
u one, according to Eq. (11), but for the K0

S ! ⇡+⇡�

channel, where the di↵erence is anyway small. We recall
that at this scale we assume no contribution from the
gluon. The DiFFs are normalized using the Monte Carlo
luminosity L

MC

, although the overall normalization will
not influence the results of the next sections. In the top
panel, we can distinguish the narrow peak due to the K0

S
resonance on top of a large hump, due to the superpo-
sition of the contributions coming from the continuum
and from the ! ! (⇡+⇡�)⇡0 decay. At Mh = 0.77 GeV,
we clearly see the peak of the ⇢ resonance. Instead, the
peak of the ! ! (⇡+⇡�) decay is hardly visible. Moving
from top to bottom, we can appreciate how the relative
importance of the ⇢ channel increases over the other ones
as z increases.

In Fig. 3, we show Dq
1

(z, Mh;Q2

0

), summed over all
channels, as a function of z for Mh = 0.4, 0.8, and 1 GeV
(from top to bottom) at the starting scale Q2

0

= 1 GeV2.
Notations are the same as in the previous figure. It is
worth noting the relatively high importance of the charm
contribution, especially at low z for low and intermediate
values of Mh.

In Fig. 4, the points with error bars are the num-
bers Nij of pion pairs produced by the simulation in
the bin (zi, Mh j), summed over all flavors and chan-
nels and divided by the Monte Carlo luminosity L

MC

;
i.e., they represent the simulated experimental unpo-
larized cross section with errors defined in Eq. (15).
The histograms refer to (d�0 q

ch

)ij in Eq. (16) summed
over all flavors and channels, i.e., to the fitting unpolar-
ized cross section evolved at the Belle scale Q2 = 100
GeV2. In reality, we have independently fitted each of
the four channels. For illustration purposes, here we
show the plots in the Mh bins only for the three bins
0.24  z  0.26, 0.44  z  0.46, 0.74  z  0.76
(from top to bottom, respectively) after summing upon
all flavors and channels. The agreement between the his-
togram of theoretical predictions and the points for the
simulated experiment confirms the good quality of the
fit. As in Fig. 2, going from top to bottom panels one
can appreciate the modifications with changing z of the
relative weight among the various channels active in the
invariant mass distribution (kaon peak, ⇢ peak, broad
continuum, etc..).

In Fig. 5, the fitting (d�0 q
ch

)ij and simulated Nij/L
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a function of Mh for z = 0.25, 0.45, and 0.65 (from top to
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0 = 1 GeV2. Solid, dot-
dashed, and dashed, curves correspond to the contribution of
the flavors u = d, s, and c, respectively.

unpolarized cross sections, summed over all flavors and
channels, are now plotted as functions of the z bins for the
three bins 0.39  Mh  0.41, 0.79  Mh  0.81, 0.99 
Mh  1.01 GeV (from top to bottom) in the same con-
ditions and with the same notations as in the previous
figure. The agreement remains very good but for few
bins at low z at the highest considered Mh, and con-
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channels, and integrated in each Mh bin. Points with error
bars for the simulated observable with statistical errors. The
figure serves only for illustration purposes. For the descrip-
tion of the actual fitting procedure, see details in the text,
particularly around Eqs. (15) and (16).
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for the fitting formula of Eq. (16), summed over all flavors and
channels, and integrated in each Mh bin. Points with error
bars for the simulated observable with statistical errors. The
figure serves only for illustration purposes. For the descrip-
tion of the actual fitting procedure, see details in the text,
particularly around Eqs. (15) and (16).
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channels, and integrated in each Mh bin. Points with error
bars for the simulated observable with statistical errors. The
figure serves only for illustration purposes. For the descrip-
tion of the actual fitting procedure, see details in the text,
particularly around Eqs. (15) and (16).
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2 = �1.209± 0.008

�⇢
1 = 4.045± 0.173 �⇢

2 = �15.679± 0.870

�⇢
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TABLE II. Best-fit parameters for Du
1,⇢(z,Mh;Q

2
0) from

Eq. (13). The errors are obtained using ��2 = 1.

and c, respectively. The d contribution is identical to the
u one, according to Eq. (11), but for the K0

S ! ⇡+⇡�

channel, where the di↵erence is anyway small. We recall
that at this scale we assume no contribution from the
gluon. The DiFFs are normalized using the Monte Carlo
luminosity L

MC

, although the overall normalization will
not influence the results of the next sections. In the top
panel, we can distinguish the narrow peak due to the K0

S
resonance on top of a large hump, due to the superpo-
sition of the contributions coming from the continuum
and from the ! ! (⇡+⇡�)⇡0 decay. At Mh = 0.77 GeV,
we clearly see the peak of the ⇢ resonance. Instead, the
peak of the ! ! (⇡+⇡�) decay is hardly visible. Moving
from top to bottom, we can appreciate how the relative
importance of the ⇢ channel increases over the other ones
as z increases.

In Fig. 3, we show Dq
1

(z, Mh;Q2

0

), summed over all
channels, as a function of z for Mh = 0.4, 0.8, and 1 GeV
(from top to bottom) at the starting scale Q2

0

= 1 GeV2.
Notations are the same as in the previous figure. It is
worth noting the relatively high importance of the charm
contribution, especially at low z for low and intermediate
values of Mh.

In Fig. 4, the points with error bars are the num-
bers Nij of pion pairs produced by the simulation in
the bin (zi, Mh j), summed over all flavors and chan-
nels and divided by the Monte Carlo luminosity L

MC

;
i.e., they represent the simulated experimental unpo-
larized cross section with errors defined in Eq. (15).
The histograms refer to (d�0 q

ch

)ij in Eq. (16) summed
over all flavors and channels, i.e., to the fitting unpolar-
ized cross section evolved at the Belle scale Q2 = 100
GeV2. In reality, we have independently fitted each of
the four channels. For illustration purposes, here we
show the plots in the Mh bins only for the three bins
0.24  z  0.26, 0.44  z  0.46, 0.74  z  0.76
(from top to bottom, respectively) after summing upon
all flavors and channels. The agreement between the his-
togram of theoretical predictions and the points for the
simulated experiment confirms the good quality of the
fit. As in Fig. 2, going from top to bottom panels one
can appreciate the modifications with changing z of the
relative weight among the various channels active in the
invariant mass distribution (kaon peak, ⇢ peak, broad
continuum, etc..).

In Fig. 5, the fitting (d�0 q
ch

)ij and simulated Nij/L
MC
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FIG. 2. The Dq
1(z,Mh;Q

2
0), summed over all channels, as

a function of Mh for z = 0.25, 0.45, and 0.65 (from top to
bottom) at the hadronic scale Q2

0 = 1 GeV2. Solid, dot-
dashed, and dashed, curves correspond to the contribution of
the flavors u = d, s, and c, respectively.

unpolarized cross sections, summed over all flavors and
channels, are now plotted as functions of the z bins for the
three bins 0.39  Mh  0.41, 0.79  Mh  0.81, 0.99 
Mh  1.01 GeV (from top to bottom) in the same con-
ditions and with the same notations as in the previous
figure. The agreement remains very good but for few
bins at low z at the highest considered Mh, and con-
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2
0), summed over all channels, as

a function of Mh for z = 0.25, 0.45, and 0.65 (from top to
bottom) at the hadronic scale Q2

0 = 1 GeV2. Solid, dot-
dashed, and dashed, curves correspond to the contribution of
the flavors u = d, s, and c, respectively.

unpolarized cross sections, summed over all flavors and
channels, are now plotted as functions of the z bins for the
three bins 0.39  Mh  0.41, 0.79  Mh  0.81, 0.99 
Mh  1.01 GeV (from top to bottom) in the same con-
ditions and with the same notations as in the previous
figure. The agreement remains very good but for few
bins at low z at the highest considered Mh, and con-
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⇢

u = d N⇢
1 = 0.209± 0.011 �⇢

1 = 0.999± 0.013

↵⇢
1 = 0.104± 0.025 ↵⇢

2 = �1.209± 0.008

�⇢
1 = 4.045± 0.173 �⇢

2 = �15.679± 0.870

�⇢
3 = 20.582± 1.205 ⌘⇢

1 = 1.103± 0.057

�⇢1 = �1.067± 0.023 �⇢2 = �1.357± 0.140

TABLE II. Best-fit parameters for Du
1,⇢(z,Mh;Q

2
0) from

Eq. (13). The errors are obtained using ��2 = 1.

and c, respectively. The d contribution is identical to the
u one, according to Eq. (11), but for the K0

S ! ⇡+⇡�

channel, where the di↵erence is anyway small. We recall
that at this scale we assume no contribution from the
gluon. The DiFFs are normalized using the Monte Carlo
luminosity L

MC

, although the overall normalization will
not influence the results of the next sections. In the top
panel, we can distinguish the narrow peak due to the K0

S
resonance on top of a large hump, due to the superpo-
sition of the contributions coming from the continuum
and from the ! ! (⇡+⇡�)⇡0 decay. At Mh = 0.77 GeV,
we clearly see the peak of the ⇢ resonance. Instead, the
peak of the ! ! (⇡+⇡�) decay is hardly visible. Moving
from top to bottom, we can appreciate how the relative
importance of the ⇢ channel increases over the other ones
as z increases.

In Fig. 3, we show Dq
1

(z, Mh;Q2

0

), summed over all
channels, as a function of z for Mh = 0.4, 0.8, and 1 GeV
(from top to bottom) at the starting scale Q2

0

= 1 GeV2.
Notations are the same as in the previous figure. It is
worth noting the relatively high importance of the charm
contribution, especially at low z for low and intermediate
values of Mh.

In Fig. 4, the points with error bars are the num-
bers Nij of pion pairs produced by the simulation in
the bin (zi, Mh j), summed over all flavors and chan-
nels and divided by the Monte Carlo luminosity L

MC

;
i.e., they represent the simulated experimental unpo-
larized cross section with errors defined in Eq. (15).
The histograms refer to (d�0 q

ch

)ij in Eq. (16) summed
over all flavors and channels, i.e., to the fitting unpolar-
ized cross section evolved at the Belle scale Q2 = 100
GeV2. In reality, we have independently fitted each of
the four channels. For illustration purposes, here we
show the plots in the Mh bins only for the three bins
0.24  z  0.26, 0.44  z  0.46, 0.74  z  0.76
(from top to bottom, respectively) after summing upon
all flavors and channels. The agreement between the his-
togram of theoretical predictions and the points for the
simulated experiment confirms the good quality of the
fit. As in Fig. 2, going from top to bottom panels one
can appreciate the modifications with changing z of the
relative weight among the various channels active in the
invariant mass distribution (kaon peak, ⇢ peak, broad
continuum, etc..).
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channels, and integrated in each Mh bin. Points with error
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figure serves only for illustration purposes. For the descrip-
tion of the actual fitting procedure, see details in the text,
particularly around Eqs. (15) and (16).
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bars for the simulated observable with statistical errors. The
figure serves only for illustration purposes. For the descrip-
tion of the actual fitting procedure, see details in the text,
particularly around Eqs. (15) and (16).

IV. EXTRACTION OF H^
1 FROM MEASURED

ARTRU–COLLINS ASYMMETRY

We now consider the Artru–Collins asymmetry of
Eq. (7). Since we cannot integrate away the ✓

2

, ✓, and ✓

7

 0.0

 1.0

 2.0

 3.0

 4.0

 5.0

 6.0

 7.0

 0.2  0.4  0.6  0.8  1.0

D
1q  (z

, M
h)

 [G
eV

-1
]

z

Mh=0.4 GeV, Q=1 GeV

u
s
c

 0.0

 1.0

 2.0

 3.0

 4.0

 5.0

 6.0

 7.0

 0.2  0.4  0.6  0.8  1.0

D
1q  (z

, M
h)

 [G
eV

-1
]

z

Mh=0.8 GeV, Q=1 GeV

u
s
c

 0.0

 1.0

 2.0

 3.0

 4.0

 5.0

 6.0

 7.0

 0.2  0.4  0.6  0.8  1.0

D
1q  (z

, M
h)

 [G
eV

-1
]

z

5*D1, Mh=1. GeV, Q=1 GeV

u
s
c

FIG. 3. The Dq
1(z,Mh;Q

2
0), summed over all channels, as

a function of z for Mh = 0.4, 0.8, and 1 GeV (from top to
bottom) at the hadronic scale Q2

0 = 1 GeV2. Same notations
as in previous figure.

firms the quality of the extracted parametrization of the
unpolarized DiFF.

 0.0e+00

 5.0e-09

 1.0e-08

 1.5e-08

 2.0e-08

 2.5e-08

 3.0e-08

 3.5e-08

 4.0e-08

 4.5e-08

 5.0e-08

 0.4  0.6  0.8  1.0  1.2

d
σ

0
 [
G

e
V

-2
]

Mh [GeV]

0.24<z<0.26, Q2=100 GeV2

MC 

fit

 0.0e+00

 1.0e-09

 2.0e-09

 3.0e-09

 4.0e-09

 5.0e-09

 6.0e-09

 7.0e-09

 8.0e-09

 0.4  0.6  0.8  1.0  1.2

d
σ

0
 [
G

e
V

-2
]

Mh [GeV]

 0.44<z<0.46, Q2=100 GeV2

MC 

fit

 0.0e+00

 2.0e-10

 4.0e-10

 6.0e-10

 8.0e-10

 1.0e-09

 1.2e-09

 0.4  0.6  0.8  1.0  1.2

d
σ

0
 [
G

e
V

-2
]

Mh [GeV]

 0.64<z<0.66, Q2=100 GeV2

MC 

fit

FIG. 4. The unpolarized cross section d�0 at Q2 = 100 GeV2

as a function of Mh for the three bins 0.24  z  0.26, 0.44 
z  0.46, 0.64  z  0.66 (from top to bottom). Histograms
for the fitting formula of Eq. (16), summed over all flavors and
channels, and integrated in each Mh bin. Points with error
bars for the simulated observable with statistical errors. The
figure serves only for illustration purposes. For the descrip-
tion of the actual fitting procedure, see details in the text,
particularly around Eqs. (15) and (16).

IV. EXTRACTION OF H^
1 FROM MEASURED

ARTRU–COLLINS ASYMMETRY

We now consider the Artru–Collins asymmetry of
Eq. (7). Since we cannot integrate away the ✓

2

, ✓, and ✓

Mh behavior

z behavior

PYTHIA  at Belle  

A.C., Bacchetta, Radici & Bianconi,PRD85

9

[0.2, 0.3]

[0.4, 0.5]

[0.6, 0.7]

Integration range: [z1, z2]

∫
z 2 z 1

 D
π-

 π
+

u
(z

, M
2 h
) d

z

0

0.2

0.4

0.6

M2
h  (GeV2)

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

FIG. 10. D⇡+⇡�
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in the caption of the plot, versus M2
h .

and P
qi

(u) are the usual splitting functions of a quark of
flavour q to a parton i carrying its light-cone momentum
fraction u.

This evolution equation at a fixed invariant mass
squared of the hadron pair is formally exactly the same
as that for the single hadron fragmentation function.
Thus we employ the evolution software QCDNUM [39]
to evolve our model calculated DFFs at fixed values of
M2

h

to the final scale of interest. The results for the evo-

lution of D⇡

+
⇡

�

u

are shown in Fig. 11. Here the model
scale is taken to be the usual NJL-jet scale of 0.2 GeV2,
and the results are evolved to 4 GeV2 and 100 GeV2.
The plots in Fig. 11(a) show that QCD evolution of the
DFF, integrated over an interval of z between 0.2 and
0.8, leaves the overall shape of the M2

h

dependence un-
changed, reducing the overall magnitude and the relevant
strength of di↵erent VM peaks. Such behaviour is easy to
understand, as under evolution the strength of the DFF
functions shifts to smaller values of z, as can be clearly
seen from plots in Fig. 11(b) depicting the same results
integrated over a range of values for M2

h

.

V. CONCLUSIONS AND OUTLOOK

In this work we have presented our NJL-jet model
calculations of unpolarised dihadron fragmentation func-
tions of both light and strange quark to pairs of pions
and kaons. For this the NJL-jet model and the corre-
sponding Monte Carlo framework have been extended to
extract these DFFs using their probabilistic interpreta-
tion. The important contributions from the production
of several vector mesons and their strong decays were
included, as they give a very large contribution to the
DFF channels that correspond to their decay products -
see also Ref. [21]. Thus, the two- and three-body decays
of these resonances were included carefully in the model,
using the experimental and phenomenological develop-
ments about these decays gained in precise experiments
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FIG. 11. The comparison of the results for D⇡+⇡�
u at model

scale (red solid line) with those evolved to 4 GeV2 (blue
dashed line) and 100 GeV2 (orange dotted line) when (a)
integrated over z and (b) integrated over M2

h .

at e+e� colliders [38]. The results of the extensive MC
simulations allowed us to extract the DFFs with insignif-
icant numerical errors, where our studies showed that 8
hadron emission steps in each quark hadronization chain
are needed to achieve satisfactory convergence in the re-
gion z & 0.2.

The results for u ! ⇡�⇡+ have confirmed our earlier
findings of Ref. [21], that the strong decays of the vector
mesons play a crucial role in the DFFs of pseudoscalar
mesons, both by increasing the magnitude and by shap-
ing the invariant mass spectrum of the pair. This has also
been confirmed for the DFFs of at least one final kaon
produced by decays of K⇤ and � vector mesons as well.
This behaviour can be explained using the large combi-
natorial factors involved in counting the pairs produced
by the vector meson decays. Moreover, the enhancement
of the DFF magnitude is apparent even in the regions far
from the invariant mass peaks of VMs and in the chan-
nels where production from decays alone is not possible
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strength of di↵erent VM peaks. Such behaviour is easy to
understand, as under evolution the strength of the DFF
functions shifts to smaller values of z, as can be clearly
seen from plots in Fig. 11(b) depicting the same results
integrated over a range of values for M2

h

.

V. CONCLUSIONS AND OUTLOOK

In this work we have presented our NJL-jet model
calculations of unpolarised dihadron fragmentation func-
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and kaons. For this the NJL-jet model and the corre-
sponding Monte Carlo framework have been extended to
extract these DFFs using their probabilistic interpreta-
tion. The important contributions from the production
of several vector mesons and their strong decays were
included, as they give a very large contribution to the
DFF channels that correspond to their decay products -
see also Ref. [21]. Thus, the two- and three-body decays
of these resonances were included carefully in the model,
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at e+e� colliders [38]. The results of the extensive MC
simulations allowed us to extract the DFFs with insignif-
icant numerical errors, where our studies showed that 8
hadron emission steps in each quark hadronization chain
are needed to achieve satisfactory convergence in the re-
gion z & 0.2.

The results for u ! ⇡�⇡+ have confirmed our earlier
findings of Ref. [21], that the strong decays of the vector
mesons play a crucial role in the DFFs of pseudoscalar
mesons, both by increasing the magnitude and by shap-
ing the invariant mass spectrum of the pair. This has also
been confirmed for the DFFs of at least one final kaon
produced by decays of K⇤ and � vector mesons as well.
This behaviour can be explained using the large combi-
natorial factors involved in counting the pairs produced
by the vector meson decays. Moreover, the enhancement
of the DFF magnitude is apparent even in the regions far
from the invariant mass peaks of VMs and in the chan-
nels where production from decays alone is not possible
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NJL-jet based MC event generator

error analysis with Δ𝟀2=1
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• the interference between channel 1 (s-wave background) and the imaginary part of 2 (ρ resonance), with a shape
peaked at the ρ mass, i.e. roughly proportional to the imaginary part of the ρ resonance in Eq. (28);

• the interference between channel 1 (s-wave background) and 4 (ω resonance decaying into three pions), with a
shape peaked at Mh ≈ 0.5 GeV, roughly proportional to the third (imaginary) term in Eq. (28).

The two contributions have comparable size and are large. At this point, we want to stress once more that our model
assumptions imply that the above channels can interfere in a complete way, since the spectators X1, X2 and X4 are
the same. As already argued before, it is likely that only a fraction of the X2 and X1 states interfere, and so does a
(in general different) fraction of the X4 and X1 states. This could decrease the sizes of the two “peaks” of Fig. 6 (a)
and accordingly the overall size of the curve in Fig. 6 (b). This is beyond the reach of our model in its present form,
but could be a way to proceed when fitting data related to H<)

1,ot.
In Fig. 7 (a) we plot the ratio between −D1,ol and D1,oo, integrated separately over 0.2 < z < 0.8. In Fig. 7 (b)

we plot the same ratio but with the two functions multiplied by 2Mh and integrated over 0.3 GeV < Mh < 1.3 GeV.
The dotted line in Fig. 7 (a) represents the positivity bound [55] (in the second plot the bound lies beyond the plot
range)

D1,ol ≤

√
3
4

Ds
1,oo

(
Dp

1,oo +
2
3

D1,ll

)
. (38)

In this case, the function D1,ol receives basically only one contribution, namely from the interference between
channel 1 (s-wave background) and the real part of 2 (ρ resonance). In fact, its shape has a sign change at the ρ mass
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FIG. 6. The ratio R of Eq. (28), summed over all channels,
at the hadronic scale Q2

0 = 1 GeV2. Upper panel for R as
a function of Mh for z = 0.25 (solid line), z = 0.45 (dashed
line), and z = 0.65 (dot-dashed line). Lower panel for R as a
function of z for Mh = 0.4 GeV (solid line), Mh = 0.8 GeV
(dashed line), and Mh = 1.0 GeV (dot-dashed line). For the
calculation of the uncertainty bands, see details in the text.

B. Results for H^
1

In Fig. 6, we show the ratio

R(z, Mh) =
|R|
Mh

H^u
1,sp(z, Mh;Q2

0

)

Du
1

(z, Mh;Q2

0

)
, (28)

summed over all channel, at the hadronic scale Q2

0

= 1
GeV2. The upper panel displays the ratio as a function
of Mh at three values of z: 0.25 (solid line), 0.45 (dashed
line), and 0.65 (dot-dashed line). The lower panel dis-
plays it as a function of z at Mh = 0.4 GeV (solid line),
0.8 GeV (dashed line), and 1 GeV (dot-dashed line).
The uncertainty bands correspond to the statistical er-
rors of the fitting parameters (see Tab. III). They are
calculated through the standard procedure of error prop-
agation using the covariance matrix provided by MINUIT
(with ��2 = 1). In the upper panel, the solid line stops
at Mh = 0.9 GeV because there are no experimental data

at higher invariant masses for z = 0.25. The fit is less
constrained in that region and the error band becomes
larger. The same e↵ect is visible in the lower panel for the
highest displayed Mh (dot-dashed line) at low z. Note
that in the upper panel all three curves display a dip
at Mh ⇠ 0.5 GeV. It corresponds to the peak for the
K0

S ! ⇡+⇡� decay, which is present in the denominator
of R (via Du

1

) but not in the numerator (we recall that
we assume H^u

1,sp ⇡ 0 for this channel, see the discussion
after Eqs. (20) and (21)).
In Fig. 7, we show the Artru–Collins asymmetry at

Q2 = 100 GeV2. Each panel corresponds to the indicated
experimental z bin, ranging from [0.2, 0.27] to [0.7, 0.8].
In each panel, the points with error bars indicate the
Belle measurement for the experimental Mh bins [41].
For each bin (zi, Mh j), the solid line represents the top
side of the histogram for the fitting asymmetry obtained
by inverting Eq. (22), i.e.
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where Dij is defined in Eq. (26), Hth

ij is defined in the
discussion about Eq. (27), and the average values of the
angles in the considered bin are taken from Ref. [41].
The shaded areas are the statistical errors of Ath

ij , de-
duced from the parameter errors in Tab. III through the
standard formula for error propagation. Note that the
statistical uncertainty of the fit is very large for the high-
est Mh bin.

V. CONCLUSIONS AND OUTLOOKS

In this paper, we have parametrized for the first time
the full dependence of the dihadron fragmentation func-
tions (DiFFs) that describe the nonperturbative frag-
mentation of a hard parton into two hadrons inside the
same jet, plus other unobserved fragments. The depen-
dence of DiFFs on the invariant mass and on the energy
fraction carried by a (⇡+⇡�) pair produced in e+e� anni-
hilations, is extracted by fitting the recent Belle data [29].
The analytic formulae for both unpolarized and po-

larized DiFFs at a starting hadronic scale are inspired
by previous model calculations of DiFFs [11, 21, 32].
Then, they are evolved at leading order using the HOPPET
code [33], suitably extended to include chiral-odd split-
ting functions that can describe scaling violations of
chiral-odd polarized DiFFs.
In the absence of published data for the unpolarized

cross section, we extract the unpolarized DiFF (appear-
ing in the denominator of the asymmetry) by fitting the
simulation produced by the PYTHIA event generator [34]
at Belle kinematics, since this code is known to give a
good description of the e+e� total cross section [35].
Given the rich structure of the invariant mass distribu-

tion in the selected range [2m⇡, 1.3] GeV, we have con-
sidered three di↵erent channels for producing a (⇡+⇡�)
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calculation of the uncertainty bands, see details in the text.
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calculated through the standard procedure of error prop-
agation using the covariance matrix provided by MINUIT
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highest displayed Mh (dot-dashed line) at low z. Note
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at Mh ⇠ 0.5 GeV. It corresponds to the peak for the
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S ! ⇡+⇡� decay, which is present in the denominator
of R (via Du
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) but not in the numerator (we recall that
we assume H^u
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after Eqs. (20) and (21)).
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Q2 = 100 GeV2. Each panel corresponds to the indicated
experimental z bin, ranging from [0.2, 0.27] to [0.7, 0.8].
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duced from the parameter errors in Tab. III through the
standard formula for error propagation. Note that the
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V. CONCLUSIONS AND OUTLOOKS

In this paper, we have parametrized for the first time
the full dependence of the dihadron fragmentation func-
tions (DiFFs) that describe the nonperturbative frag-
mentation of a hard parton into two hadrons inside the
same jet, plus other unobserved fragments. The depen-
dence of DiFFs on the invariant mass and on the energy
fraction carried by a (⇡+⇡�) pair produced in e+e� anni-
hilations, is extracted by fitting the recent Belle data [29].
The analytic formulae for both unpolarized and po-

larized DiFFs at a starting hadronic scale are inspired
by previous model calculations of DiFFs [11, 21, 32].
Then, they are evolved at leading order using the HOPPET
code [33], suitably extended to include chiral-odd split-
ting functions that can describe scaling violations of
chiral-odd polarized DiFFs.
In the absence of published data for the unpolarized

cross section, we extract the unpolarized DiFF (appear-
ing in the denominator of the asymmetry) by fitting the
simulation produced by the PYTHIA event generator [34]
at Belle kinematics, since this code is known to give a
good description of the e+e� total cross section [35].
Given the rich structure of the invariant mass distribu-

tion in the selected range [2m⇡, 1.3] GeV, we have con-
sidered three di↵erent channels for producing a (⇡+⇡�)

         2/dof=0.57�

4

its fitting procedure, and we present the results of the
parametrization of the unpolarized DiFF D

1

.

A. The Monte Carlo simulation

We used a PYTHIA simulation [34] to study (⇡+⇡�)
pairs with momentum fraction z and invariant mass Mh

from e+e� annihilations at the Belle kinematics [35]. The
pair distribution should be described according to the
unpolarized cross section of Eq. (8) integrated in ✓

2

and
✓, since we assume the integration to be complete in the
Monte Carlo sample. The actual expression of the cross
section is

d�0

dz dMh dQ2

=
4⇡↵2

Q2

X

q

e2

q Dq
1

(z, Mh;Q
2) . (9)

Events are generated with no cuts in acceptance. The
data sample is based on a Monte Carlo integrated lumi-
nosity L

MC

= 647.26 pb�1 corresponding to 2.194 ⇥ 106

events. The total number of produced pion pairs is
n

tot

= 1.040 ⇥ 106, approximately one pair every two
events. We use these numbers to normalize D

1

, but
the results for the Artru–Collins asymmetry (and, conse-
quently, for H^

1

/D
1

) are independent of the normaliza-
tion.

The counts of pion pairs are collected in a bidimen-
sional 40 ⇥ 50 binning in (z, Mh). The invariant mass
is limited in the range 0.29  Mh  1.29 GeV, the
lower bound being given by the natural threshold 2m⇡

and the upper cut excluding scarcely populated or fre-
quently empty bins. Each pion pair is required to have a
fractional energy z � 0.2 in order to focus only on pions
coming from the fragmentation process. To avoid large
mass corrections, we impose the condition

�h ⌘ 2Mh

zQ
⌧ 1 , (10)

which we in practice implement as �h  1/2.
For the fragmentation process q ! (⇡+⇡�)X in the

range 0.29  Mh  1.29 GeV, the invariant mass distri-
bution has a rich structure. The most prominent chan-
nels can be cast in two main categories, three resonant
channels and a “continuum” (see the discussion around
Fig. 2 in Ref. [11]; see also Refs. [3–5, 38]):

• the production of (⇡+⇡�) pairs in relative p wave
via the decay of the ⇢ resonance; it is the cleanest
channel and is responsible for a peak in the invari-
ant mass distribution at Mh ⇠ 776 MeV,

• the production of (⇡+⇡�) pairs in relative p wave
via the decay of the ! resonance; it produces a
sharp peak at Mh ⇠ 783 MeV but smaller than the
previous one. However, the ! resonance has a large
branching ratio for the decay into (⇡+⇡�)⇡0 [39].
We include also this contribution after summing
over the unobserved ⇡0; it generates a a broad peak
roughly centered around Mh ⇠ 500 MeV,

• the production of (⇡+⇡�) pairs via the decay of the
K0

S resonance, which produces a very narrow peak
at Mh ⇠ 498 MeV,

• everything else included in a channel which for con-
venience we call “continuum” and we model as the
fragmentation into an “incoherent” pion pair.

The fragmentation via the ⌘ resonance also produces a
peak overlapping with the K0

S one (plus a smaller hump
at Mh ⇠ 350 MeV) but with less statistical weight.
Hence, we will neglect this channel and we will neglect
as well all other resonances which are not visible in the
PYTHIA output [11].

In summary, the behaviour of the fragmentation into
(⇡+⇡�) pairs with respect to their invariant mass will be
simulated in four ways: three channels corresponding to
the decay of the ⇢, !, and K0

S resonances, and a chan-
nel that includes everything else (continuum). Using the
Monte Carlo, we study each channel separately. For each
channel, the flavor sum in Eq. (9) is decomposed in the
contribution of q = u, d, s, and c.

B. Fitting the Monte Carlo simulation

In the first step, for each channel ch = cont, ⇢, !, K,
and for each flavor q = u, d, s, c, we parametrize
Dq

1,ch(z, Mh;Q2

0

) at the hadronic scale Q2

0

= 1 GeV2 tak-

ing inspiration from Refs. [11, 21, 25]. For (⇡+⇡�) pairs,
isospin symmetry and charge conjugation suggest that

Du
1

= Dd
1

= D
u
1

= D
d
1

, (11)
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1
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s
1

, Dc
1

= D
c
1

. (12)

The best fit of the Monte Carlo output at the Belle scale
shows compatibility with both conditions (11) and (12)
for all channels but for the K0

S ! (⇡+⇡�) decay, where
the choice Dd

1,K 6= Du
1,K is required. In general, we

choose Ds
1

to di↵er from Du
1

only in the z dependence.
The full analytic expression of Dq

1,ch(z, Mh;Q2

0

) can
be found in appendix A. Here, we illustrate the z and
Mh dependence of Du

1,⇢ as an example, since it displays
enough general features that are common to most of
the other channels. The function Du

1,⇢(z, Mh;Q2

0

) is de-
scribed by
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Phenomenological cut
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FIG. 6. The ratio R of Eq. (28), summed over all channels,
at the hadronic scale Q2

0 = 1 GeV2. Upper panel for R as
a function of Mh for z = 0.25 (solid line), z = 0.45 (dashed
line), and z = 0.65 (dot-dashed line). Lower panel for R as a
function of z for Mh = 0.4 GeV (solid line), Mh = 0.8 GeV
(dashed line), and Mh = 1.0 GeV (dot-dashed line). For the
calculation of the uncertainty bands, see details in the text.

B. Results for H^
1

In Fig. 6, we show the ratio

R(z, Mh) =
|R|
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H^u
1,sp(z, Mh;Q2
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summed over all channel, at the hadronic scale Q2

0

= 1
GeV2. The upper panel displays the ratio as a function
of Mh at three values of z: 0.25 (solid line), 0.45 (dashed
line), and 0.65 (dot-dashed line). The lower panel dis-
plays it as a function of z at Mh = 0.4 GeV (solid line),
0.8 GeV (dashed line), and 1 GeV (dot-dashed line).
The uncertainty bands correspond to the statistical er-
rors of the fitting parameters (see Tab. III). They are
calculated through the standard procedure of error prop-
agation using the covariance matrix provided by MINUIT
(with ��2 = 1). In the upper panel, the solid line stops
at Mh = 0.9 GeV because there are no experimental data

at higher invariant masses for z = 0.25. The fit is less
constrained in that region and the error band becomes
larger. The same e↵ect is visible in the lower panel for the
highest displayed Mh (dot-dashed line) at low z. Note
that in the upper panel all three curves display a dip
at Mh ⇠ 0.5 GeV. It corresponds to the peak for the
K0

S ! ⇡+⇡� decay, which is present in the denominator
of R (via Du

1

) but not in the numerator (we recall that
we assume H^u

1,sp ⇡ 0 for this channel, see the discussion
after Eqs. (20) and (21)).
In Fig. 7, we show the Artru–Collins asymmetry at

Q2 = 100 GeV2. Each panel corresponds to the indicated
experimental z bin, ranging from [0.2, 0.27] to [0.7, 0.8].
In each panel, the points with error bars indicate the
Belle measurement for the experimental Mh bins [41].
For each bin (zi, Mh j), the solid line represents the top
side of the histogram for the fitting asymmetry obtained
by inverting Eq. (22), i.e.
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where Dij is defined in Eq. (26), Hth

ij is defined in the
discussion about Eq. (27), and the average values of the
angles in the considered bin are taken from Ref. [41].
The shaded areas are the statistical errors of Ath

ij , de-
duced from the parameter errors in Tab. III through the
standard formula for error propagation. Note that the
statistical uncertainty of the fit is very large for the high-
est Mh bin.

V. CONCLUSIONS AND OUTLOOKS

In this paper, we have parametrized for the first time
the full dependence of the dihadron fragmentation func-
tions (DiFFs) that describe the nonperturbative frag-
mentation of a hard parton into two hadrons inside the
same jet, plus other unobserved fragments. The depen-
dence of DiFFs on the invariant mass and on the energy
fraction carried by a (⇡+⇡�) pair produced in e+e� anni-
hilations, is extracted by fitting the recent Belle data [29].
The analytic formulae for both unpolarized and po-

larized DiFFs at a starting hadronic scale are inspired
by previous model calculations of DiFFs [11, 21, 32].
Then, they are evolved at leading order using the HOPPET
code [33], suitably extended to include chiral-odd split-
ting functions that can describe scaling violations of
chiral-odd polarized DiFFs.
In the absence of published data for the unpolarized

cross section, we extract the unpolarized DiFF (appear-
ing in the denominator of the asymmetry) by fitting the
simulation produced by the PYTHIA event generator [34]
at Belle kinematics, since this code is known to give a
good description of the e+e� total cross section [35].
Given the rich structure of the invariant mass distribu-

tion in the selected range [2m⇡, 1.3] GeV, we have con-
sidered three di↵erent channels for producing a (⇡+⇡�)
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0 = 1 GeV2. Upper panel for R as
a function of Mh for z = 0.25 (solid line), z = 0.45 (dashed
line), and z = 0.65 (dot-dashed line). Lower panel for R as a
function of z for Mh = 0.4 GeV (solid line), Mh = 0.8 GeV
(dashed line), and Mh = 1.0 GeV (dot-dashed line). For the
calculation of the uncertainty bands, see details in the text.
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of Mh at three values of z: 0.25 (solid line), 0.45 (dashed
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Q2 = 100 GeV2. Each panel corresponds to the indicated
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In each panel, the points with error bars indicate the
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In this paper, we have parametrized for the first time
the full dependence of the dihadron fragmentation func-
tions (DiFFs) that describe the nonperturbative frag-
mentation of a hard parton into two hadrons inside the
same jet, plus other unobserved fragments. The depen-
dence of DiFFs on the invariant mass and on the energy
fraction carried by a (⇡+⇡�) pair produced in e+e� anni-
hilations, is extracted by fitting the recent Belle data [29].
The analytic formulae for both unpolarized and po-

larized DiFFs at a starting hadronic scale are inspired
by previous model calculations of DiFFs [11, 21, 32].
Then, they are evolved at leading order using the HOPPET
code [33], suitably extended to include chiral-odd split-
ting functions that can describe scaling violations of
chiral-odd polarized DiFFs.
In the absence of published data for the unpolarized

cross section, we extract the unpolarized DiFF (appear-
ing in the denominator of the asymmetry) by fitting the
simulation produced by the PYTHIA event generator [34]
at Belle kinematics, since this code is known to give a
good description of the e+e� total cross section [35].
Given the rich structure of the invariant mass distribu-

tion in the selected range [2m⇡, 1.3] GeV, we have con-
sidered three di↵erent channels for producing a (⇡+⇡�)
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its fitting procedure, and we present the results of the
parametrization of the unpolarized DiFF D

1

.

A. The Monte Carlo simulation

We used a PYTHIA simulation [34] to study (⇡+⇡�)
pairs with momentum fraction z and invariant mass Mh

from e+e� annihilations at the Belle kinematics [35]. The
pair distribution should be described according to the
unpolarized cross section of Eq. (8) integrated in ✓

2

and
✓, since we assume the integration to be complete in the
Monte Carlo sample. The actual expression of the cross
section is

d�0

dz dMh dQ2

=
4⇡↵2

Q2

X

q

e2

q Dq
1

(z, Mh;Q
2) . (9)

Events are generated with no cuts in acceptance. The
data sample is based on a Monte Carlo integrated lumi-
nosity L

MC

= 647.26 pb�1 corresponding to 2.194 ⇥ 106

events. The total number of produced pion pairs is
n

tot

= 1.040 ⇥ 106, approximately one pair every two
events. We use these numbers to normalize D

1

, but
the results for the Artru–Collins asymmetry (and, conse-
quently, for H^

1

/D
1

) are independent of the normaliza-
tion.

The counts of pion pairs are collected in a bidimen-
sional 40 ⇥ 50 binning in (z, Mh). The invariant mass
is limited in the range 0.29  Mh  1.29 GeV, the
lower bound being given by the natural threshold 2m⇡

and the upper cut excluding scarcely populated or fre-
quently empty bins. Each pion pair is required to have a
fractional energy z � 0.2 in order to focus only on pions
coming from the fragmentation process. To avoid large
mass corrections, we impose the condition

�h ⌘ 2Mh

zQ
⌧ 1 , (10)

which we in practice implement as �h  1/2.
For the fragmentation process q ! (⇡+⇡�)X in the

range 0.29  Mh  1.29 GeV, the invariant mass distri-
bution has a rich structure. The most prominent chan-
nels can be cast in two main categories, three resonant
channels and a “continuum” (see the discussion around
Fig. 2 in Ref. [11]; see also Refs. [3–5, 38]):

• the production of (⇡+⇡�) pairs in relative p wave
via the decay of the ⇢ resonance; it is the cleanest
channel and is responsible for a peak in the invari-
ant mass distribution at Mh ⇠ 776 MeV,

• the production of (⇡+⇡�) pairs in relative p wave
via the decay of the ! resonance; it produces a
sharp peak at Mh ⇠ 783 MeV but smaller than the
previous one. However, the ! resonance has a large
branching ratio for the decay into (⇡+⇡�)⇡0 [39].
We include also this contribution after summing
over the unobserved ⇡0; it generates a a broad peak
roughly centered around Mh ⇠ 500 MeV,

• the production of (⇡+⇡�) pairs via the decay of the
K0

S resonance, which produces a very narrow peak
at Mh ⇠ 498 MeV,

• everything else included in a channel which for con-
venience we call “continuum” and we model as the
fragmentation into an “incoherent” pion pair.

The fragmentation via the ⌘ resonance also produces a
peak overlapping with the K0

S one (plus a smaller hump
at Mh ⇠ 350 MeV) but with less statistical weight.
Hence, we will neglect this channel and we will neglect
as well all other resonances which are not visible in the
PYTHIA output [11].

In summary, the behaviour of the fragmentation into
(⇡+⇡�) pairs with respect to their invariant mass will be
simulated in four ways: three channels corresponding to
the decay of the ⇢, !, and K0

S resonances, and a chan-
nel that includes everything else (continuum). Using the
Monte Carlo, we study each channel separately. For each
channel, the flavor sum in Eq. (9) is decomposed in the
contribution of q = u, d, s, and c.

B. Fitting the Monte Carlo simulation

In the first step, for each channel ch = cont, ⇢, !, K,
and for each flavor q = u, d, s, c, we parametrize
Dq

1,ch(z, Mh;Q2

0

) at the hadronic scale Q2

0

= 1 GeV2 tak-

ing inspiration from Refs. [11, 21, 25]. For (⇡+⇡�) pairs,
isospin symmetry and charge conjugation suggest that

Du
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1

= D
u
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= D
d
1

, (11)
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1

= D
s
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1

= D
c
1

. (12)

The best fit of the Monte Carlo output at the Belle scale
shows compatibility with both conditions (11) and (12)
for all channels but for the K0

S ! (⇡+⇡�) decay, where
the choice Dd

1,K 6= Du
1,K is required. In general, we

choose Ds
1

to di↵er from Du
1

only in the z dependence.
The full analytic expression of Dq

1,ch(z, Mh;Q2

0

) can
be found in appendix A. Here, we illustrate the z and
Mh dependence of Du

1,⇢ as an example, since it displays
enough general features that are common to most of
the other channels. The function Du

1,⇢(z, Mh;Q2
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FIG. 6. The ratio R of Eq. (28), summed over all channels,
at the hadronic scale Q2

0 = 1 GeV2. Upper panel for R as
a function of Mh for z = 0.25 (solid line), z = 0.45 (dashed
line), and z = 0.65 (dot-dashed line). Lower panel for R as a
function of z for Mh = 0.4 GeV (solid line), Mh = 0.8 GeV
(dashed line), and Mh = 1.0 GeV (dot-dashed line). For the
calculation of the uncertainty bands, see details in the text.

B. Results for H^
1

In Fig. 6, we show the ratio

R(z, Mh) =
|R|
Mh

H^u
1,sp(z, Mh;Q2

0

)

Du
1

(z, Mh;Q2

0

)
, (28)

summed over all channel, at the hadronic scale Q2

0

= 1
GeV2. The upper panel displays the ratio as a function
of Mh at three values of z: 0.25 (solid line), 0.45 (dashed
line), and 0.65 (dot-dashed line). The lower panel dis-
plays it as a function of z at Mh = 0.4 GeV (solid line),
0.8 GeV (dashed line), and 1 GeV (dot-dashed line).
The uncertainty bands correspond to the statistical er-
rors of the fitting parameters (see Tab. III). They are
calculated through the standard procedure of error prop-
agation using the covariance matrix provided by MINUIT
(with ��2 = 1). In the upper panel, the solid line stops
at Mh = 0.9 GeV because there are no experimental data

at higher invariant masses for z = 0.25. The fit is less
constrained in that region and the error band becomes
larger. The same e↵ect is visible in the lower panel for the
highest displayed Mh (dot-dashed line) at low z. Note
that in the upper panel all three curves display a dip
at Mh ⇠ 0.5 GeV. It corresponds to the peak for the
K0

S ! ⇡+⇡� decay, which is present in the denominator
of R (via Du

1

) but not in the numerator (we recall that
we assume H^u

1,sp ⇡ 0 for this channel, see the discussion
after Eqs. (20) and (21)).
In Fig. 7, we show the Artru–Collins asymmetry at

Q2 = 100 GeV2. Each panel corresponds to the indicated
experimental z bin, ranging from [0.2, 0.27] to [0.7, 0.8].
In each panel, the points with error bars indicate the
Belle measurement for the experimental Mh bins [41].
For each bin (zi, Mh j), the solid line represents the top
side of the histogram for the fitting asymmetry obtained
by inverting Eq. (22), i.e.
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where Dij is defined in Eq. (26), Hth

ij is defined in the
discussion about Eq. (27), and the average values of the
angles in the considered bin are taken from Ref. [41].
The shaded areas are the statistical errors of Ath

ij , de-
duced from the parameter errors in Tab. III through the
standard formula for error propagation. Note that the
statistical uncertainty of the fit is very large for the high-
est Mh bin.

V. CONCLUSIONS AND OUTLOOKS

In this paper, we have parametrized for the first time
the full dependence of the dihadron fragmentation func-
tions (DiFFs) that describe the nonperturbative frag-
mentation of a hard parton into two hadrons inside the
same jet, plus other unobserved fragments. The depen-
dence of DiFFs on the invariant mass and on the energy
fraction carried by a (⇡+⇡�) pair produced in e+e� anni-
hilations, is extracted by fitting the recent Belle data [29].
The analytic formulae for both unpolarized and po-

larized DiFFs at a starting hadronic scale are inspired
by previous model calculations of DiFFs [11, 21, 32].
Then, they are evolved at leading order using the HOPPET
code [33], suitably extended to include chiral-odd split-
ting functions that can describe scaling violations of
chiral-odd polarized DiFFs.
In the absence of published data for the unpolarized

cross section, we extract the unpolarized DiFF (appear-
ing in the denominator of the asymmetry) by fitting the
simulation produced by the PYTHIA event generator [34]
at Belle kinematics, since this code is known to give a
good description of the e+e� total cross section [35].
Given the rich structure of the invariant mass distribu-

tion in the selected range [2m⇡, 1.3] GeV, we have con-
sidered three di↵erent channels for producing a (⇡+⇡�)
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0 = 1 GeV2. Upper panel for R as
a function of Mh for z = 0.25 (solid line), z = 0.45 (dashed
line), and z = 0.65 (dot-dashed line). Lower panel for R as a
function of z for Mh = 0.4 GeV (solid line), Mh = 0.8 GeV
(dashed line), and Mh = 1.0 GeV (dot-dashed line). For the
calculation of the uncertainty bands, see details in the text.

B. Results for H^
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summed over all channel, at the hadronic scale Q2
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= 1
GeV2. The upper panel displays the ratio as a function
of Mh at three values of z: 0.25 (solid line), 0.45 (dashed
line), and 0.65 (dot-dashed line). The lower panel dis-
plays it as a function of z at Mh = 0.4 GeV (solid line),
0.8 GeV (dashed line), and 1 GeV (dot-dashed line).
The uncertainty bands correspond to the statistical er-
rors of the fitting parameters (see Tab. III). They are
calculated through the standard procedure of error prop-
agation using the covariance matrix provided by MINUIT
(with ��2 = 1). In the upper panel, the solid line stops
at Mh = 0.9 GeV because there are no experimental data

at higher invariant masses for z = 0.25. The fit is less
constrained in that region and the error band becomes
larger. The same e↵ect is visible in the lower panel for the
highest displayed Mh (dot-dashed line) at low z. Note
that in the upper panel all three curves display a dip
at Mh ⇠ 0.5 GeV. It corresponds to the peak for the
K0

S ! ⇡+⇡� decay, which is present in the denominator
of R (via Du

1

) but not in the numerator (we recall that
we assume H^u

1,sp ⇡ 0 for this channel, see the discussion
after Eqs. (20) and (21)).
In Fig. 7, we show the Artru–Collins asymmetry at

Q2 = 100 GeV2. Each panel corresponds to the indicated
experimental z bin, ranging from [0.2, 0.27] to [0.7, 0.8].
In each panel, the points with error bars indicate the
Belle measurement for the experimental Mh bins [41].
For each bin (zi, Mh j), the solid line represents the top
side of the histogram for the fitting asymmetry obtained
by inverting Eq. (22), i.e.
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where Dij is defined in Eq. (26), Hth

ij is defined in the
discussion about Eq. (27), and the average values of the
angles in the considered bin are taken from Ref. [41].
The shaded areas are the statistical errors of Ath

ij , de-
duced from the parameter errors in Tab. III through the
standard formula for error propagation. Note that the
statistical uncertainty of the fit is very large for the high-
est Mh bin.

V. CONCLUSIONS AND OUTLOOKS

In this paper, we have parametrized for the first time
the full dependence of the dihadron fragmentation func-
tions (DiFFs) that describe the nonperturbative frag-
mentation of a hard parton into two hadrons inside the
same jet, plus other unobserved fragments. The depen-
dence of DiFFs on the invariant mass and on the energy
fraction carried by a (⇡+⇡�) pair produced in e+e� anni-
hilations, is extracted by fitting the recent Belle data [29].
The analytic formulae for both unpolarized and po-

larized DiFFs at a starting hadronic scale are inspired
by previous model calculations of DiFFs [11, 21, 32].
Then, they are evolved at leading order using the HOPPET
code [33], suitably extended to include chiral-odd split-
ting functions that can describe scaling violations of
chiral-odd polarized DiFFs.
In the absence of published data for the unpolarized

cross section, we extract the unpolarized DiFF (appear-
ing in the denominator of the asymmetry) by fitting the
simulation produced by the PYTHIA event generator [34]
at Belle kinematics, since this code is known to give a
good description of the e+e� total cross section [35].
Given the rich structure of the invariant mass distribu-

tion in the selected range [2m⇡, 1.3] GeV, we have con-
sidered three di↵erent channels for producing a (⇡+⇡�)
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0 = 1 GeV2. Upper panel for R as
a function of Mh for z = 0.25 (solid line), z = 0.45 (dashed
line), and z = 0.65 (dot-dashed line). Lower panel for R as a
function of z for Mh = 0.4 GeV (solid line), Mh = 0.8 GeV
(dashed line), and Mh = 1.0 GeV (dot-dashed line). For the
calculation of the uncertainty bands, see details in the text.

B. Results for H^
1

In Fig. 6, we show the ratio

R(z, Mh) =
|R|
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summed over all channel, at the hadronic scale Q2

0

= 1
GeV2. The upper panel displays the ratio as a function
of Mh at three values of z: 0.25 (solid line), 0.45 (dashed
line), and 0.65 (dot-dashed line). The lower panel dis-
plays it as a function of z at Mh = 0.4 GeV (solid line),
0.8 GeV (dashed line), and 1 GeV (dot-dashed line).
The uncertainty bands correspond to the statistical er-
rors of the fitting parameters (see Tab. III). They are
calculated through the standard procedure of error prop-
agation using the covariance matrix provided by MINUIT
(with ��2 = 1). In the upper panel, the solid line stops
at Mh = 0.9 GeV because there are no experimental data

at higher invariant masses for z = 0.25. The fit is less
constrained in that region and the error band becomes
larger. The same e↵ect is visible in the lower panel for the
highest displayed Mh (dot-dashed line) at low z. Note
that in the upper panel all three curves display a dip
at Mh ⇠ 0.5 GeV. It corresponds to the peak for the
K0

S ! ⇡+⇡� decay, which is present in the denominator
of R (via Du

1

) but not in the numerator (we recall that
we assume H^u

1,sp ⇡ 0 for this channel, see the discussion
after Eqs. (20) and (21)).
In Fig. 7, we show the Artru–Collins asymmetry at

Q2 = 100 GeV2. Each panel corresponds to the indicated
experimental z bin, ranging from [0.2, 0.27] to [0.7, 0.8].
In each panel, the points with error bars indicate the
Belle measurement for the experimental Mh bins [41].
For each bin (zi, Mh j), the solid line represents the top
side of the histogram for the fitting asymmetry obtained
by inverting Eq. (22), i.e.
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where Dij is defined in Eq. (26), Hth

ij is defined in the
discussion about Eq. (27), and the average values of the
angles in the considered bin are taken from Ref. [41].
The shaded areas are the statistical errors of Ath

ij , de-
duced from the parameter errors in Tab. III through the
standard formula for error propagation. Note that the
statistical uncertainty of the fit is very large for the high-
est Mh bin.

V. CONCLUSIONS AND OUTLOOKS

In this paper, we have parametrized for the first time
the full dependence of the dihadron fragmentation func-
tions (DiFFs) that describe the nonperturbative frag-
mentation of a hard parton into two hadrons inside the
same jet, plus other unobserved fragments. The depen-
dence of DiFFs on the invariant mass and on the energy
fraction carried by a (⇡+⇡�) pair produced in e+e� anni-
hilations, is extracted by fitting the recent Belle data [29].
The analytic formulae for both unpolarized and po-

larized DiFFs at a starting hadronic scale are inspired
by previous model calculations of DiFFs [11, 21, 32].
Then, they are evolved at leading order using the HOPPET
code [33], suitably extended to include chiral-odd split-
ting functions that can describe scaling violations of
chiral-odd polarized DiFFs.
In the absence of published data for the unpolarized

cross section, we extract the unpolarized DiFF (appear-
ing in the denominator of the asymmetry) by fitting the
simulation produced by the PYTHIA event generator [34]
at Belle kinematics, since this code is known to give a
good description of the e+e� total cross section [35].
Given the rich structure of the invariant mass distribu-

tion in the selected range [2m⇡, 1.3] GeV, we have con-
sidered three di↵erent channels for producing a (⇡+⇡�)
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its fitting procedure, and we present the results of the
parametrization of the unpolarized DiFF D

1

.

A. The Monte Carlo simulation

We used a PYTHIA simulation [34] to study (⇡+⇡�)
pairs with momentum fraction z and invariant mass Mh

from e+e� annihilations at the Belle kinematics [35]. The
pair distribution should be described according to the
unpolarized cross section of Eq. (8) integrated in ✓

2

and
✓, since we assume the integration to be complete in the
Monte Carlo sample. The actual expression of the cross
section is

d�0

dz dMh dQ2

=
4⇡↵2

Q2

X

q

e2

q Dq
1

(z, Mh;Q
2) . (9)

Events are generated with no cuts in acceptance. The
data sample is based on a Monte Carlo integrated lumi-
nosity L

MC

= 647.26 pb�1 corresponding to 2.194 ⇥ 106

events. The total number of produced pion pairs is
n

tot

= 1.040 ⇥ 106, approximately one pair every two
events. We use these numbers to normalize D

1

, but
the results for the Artru–Collins asymmetry (and, conse-
quently, for H^

1

/D
1

) are independent of the normaliza-
tion.

The counts of pion pairs are collected in a bidimen-
sional 40 ⇥ 50 binning in (z, Mh). The invariant mass
is limited in the range 0.29  Mh  1.29 GeV, the
lower bound being given by the natural threshold 2m⇡

and the upper cut excluding scarcely populated or fre-
quently empty bins. Each pion pair is required to have a
fractional energy z � 0.2 in order to focus only on pions
coming from the fragmentation process. To avoid large
mass corrections, we impose the condition

�h ⌘ 2Mh

zQ
⌧ 1 , (10)

which we in practice implement as �h  1/2.
For the fragmentation process q ! (⇡+⇡�)X in the

range 0.29  Mh  1.29 GeV, the invariant mass distri-
bution has a rich structure. The most prominent chan-
nels can be cast in two main categories, three resonant
channels and a “continuum” (see the discussion around
Fig. 2 in Ref. [11]; see also Refs. [3–5, 38]):

• the production of (⇡+⇡�) pairs in relative p wave
via the decay of the ⇢ resonance; it is the cleanest
channel and is responsible for a peak in the invari-
ant mass distribution at Mh ⇠ 776 MeV,

• the production of (⇡+⇡�) pairs in relative p wave
via the decay of the ! resonance; it produces a
sharp peak at Mh ⇠ 783 MeV but smaller than the
previous one. However, the ! resonance has a large
branching ratio for the decay into (⇡+⇡�)⇡0 [39].
We include also this contribution after summing
over the unobserved ⇡0; it generates a a broad peak
roughly centered around Mh ⇠ 500 MeV,

• the production of (⇡+⇡�) pairs via the decay of the
K0

S resonance, which produces a very narrow peak
at Mh ⇠ 498 MeV,

• everything else included in a channel which for con-
venience we call “continuum” and we model as the
fragmentation into an “incoherent” pion pair.

The fragmentation via the ⌘ resonance also produces a
peak overlapping with the K0

S one (plus a smaller hump
at Mh ⇠ 350 MeV) but with less statistical weight.
Hence, we will neglect this channel and we will neglect
as well all other resonances which are not visible in the
PYTHIA output [11].

In summary, the behaviour of the fragmentation into
(⇡+⇡�) pairs with respect to their invariant mass will be
simulated in four ways: three channels corresponding to
the decay of the ⇢, !, and K0

S resonances, and a chan-
nel that includes everything else (continuum). Using the
Monte Carlo, we study each channel separately. For each
channel, the flavor sum in Eq. (9) is decomposed in the
contribution of q = u, d, s, and c.

B. Fitting the Monte Carlo simulation

In the first step, for each channel ch = cont, ⇢, !, K,
and for each flavor q = u, d, s, c, we parametrize
Dq

1,ch(z, Mh;Q2

0

) at the hadronic scale Q2

0

= 1 GeV2 tak-

ing inspiration from Refs. [11, 21, 25]. For (⇡+⇡�) pairs,
isospin symmetry and charge conjugation suggest that
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1

= D
s
1

, Dc
1

= D
c
1

. (12)

The best fit of the Monte Carlo output at the Belle scale
shows compatibility with both conditions (11) and (12)
for all channels but for the K0

S ! (⇡+⇡�) decay, where
the choice Dd

1,K 6= Du
1,K is required. In general, we

choose Ds
1

to di↵er from Du
1

only in the z dependence.
The full analytic expression of Dq

1,ch(z, Mh;Q2

0

) can
be found in appendix A. Here, we illustrate the z and
Mh dependence of Du

1,⇢ as an example, since it displays
enough general features that are common to most of
the other channels. The function Du

1,⇢(z, Mh;Q2

0

) is de-
scribed by

Du
1,⇢(z, Mh;Q

2

0

) = (N⇢
1

)2z↵⇢
1 (1 � z)(↵

⇢
2)

2

(2|R|)(�
⇢
1 )

2

⇥
"
exp

⇥
�P (�⇢

1

, �⇢
2

, �⇢
3

, 0, �(�⇢
1

+ �⇢
2

+ �⇢
3

); z)M2

h

⇤

⇥ exp [�P (�⇢
1

, 0, �⇢
2

, 0, 0; z)]

+ (⌘⇢
1

)2 BW(m⇢,�⇢;Mh)

#
,

(13)

Phenomenological cut
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FIG. 5. The unpolarized cross section d�0 at Q2 = 100 GeV2

as a function of z for the three bins 0.39  Mh  0.41, 0.79 
Mh  0.81, 0.99  Mh  1.01 GeV (from top to bottom).
Same notations as in the previous figure. The figure serves
only for illustration purposes. For the description of the ac-
tual fitting procedure, see details in the text, particularly
around Eqs. (15) and (16).

angles in the experimental acceptance, we will consider
their average values in each experimental bin. As such,
Eq. (7) corresponds to the experimental a

12R in Ref. [29].

It is convenient to define also the following quanti-

ties [25]

nq(Q
2) =

Z
dz dMh Dq

1

(z, Mh;Q
2)

n"

q(Q
2) =

Z
dz dMh

|R|
Mh

H^ q
1,sp(z, Mh;Q

2) .

(17)

Then, the Artru–Collins asymmetry can be simplified to

A(z, Mh;Q
2) = � hsin2 ✓

2

i
h1 + cos2 ✓

2

i hsin ✓ihsin ✓i

⇥ |R|
Mh

P
q e2

q H^q
1,sp(z, Mh;Q2)n"

q(Q
2)

P
q e2

q Dq
1

(z, Mh;Q2)nq(Q2)

⌘ � hsin2 ✓
2

i
h1 + cos2 ✓

2

i hsin ✓ihsin ✓i

⇥ |R|
Mh

P
q e2

q H^q
1,sp(z, Mh;Q2)n"

q(Q
2)

D(z, Mh;Q2)
,

(18)

where we understand that nq(Q2) = nq(Q2) (due to
Eqs. (11), (12)), n"

q(Q
2) = �n"

q(Q
2) (see the following

Eqs. (20), (21)), and, using again Eqs. (11) and (12), we
have defined

D(z, Mh;Q
2) =

5

9
Du

1

(z, Mh;Q
2)nu(Q

2)

+
1

9
Ds

1

(z, Mh;Q
2)ns(Q

2) +
4

9
Dc

1

(z, Mh;Q
2)nc(Q

2) .

(19)

Isospin symmetry and charge conjugation can be ap-
plied also to the polarized fragmentation into (⇡+⇡�)
pairs such that [11, 21, 25]

H^, u
1

= �H^, d
1

= �H
^, u
1

= H
^, d
1

, (20)

H^, s
1

= �H
^, s
1

= H^, c
1

= �H
^, c
1

= 0 . (21)

These relations should hold for all channels but for the
K0

S resonance. However, pion pairs produced in the K0

S
decay are in the relative s wave, and with our assump-
tions there are no p wave contributions to interfere with.
Therefore, we assume H^, q

1,sp ⇡ 0 for the K0

S channel, such
that Eqs. (20) and (21) are valid in general throughout
our analysis.
Using these symmetry relations, we can further manip-

ulate Eq. (18) and define

H(z, Mh;Q
2) = �h1 + cos2 ✓

2

i
hsin2 ✓

2

i
9

5

1

hsin ✓i hsin ✓i
⇥ D(z, Mh;Q

2)A(z, Mh;Q
2)

⌘ |R|
Mh

H^u
1,sp(z, Mh;Q

2)n"

u(Q
2) ,

(22)

where
Z

dz dMh H(z, Mh, Q2) = [n"

u(Q
2)]2 . (23)

Using symmetries for DiFFs:

4

its fitting procedure, and we present the results of the
parametrization of the unpolarized DiFF D

1

.

A. The Monte Carlo simulation

We used a PYTHIA simulation [34] to study (⇡+⇡�)
pairs with momentum fraction z and invariant mass Mh

from e+e� annihilations at the Belle kinematics [35]. The
pair distribution should be described according to the
unpolarized cross section of Eq. (8) integrated in ✓

2

and
✓, since we assume the integration to be complete in the
Monte Carlo sample. The actual expression of the cross
section is

d�0

dz dMh dQ2

=
4⇡↵2

Q2

X

q

e2

q Dq
1

(z, Mh;Q
2) . (9)

Events are generated with no cuts in acceptance. The
data sample is based on a Monte Carlo integrated lumi-
nosity L

MC

= 647.26 pb�1 corresponding to 2.194 ⇥ 106

events. The total number of produced pion pairs is
n

tot

= 1.040 ⇥ 106, approximately one pair every two
events. We use these numbers to normalize D

1

, but
the results for the Artru–Collins asymmetry (and, conse-
quently, for H^

1

/D
1

) are independent of the normaliza-
tion.

The counts of pion pairs are collected in a bidimen-
sional 40 ⇥ 50 binning in (z, Mh). The invariant mass
is limited in the range 0.29  Mh  1.29 GeV, the
lower bound being given by the natural threshold 2m⇡

and the upper cut excluding scarcely populated or fre-
quently empty bins. Each pion pair is required to have a
fractional energy z � 0.2 in order to focus only on pions
coming from the fragmentation process. To avoid large
mass corrections, we impose the condition

�h ⌘ 2Mh

zQ
⌧ 1 , (10)

which we in practice implement as �h  1/2.
For the fragmentation process q ! (⇡+⇡�)X in the

range 0.29  Mh  1.29 GeV, the invariant mass distri-
bution has a rich structure. The most prominent chan-
nels can be cast in two main categories, three resonant
channels and a “continuum” (see the discussion around
Fig. 2 in Ref. [11]; see also Refs. [3–5, 38]):

• the production of (⇡+⇡�) pairs in relative p wave
via the decay of the ⇢ resonance; it is the cleanest
channel and is responsible for a peak in the invari-
ant mass distribution at Mh ⇠ 776 MeV,

• the production of (⇡+⇡�) pairs in relative p wave
via the decay of the ! resonance; it produces a
sharp peak at Mh ⇠ 783 MeV but smaller than the
previous one. However, the ! resonance has a large
branching ratio for the decay into (⇡+⇡�)⇡0 [39].
We include also this contribution after summing
over the unobserved ⇡0; it generates a a broad peak
roughly centered around Mh ⇠ 500 MeV,

• the production of (⇡+⇡�) pairs via the decay of the
K0

S resonance, which produces a very narrow peak
at Mh ⇠ 498 MeV,

• everything else included in a channel which for con-
venience we call “continuum” and we model as the
fragmentation into an “incoherent” pion pair.

The fragmentation via the ⌘ resonance also produces a
peak overlapping with the K0

S one (plus a smaller hump
at Mh ⇠ 350 MeV) but with less statistical weight.
Hence, we will neglect this channel and we will neglect
as well all other resonances which are not visible in the
PYTHIA output [11].

In summary, the behaviour of the fragmentation into
(⇡+⇡�) pairs with respect to their invariant mass will be
simulated in four ways: three channels corresponding to
the decay of the ⇢, !, and K0

S resonances, and a chan-
nel that includes everything else (continuum). Using the
Monte Carlo, we study each channel separately. For each
channel, the flavor sum in Eq. (9) is decomposed in the
contribution of q = u, d, s, and c.

B. Fitting the Monte Carlo simulation

In the first step, for each channel ch = cont, ⇢, !, K,
and for each flavor q = u, d, s, c, we parametrize
Dq

1,ch(z, Mh;Q2

0

) at the hadronic scale Q2

0

= 1 GeV2 tak-

ing inspiration from Refs. [11, 21, 25]. For (⇡+⇡�) pairs,
isospin symmetry and charge conjugation suggest that

Du
1

= Dd
1

= D
u
1

= D
d
1

, (11)

Ds
1

= D
s
1

, Dc
1

= D
c
1

. (12)

The best fit of the Monte Carlo output at the Belle scale
shows compatibility with both conditions (11) and (12)
for all channels but for the K0

S ! (⇡+⇡�) decay, where
the choice Dd

1,K 6= Du
1,K is required. In general, we

choose Ds
1

to di↵er from Du
1

only in the z dependence.
The full analytic expression of Dq

1,ch(z, Mh;Q2

0

) can be
found in appendix A. Here, we illustrate the z and Mh de-
pendence of Du

1,⇢ as an example, since it displays enough
general features that are common to most of the other
channels. The function Du

1,⇢(z, Mh;Q2

0

) is described by

Du
1,⇢(z, Mh;Q

2

0

) = (N⇢
1

)2z↵⇢
1 (1 � z)(↵

⇢
2)

2
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1 )

2
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"
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2
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3
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1
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2
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3

); z)M2

h

⇤

⇥ exp [�P (�⇢
1

, 0, �⇢
2

, 0, 0; z)]

+ (⌘⇢
1

)2 BW(m⇢,�⇢;Mh)

#
,

(13)
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FIG. 5. The unpolarized cross section d�0 at Q2 = 100 GeV2

as a function of z for the three bins 0.39  Mh  0.41, 0.79 
Mh  0.81, 0.99  Mh  1.01 GeV (from top to bottom).
Same notations as in the previous figure. The figure serves
only for illustration purposes. For the description of the ac-
tual fitting procedure, see details in the text, particularly
around Eqs. (15) and (16).

angles in the experimental acceptance, we will consider
their average values in each experimental bin. As such,
Eq. (7) corresponds to the experimental a

12R in Ref. [29].

It is convenient to define also the following quanti-

ties [25]

nq(Q
2) =

Z
dz dMh Dq

1

(z, Mh;Q
2)

n"

q(Q
2) =

Z
dz dMh

|R|
Mh

H^ q
1,sp(z, Mh;Q

2) .

(17)

Then, the Artru–Collins asymmetry can be simplified to

A(z, Mh;Q
2) = � hsin2 ✓

2

i
h1 + cos2 ✓

2

i hsin ✓ihsin ✓i

⇥ |R|
Mh

P
q e2

q H^q
1,sp(z, Mh;Q2)n"

q(Q
2)
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q e2

q Dq
1
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2
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2
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q H^q
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q(Q
2)

D(z, Mh;Q2)
,

(18)

where we understand that nq(Q2) = nq(Q2) (due to
Eqs. (11), (12)), n"

q(Q
2) = �n"

q(Q
2) (see the following

Eqs. (20), (21)), and, using again Eqs. (11) and (12), we
have defined

D(z, Mh;Q
2) =

5

9
Du

1

(z, Mh;Q
2)nu(Q

2)

+
1

9
Ds

1

(z, Mh;Q
2)ns(Q

2) +
4

9
Dc

1

(z, Mh;Q
2)nc(Q

2) .

(19)

Isospin symmetry and charge conjugation can be ap-
plied also to the polarized fragmentation into (⇡+⇡�)
pairs such that [11, 21, 25]

H^, u
1

= �H^, d
1

= �H
^, u
1

= H
^, d
1

, (20)

H^, s
1

= �H
^, s
1

= H^, c
1

= �H
^, c
1

= 0 . (21)

These relations should hold for all channels but for the
K0

S resonance. However, pion pairs produced in the K0

S
decay are in the relative s wave, and with our assump-
tions there are no p wave contributions to interfere with.
Therefore, we assume H^, q

1,sp ⇡ 0 for the K0

S channel, such
that Eqs. (20) and (21) are valid in general throughout
our analysis.
Using these symmetry relations, we can further manip-

ulate Eq. (18) and define

H(z, Mh;Q
2) = �h1 + cos2 ✓

2

i
hsin2 ✓

2

i
9

5

1
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2)
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u(Q
2) ,

(22)

where
Z

dz dMh H(z, Mh, Q2) = [n"

u(Q
2)]2 . (23)
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its fitting procedure, and we present the results of the
parametrization of the unpolarized DiFF D

1

.

A. The Monte Carlo simulation

We used a PYTHIA simulation [34] to study (⇡+⇡�)
pairs with momentum fraction z and invariant mass Mh

from e+e� annihilations at the Belle kinematics [35]. The
pair distribution should be described according to the
unpolarized cross section of Eq. (8) integrated in ✓

2

and
✓, since we assume the integration to be complete in the
Monte Carlo sample. The actual expression of the cross
section is

d�0

dz dMh dQ2

=
4⇡↵2

Q2

X

q

e2

q Dq
1

(z, Mh;Q
2) . (9)

Events are generated with no cuts in acceptance. The
data sample is based on a Monte Carlo integrated lumi-
nosity L

MC

= 647.26 pb�1 corresponding to 2.194 ⇥ 106

events. The total number of produced pion pairs is
n

tot

= 1.040 ⇥ 106, approximately one pair every two
events. We use these numbers to normalize D

1

, but
the results for the Artru–Collins asymmetry (and, conse-
quently, for H^

1

/D
1

) are independent of the normaliza-
tion.

The counts of pion pairs are collected in a bidimen-
sional 40 ⇥ 50 binning in (z, Mh). The invariant mass
is limited in the range 0.29  Mh  1.29 GeV, the
lower bound being given by the natural threshold 2m⇡

and the upper cut excluding scarcely populated or fre-
quently empty bins. Each pion pair is required to have a
fractional energy z � 0.2 in order to focus only on pions
coming from the fragmentation process. To avoid large
mass corrections, we impose the condition

�h ⌘ 2Mh

zQ
⌧ 1 , (10)

which we in practice implement as �h  1/2.
For the fragmentation process q ! (⇡+⇡�)X in the

range 0.29  Mh  1.29 GeV, the invariant mass distri-
bution has a rich structure. The most prominent chan-
nels can be cast in two main categories, three resonant
channels and a “continuum” (see the discussion around
Fig. 2 in Ref. [11]; see also Refs. [3–5, 38]):

• the production of (⇡+⇡�) pairs in relative p wave
via the decay of the ⇢ resonance; it is the cleanest
channel and is responsible for a peak in the invari-
ant mass distribution at Mh ⇠ 776 MeV,

• the production of (⇡+⇡�) pairs in relative p wave
via the decay of the ! resonance; it produces a
sharp peak at Mh ⇠ 783 MeV but smaller than the
previous one. However, the ! resonance has a large
branching ratio for the decay into (⇡+⇡�)⇡0 [39].
We include also this contribution after summing
over the unobserved ⇡0; it generates a a broad peak
roughly centered around Mh ⇠ 500 MeV,

• the production of (⇡+⇡�) pairs via the decay of the
K0

S resonance, which produces a very narrow peak
at Mh ⇠ 498 MeV,

• everything else included in a channel which for con-
venience we call “continuum” and we model as the
fragmentation into an “incoherent” pion pair.

The fragmentation via the ⌘ resonance also produces a
peak overlapping with the K0

S one (plus a smaller hump
at Mh ⇠ 350 MeV) but with less statistical weight.
Hence, we will neglect this channel and we will neglect
as well all other resonances which are not visible in the
PYTHIA output [11].

In summary, the behaviour of the fragmentation into
(⇡+⇡�) pairs with respect to their invariant mass will be
simulated in four ways: three channels corresponding to
the decay of the ⇢, !, and K0

S resonances, and a chan-
nel that includes everything else (continuum). Using the
Monte Carlo, we study each channel separately. For each
channel, the flavor sum in Eq. (9) is decomposed in the
contribution of q = u, d, s, and c.

B. Fitting the Monte Carlo simulation

In the first step, for each channel ch = cont, ⇢, !, K,
and for each flavor q = u, d, s, c, we parametrize
Dq

1,ch(z, Mh;Q2

0

) at the hadronic scale Q2

0

= 1 GeV2 tak-

ing inspiration from Refs. [11, 21, 25]. For (⇡+⇡�) pairs,
isospin symmetry and charge conjugation suggest that
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The best fit of the Monte Carlo output at the Belle scale
shows compatibility with both conditions (11) and (12)
for all channels but for the K0

S ! (⇡+⇡�) decay, where
the choice Dd

1,K 6= Du
1,K is required. In general, we

choose Ds
1

to di↵er from Du
1

only in the z dependence.
The full analytic expression of Dq

1,ch(z, Mh;Q2

0

) can be
found in appendix A. Here, we illustrate the z and Mh de-
pendence of Du

1,⇢ as an example, since it displays enough
general features that are common to most of the other
channels. The function Du
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We take results for our analysis 
from pion pair production in e+e- annihilation at Belle 
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Constraints from first principles

✦ Soffer bound

✦ h1(x=1)=0   ; the parton model predicts h1(x=0)=0 but too restrictive in QCD

�ASIDIS, and the error coming from the fit of H^
1 , i.e., �n"

u

. The extracted transversity
combinations, with the exact scale dependence for n

u

, n
d

, n
s

and n"
u

, are explicitly given in
Table 5.

Though, as we have just demonstrated, one of the biggest advantages of the dihadron
way of extracting transversity resides in it is unbiased by a functional form a priori, we are
aware that such a form is mandatory for practical purposes. The scarce data does not allow
an accurate statistical analysis, so the outcome of the fitting procedure presented hereafter
does not lead to substantial physical interpretations. In particular, we will show that several
functional forms, with dramatically different behavior at the moderate x region, lead to an
equally good goodness-of-fit criterion. It is in part due to that the transversities are defined
between x 2 [0, 1] 2, while the data range from x ⇠ 6⇥10�3 to 0.28. One has to be cautious
about the meaning of the functional form oustide the experimental range of data.

The main constraint we have on the functional form is the Soffer inequality [16],

2|hq

1(x, Q2)|  |f q

1 (x, Q2) + gq

1(x, Q2)| ⌘ 2 SBq(x, Q2) , (3.1)

which is true at all Q2 [17, 18]. An analogous relation holds for antiquark distributions. We
impose this upper (lower) bound by multiplying the functional form by the corresponding
Soffer bound at the starting scale of the parameterization. To be consistent, we here use the
MSTW08 set [15] for the unpolarized PDF, combined to the DSSV parameterization [19]
for the helicity parameterization, at the scale of Q2

0 = 1GeV2.
We have studied the dependence on the Soffer bound coming from different PDF sets

SHALL WE SET AN ADHOC ERROR COMING FROM THE PDF SET??
The functional form we have adopted is directly proportional to the Soffer bound, i.e.

TO BE UPDATED...

x hqV
1 (x) = tanh

⇣
x1/4 (A

q

+ B
q

x + C
q

x2)
⌘ �

x SBq(x) + x SBq̄(x)
�
/2 . (3.2)

To ensure that the valence transversities respect this limit, the multiplying function must
be defined between [�1, 1], like the hyperbolic tangent of Eq. (3.2). The power of overall
x in the argument of the hyperbolic tangent has been chosen according to the power of
the paremeterization of unpolarized PDFs. In fact, the Soffer bound is divergent at x = 0

but x SBq(x, Q2) is still integrable. The valence transversities should be integrable as well,
which we impose by a judicious choice of the power of the argument.

The evolution of the functional form (3.2) is implemented by the HOPPET code. The
fitting procedure consists then in minimizing the usual �2 function, defined as

�2 =
X

Nd

⇣
x

d

h
P/D

1,data

(x
d

, Q2
d

) � x
d

h
P/D

1,theo

(x
d

, Q2
d

)
⌘2

⇣
�h

P/D

1,data

(x
d

, Q2
d

)
⌘2 (3.3)

with ��2 = 1. The sum over N
d

means that we sum over the data points h
P/D

1,data

(x
d

, Q2
d

) of
Table 5. The �2/d.o.f. is 1.13 for the combined proton and deuteron analysis. The best fit
parameters and their 1 � � error at the initial scale Q2

0 = 1GeV2 are given in Table 4.
2

The lower limit constraint can be relaxed so the functional form does only have to be zero at x = 1.
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➔ Fit of valence transversity
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Figure 4. The up (left) and down (right) valence transversities coming from the present analysis
evolved to Q2 = 2.4GeV2. From top row to bottom, results with the rigid, flexible, and extra-flexible
scenarios are shown, respectively. The dark thick solid lines are the So↵er bound. The uncertainty
band with solid boundaries is the best fit in the standard approach at 1�, whose central value is
given by the central thick solid line. The uncertainty band with dashed boundaries is the 68% of
all fitting replicas obtained in the Monte Carlo approach. As a comparison, the uncertainty band
with short-dashed boundaries is the transversity extraction from the Collins e↵ect [15].

of the Collins e↵ect, from which the other parametrization of ref. [15] is extracted. As a

matter of fact, this is the only source of significant discrepancy between the two extractions,

which otherwise show a high level of compatibility despite the fact that they are obtained

from very di↵erent procedures. Note that if the So↵er bound is saturated at some scale, it

is likely to be significantly violated at a lower scale [46]. Therefore, if we want to maintain
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Tensor charge

Figure 6: The tensor charge δq ≡
∫ 1
0 dx [∆T q(x)−∆T q̄(x)] for u (left) and d (right) quarks,

computed using the transversity distributions from TMD collaboration [59] (fitting A12: top
solid red circles, fitting A0: solid red triangles). The gray areas correspond to the statistical
uncertainty bands in that extraction. These results are compared with the 2009 TMD
extraction [58] (number (2)) and with the results of the model calculations in (3) the quark-
diquark model [69],(4) the chiral quark-soliton model [67], (5) lattice QCD [75], (6) sum
rules [72], (7) a constituent quark model [73], (8) spin-flavour SU(6) symmetry [74] and (9)
Dyson-Schwinger with dressed constituents [76]. A recent calculation in Dyson-Schwinger
including axial-vector diquarks with contact interaction gives δu ∼ 0.3 and δd ∼ −0.2 [77].
The number (10) corresponds to the standard rigid version of the fit via DiFF [34], see Fig. 7
for comparison of the 2 fits’ results.

2.3 Asymmetries and predictions

Using the expressions of the structure functions Eqs. (11)–(15), dropping corrections of order
M/Q, and inserting the partial-wave expansion of the fragmentation functions in Eqs. (17)–
(18), we can rewrite the asymmetry in Eq. (10), for a neutron target, as

Asin(φR+φS) sin θ
UT,n (x, y, z,Mππ, Q)

= −
B(y)

A(y)

|R|
Mππ

e2u h
d−d̄
1 (x)H<),u

1,sp(z,Mππ) + e2d h
u−ū
1 (x)H<),d

1,sp(z,Mππ)

e2d f
u+ū
1 (x)Dd

1(z,Mππ) + e2u f
d+d̄
1 (x)Du

1 (z,Mππ) + e2s f
s+s̄
1 (x)Ds

1(z,Mππ)
(33)

For the specific case of the π+π− final state, we can introduce into the flavor sum the

18

Torino: Anselmino et al.,(2013)
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Higher-twist PDFs



e(x): strange content of the proton

‣ Pion-nucleon σ term

‣ related to the strangeness content of the nucleon

‣  large strange contribution

‣ but mass contribution of strange   not sensitive to y

Z 1

�1
dx

�
e

u + e

d
�
(x) =

1

2M
hP |(ūu+ d̄d)|P i ⌘ �⇡N

(mu +md)/2

value of σπN =(50-70 MeV) [83, 86, 87, 88] is sometimes said to be “unexpectedly large”
because it implies a large “strangeness content of the nucleon” defined as

yN =
〈N |ψ̄sψs|N〉

1
2〈N |(ψ̄uψu + ψ̄dψd)N〉

= 1−
m

ms −m

MΞ +MΣ − 2MN

σπN
(46)

where the second equality is valid in leading order of chiral perturbation theory [89, 90]. Nu-
merically one finds yN =0.2–0.4 but this does not imply that (20–40)% of the nucleon mass is
due to strangeness (taking also the contributions of the “kinetic” and “potential” energies in
QCD into account one deduces a much smaller strangeness contribution to the nucleon mass
[91]). Direct lattice studies of σπN have been performed [92] but are demanding because of
difficulties associated with the renormalization of the operator mqψ̄qψq on the lattice. An-
other method to deduce σπN from lattice calculations makes use of the Feynam-Hallmann
theorem [93, 94] which relates σπN to the slope of the nucleon mass as function of the pion
mass, σπN = m2

π
∂MN

∂m2
π
. Lattice data analysis yield results compatible with the phenomenolog-

ical σπN -determinations [95, 96, 97]. Let us also mention the interesting connection of σπN to
negative Mellin moments of fa

1 (x) discussed in [98]. At first glance, Eq. (45) seems to imply
that one could access information on σπN from deeply inelastic scattering experiments. But
in QCD the contribution of σπN to (45) is due to a δ-function-type singularity at x = 0, a
well-known [99] but rarely emphasized fact [100]. A δ(x)-contribution was found in a (1 +
1)-dimensional version of the Gross-Neveu model [101], in perturbative approaches [102], and
in the chiral quark-soliton model [103, 104, 105, 106] (which consistently allows to calculate
σπN from σ(t), the coefficient of δ(x) in e(x), and the Feynman-Hellmann theorem [107], see
also [108]). In the chiral quark-soliton model the origin of the δ(x)-contribution in e(x) is
of non-perturbative character [103, 104]. In other models of e(x) no δ(x)-contribution was
found [76, 109, 110, 111].

Even though, one cannot access information on σπN from DIS measurements of e(x)
[100]. Nevertheless, the presence of the δ(x)-singularity in e(x) can be concluded indirectly.
Numerically, if the point x = 0 was included, the sum rule (45) would give a large number of
O(10) for the first moment of e(x). Experimentally, since the point x = 0 cannot be reached,
one would observe approximately zero [100]. The possible existence of δ(x)-contributions in
structure functions can be inferred from the analytical properties of the respective forward
Compton scattering scattering amplitudes and was debated before QCD [112, 113, 114]
(e(x) is related to the structure functions F4(x) and F5(x) which in principle could be
measured in (anti)neutrino-nucleon DIS [113]). More prominent examples of sum rules which
could possibly be spoiled in this way are the Burkhardt-Cottingham sum rule [115] and the
Gerasimov-Drell-Hearn sum rule [116].

The second moment of e(x) is equally interesting, as it arises from the mass term in (43)
suggesting that, in principle, an “extraction” of current quark masses from SIDIS is possible,
namely [76]

1∫

0

dx x(eq − eq̄)(x) =
mq

MN
. (47)

But effects associated with e(x) are power suppressed by MN/Q, i.e. the contribution of (47)
to observables is of O(mq/Q) and hence negligible. For the above-discussed reasons, the
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Known twist-2 functions

Higher-twist from experiments

10 Silvia Pisano, LNF-INFN – MeNu2013 

6-GeV results for the Beam-Spin Asymmetry 

 Unpolarized H2 target 
 Longitudinally-polarized NH3 target 

Two fitting techniques tested 

→ Significantly non-zero asymmetries 
 
→ Good agreement among the two datasets 
 
→ no alteration from nuclear background 
 
→ further modulations under investigation 

∆𝜎௅௎∝ [e x   𝐻ଵ
∢௤+ f x   𝐺෨ଵ

∢௤] sin 𝜑ோ 
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Unknown twist-3 functions



Higher-twist from experiments
‣ Analysis of e(x) here at LNF (M. Mirazita, S. Pisano &  A.C.)

‣ (Second) extraction but first in collinear factorization from BSA

‣ Great experimentalist/theorist collaboration!

‣ TSA@CLAS: Analysis of hL(x) here at LNF (data analyzed by S. Pereira)



Higher-twist from experiments
‣ Analysis of e(x) here at LNF (M. Mirazita, S. Pisano &  A.C.)

‣ (Second) extraction but first in collinear factorization from BSA

‣ Great experimentalist/theorist collaboration!

‣ TSA@CLAS: Analysis of hL(x) here at LNF (data analyzed by S. Pereira)

‣      (Re)submit a proposal for CLAS@12?

‣ Projections based on models for e(x) & hL(x) for PAC38

20 Silvia Pisano, LNF-INFN – MeNu2013 

Predictions for 12 GeV era – CLAS12 𝑨𝑳𝑼, 𝑨𝑼𝑳 

Error bars refer to a total of 
164 days@L=1035 cm-2 s-1 : 
 
1. 56 days with unpolarized 

target 
 

2. 108 days with 
longitudinally-polarized 
target 
 

→ data taking will be 
simultaneous to other 
already-approved 
experiments. 
 
 
The CLAS12+RICH 

configuration will allow the 
extraction of asymmetries for 
pion/kaon pairs also. 

 

20 Silvia Pisano, LNF-INFN – MeNu2013 

Predictions for 12 GeV era – CLAS12 𝑨𝑳𝑼, 𝑨𝑼𝑳 

Error bars refer to a total of 
164 days@L=1035 cm-2 s-1 : 
 
1. 56 days with unpolarized 

target 
 

2. 108 days with 
longitudinally-polarized 
target 
 

→ data taking will be 
simultaneous to other 
already-approved 
experiments. 
 
 
The CLAS12+RICH 

configuration will allow the 
extraction of asymmetries for 
pion/kaon pairs also. 

 



More asymmetries?

‣ Yes, but we need more info on multiplicities for 

‣ π±K∓ pairs, π±K0 pairs

‣ π0π± pairs

‣ Yes, but CLAS@12 kinematics probably more adapted

‣ Study di- to single-hadron SIDIS limits. 

‣ Can we get more first principles’based arguments?
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FIG. 6. The comparison of the results for u quark DFFs to
pairs with one kaon and (a) ⇡+ and (b) ⇡�, integrated over
z.

The peaks of the ⇢+ in the ⇡0⇡+and the ⇢0 in the ⇡�⇡+

channels are clearly evident, as well as the low invariant
mass peak of the ! meson for u quark and both ! and �
mesons for s quark in channels with di↵erently charged
pions. The comparison of the primary and full final state
DFFs for ⇡+⇡+ pairs in Figs. 4(b) and 5(b) shows the
strong enhancement e↵ect due to the VM decays even in
the channels not directly produced by these decays.

The plots in Fig. 6 and 7 depict the results for the
mixed pions and kaon pairs for both u and s quark frag-
mentations respectively. The pronounced K⇤ peak is
present in the ⇡+K� channel for both u and s quark
DFFs. The relevant magnitudes of the direct con-
tributions to DFFs can be intuitively deduced using
favoured fragmentation channel arguments and the NJL-
jet hadronization mechanism. For example, the sup-
pression of the s ! ⇡+K+ channel with respect to
s ! ⇡�K�, both of which have no direct contributions
from resonance decays, can be understood using the ar-
gument that for an initial s quark to produce the ⇡�K�
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FIG. 7. The comparison of the results for s quark DFFs to
pairs with one kaon and (a) ⇡+ and (b) ⇡�, integrated over
z.

pair in the final state, only one additional ⇡+ needs to
be produced in the jet (s ! u+K� ! d+ ⇡+ +K� !
u+⇡�+⇡++K�). For the ⇡+K+ pair at least an emis-
sion of a K� by the initial s quark (this splitting function
is peaked at large z, as discussed in Ref. [33]) and a sub-
sequent ⇡� is needed (s ! u +K� ! d + ⇡+ +K� !
u + ⇡� + ⇡+ +K� ! s +K+ + ⇡� + ⇡+ +K�). Thus
the probability for the ⇡�K� to have at least half of the
light-cone momentum of the initial quark is much less
than for ⇡+K+.

The plots in Figs. 8, 9 depict the results for kaon pairs
for both u and s quark fragmentations respectively. The
� meson peak is present in both K0K̄0 and K�K+ chan-
nels, where the plots in Figs. 8(b) and 9(b) show their
relative strength of 1 : 2 as expected from isospin sym-
metry. Also, these plots show the large enhancement of
DFFs from VM decays even far from the resonance peak
region, by comparing the full final state DFFs with those
produced only by primary mesons. The plots in Figs. 8(a)
and 9(a) show that away from the resonance decay region,
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pair in the final state, only one additional ⇡+ needs to
be produced in the jet (s ! u+K� ! d+ ⇡+ +K� !
u+⇡�+⇡++K�). For the ⇡+K+ pair at least an emis-
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sequent ⇡� is needed (s ! u +K� ! d + ⇡+ +K� !
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the probability for the ⇡�K� to have at least half of the
light-cone momentum of the initial quark is much less
than for ⇡+K+.

The plots in Figs. 8, 9 depict the results for kaon pairs
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More asymmetries?

‣ Yes, but we need more info on multiplicities for 

‣ π±K∓ pairs, π±K0 pairs

‣ π0π± pairs

‣ Yes, but CLAS@12 kinematics probably more adapted

‣ Study di- to single-hadron SIDIS limits. 

‣ Can we get more first principles’based arguments?

From Belle & BaBar?

From COMPASS & HERMES?

From  models?
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be produced in the jet (s ! u+K� ! d+ ⇡+ +K� !
u+⇡�+⇡++K�). For the ⇡+K+ pair at least an emis-
sion of a K� by the initial s quark (this splitting function
is peaked at large z, as discussed in Ref. [33]) and a sub-
sequent ⇡� is needed (s ! u +K� ! d + ⇡+ +K� !
u + ⇡� + ⇡+ +K� ! s +K+ + ⇡� + ⇡+ +K�). Thus
the probability for the ⇡�K� to have at least half of the
light-cone momentum of the initial quark is much less
than for ⇡+K+.

The plots in Figs. 8, 9 depict the results for kaon pairs
for both u and s quark fragmentations respectively. The
� meson peak is present in both K0K̄0 and K�K+ chan-
nels, where the plots in Figs. 8(b) and 9(b) show their
relative strength of 1 : 2 as expected from isospin sym-
metry. Also, these plots show the large enhancement of
DFFs from VM decays even far from the resonance peak
region, by comparing the full final state DFFs with those
produced only by primary mesons. The plots in Figs. 8(a)
and 9(a) show that away from the resonance decay region,
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The peaks of the ⇢+ in the ⇡0⇡+and the ⇢0 in the ⇡�⇡+

channels are clearly evident, as well as the low invariant
mass peak of the ! meson for u quark and both ! and �
mesons for s quark in channels with di↵erently charged
pions. The comparison of the primary and full final state
DFFs for ⇡+⇡+ pairs in Figs. 4(b) and 5(b) shows the
strong enhancement e↵ect due to the VM decays even in
the channels not directly produced by these decays.
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mentations respectively. The pronounced K⇤ peak is
present in the ⇡+K� channel for both u and s quark
DFFs. The relevant magnitudes of the direct con-
tributions to DFFs can be intuitively deduced using
favoured fragmentation channel arguments and the NJL-
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pair in the final state, only one additional ⇡+ needs to
be produced in the jet (s ! u+K� ! d+ ⇡+ +K� !
u+⇡�+⇡++K�). For the ⇡+K+ pair at least an emis-
sion of a K� by the initial s quark (this splitting function
is peaked at large z, as discussed in Ref. [33]) and a sub-
sequent ⇡� is needed (s ! u +K� ! d + ⇡+ +K� !
u + ⇡� + ⇡+ +K� ! s +K+ + ⇡� + ⇡+ +K�). Thus
the probability for the ⇡�K� to have at least half of the
light-cone momentum of the initial quark is much less
than for ⇡+K+.

The plots in Figs. 8, 9 depict the results for kaon pairs
for both u and s quark fragmentations respectively. The
� meson peak is present in both K0K̄0 and K�K+ chan-
nels, where the plots in Figs. 8(b) and 9(b) show their
relative strength of 1 : 2 as expected from isospin sym-
metry. Also, these plots show the large enhancement of
DFFs from VM decays even far from the resonance peak
region, by comparing the full final state DFFs with those
produced only by primary mesons. The plots in Figs. 8(a)
and 9(a) show that away from the resonance decay region,
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Pion pair production in pp↑ collision

Bacchetta & Radici, PRD70
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Fitting procedure: 
(z, Mh) and Q2-dependence

Scale dependence:                                Belle@100GeV2        ....     but SIDIS@ ~2.5GeV2

Relevant variables and quantities:      (z, Mh)

unfactorized functional form ➞ “theo”

We don’t know GLUON distr. a priori !! Start fit @ 1GeV 
Induce q & g distr.

0th step: backward evolution 1st step: forward evolution

LO Evolution with unpol. splitting functions & HOPPET:

qq, gq, qg, gg

Ceccopieri, Radici & Bacchetta,,PLB 650 (2007) 81–89



Fitting procedure: chiral-odd DiFF

z-binning : 0.2, 0.27, 0.33, 0.4, 0.5, 0.6, 0.7, 0.8, 1.0
  mh-binning : 0.28, 0.4, 0.5, 0.62, 0.77, 0.9, 1.1, 1.5, 2.

Binning (z, Mh) of a12@Belle

1st step: consider only bin 0.5<Mh<1.1 GeV

�2 =
�

dof

(theo� exp)2

err2

1st step: forward evolution

... just like the unpol. case

LO Evolution with chiral-odd splitting functions & HOPPET:

qq,gg
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+ integration over bin ranges
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Comparison with extraction
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