i
/essToVIA.

3 T
f 20 R CN

VNIVERSITA
DEGLI-STVDI
DI-FERRARA

arXiv:1102.4857, 1212.3254, 1305.2057

S

~ Ferrara, Dip. Fisica, October 23 2013

e ’-('



Summary

Maxwell-Einstein-Scalar Theories

Symmetric Scalar Manifolds :
Application to Supergravity and Extremal Black Hole Solutions

Attractor Mechanism, Effective Black Hole Potential

Duality Charge Orbits, Stability of Attractors,
Flat Directions and “Moduli Spaces”

The Matrix M and Freudenthal Duality

Horizon Freudenthal Duality and Attractor Mechanism
for 2-form Field Strengths

Groups “of type E.”

Hints for Further Future Developments

FE, Oct 23, ‘13



Maxwell-Einstein-Scalar Theories

T A Z|pr vpo A %

L=—5+59 (9) 00" + 7as (9) Fu F e s s (9) €7 F , F
D=4 Maxwell-Einstein-scalar system (with no potential
H = (FMGy)' . ; )

[ may be the bosonic sector of D=4 (ungauged) sugra ]
X : oL : :
Gy = Qﬁpf\l.w - Abelian 2-form field strengths

static, spherically symmetric, asympt. flat, extremal BH

2 (1) 742 —2U(T) dr? 1 2, 2
ds” = —e dt” + e = (dﬂ + sin Ody) )
4 T T:=—1/r
L (A T,
Q= /SE H=(p"a) ; dyonic vector of e.m. fluxes
1 1 (BH charges)
A A
‘ = — F&, gy = — Ga.
b A s2.  dA A 52 A
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AL i 15 - d
Sp=1 = f[([_;:) + gij¢" 0" + eV Vau(o (1), Q)ldr o
reduction D=4 ->D=1 :effective 1-dimensional (radial) Lagrangian

) 1 BH effective potential
Var (. Q) i= —5 Q"M () Q p

Ferrara,Gibbons,Kallosh

er — 2U Ve in N=2 ungauged sugra,
hyper mults. decouple, and we thus
el o disregard them : scalar fields
d g _ ij2U0VEH  pelong to vector mults.
dr? Op? -

Attractor Mechanism :  9,Ver =0 & lim, o _ " (T) = ¢4 (Q)

conformally flat geometry AdSs x S? near the horizon o2 B P2 B2 ﬂ’f%-—]_:{
“B-RTA2 r2
B-R

(d—rg 4 TQdQ)

near the horizon, the scalar fields are stabilized purely in terms of charges

Bekenstein-Hawking entropy-area formula for extremal dyonic BH
U




Symmetric Scalar Manifolds
Let’s specialize the discussion to theories with scalar manifolds which are
symmetric cosets G/H

[ N>2 : general, N=2 : particular, N=1 : need special cases ]
H = isotropy group = linearly realized; scalar fields sit in an H-repr.
G = (global) electric-magnetic duality group
[in string theory : U-duality]
G is an on-shell symmetry of the Lagrangian

The 2-form field strengths (F,G) vector and the BH e.m. charges
sit in a G-repr. R which is symplectic :

EI!C[MN] =1cRx,R; (Q1, Qo) = Q‘FQ;@MN = —(Q2, Q1)
0. I symplectic product
- (% &)

G C Sp(2n.R); Gaillard-Zumino embedding
(generally maximal, but not symmetric)
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Symmetricity : algebraic def :

g=h4t  Cartan decomposition of a Lie algebra g
h = compact Lie subalgebra

k = complementary of hin g

(b.b] Ch  from the definition of subalgebra

[h.t] c ¢ by the adjoint action, h acts on k as a repr. whose real dim. is dim(G/H)
(it holds in any coset G/H)

€.¢] c h symmetricity condition; in gen. it simply holds ttca

Symmetricity : differential def :

D, R;;;; =0  the Riemann tensor is covariantly constant

All symmetric scalar manifolds in supergravity are actually

(DRGS = (Irreducible) Riemannian Globally Symmetric Spaces:
» strictly positive definite metric;

> Einstein spaces, with (constant) negative scalar curvature : 17;; = Agi;
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** symmetric scalar manifolds of N=2, D=4 sugra

All special Kaehler o .
of local type E‘i' r dime = ny
quadratic sequence SU(1,n) 1 |
neN T)®50 (n) "
- | SU(LL) .. SO(2.n) B
R&Tn, neN 70 © S0@es0m 2(n=1) n+ 1
3(n=2)
Eri_as)
J? Eg(—wsy@lU(1) 3 27
H 50*(12)
T 5U(3,3) . SU(3,3)
J3 SU@a0E) — SUB)esUB)Ru(l) 3 Y
G SL(2,R .
simplest example : - (2 ),fr =1l.dimgc=ny=1.J3=R
N=2., D=4 T3 model HV U(]-)

R-i}kf = =959 — 9a9 T Cikm

C

“jlp

mp
g




J¥. A=R,CH,0O isthe Jordan algebra of degree 3 of Hermitian 3x3 matrices
over the 4 division algebras of real (R), complex (C),
guaternions (H), octonions (O)

T.. Isthe Jordan algebra of degree 2 with a quadratic form with Lorentzian
signature (m,n)

Jordan algebras were completely classified by Jordan, Von Neumann and Wigner
in an attempt to generalize Quantum Mechanics beyond C

Gunaydin,Sierra, Townsend

They are related to the@f Freudenthal, Rosen and Tits

" Aut®) | Stro(J) Conf(J) QConf(J)
All Magic Squares : . ‘

(r)e]:c?ergtel;/?:lassified L \ ! SI2,R) _ Gape)
and interpreted in sugra . - ¢

in

Cacciatori, Cerchiali,
Marrani,
arXiv:1208.6153
[math-ph]

Sp(6)

5{'*(3 3)




attractor, stabilized configurations of scalar fields at the horizon of extremal BH

l

critical points of the effective BH potential Vg,

—> stability of these critical pts. is crucial for the definition of attractor
determined by the signature of the 2n,, x 2n,, covariant Hessian matrix of Vg,

Hijlﬁ;’gVBHZD — [DEDJIBH(T: Q]]SWVBH:D

Ej | 0. Van=0 = — () all eigenvalues are strictly positive - attractor

(local minimum of V)

| < () all eigenvalues are strictly negative - repellor
3.? 0:.Ven= =0 ~=

(local maximum of V)

} ( eigenvalues have any sign : some >0, some <0
) (possibly, some = 0)
-> the crit. point is a flex point of Vg,

—->The higher-order covariant ders. of Vg, (at its crit pts) have to be studied to check stability
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Some general results :

in N=2, D=4 sugra, there are no massless Hessian modes at ¥2-BPS crit pts of Vg,
—> stability OK Ferrara, Gibbons, Kallosh

At non-BPS crit pts: general result for cubic special Kaeheler geometries

Flz)= dijg.zizjzk, L k=1, ..ny

split : 2n,~> [n, +1 eigenvs >0] + [n, -1 eigenvs =0 (massless Hessian modes)]

Tripathy, Trivedi

Vanishing eigenvalues (i.e. massless Hessian modes) are ubiquitous
at non-BPS crit pts of Vg, whose actual stability must be checked




symmetric scalar manifolds G/H (including symm. SKGs of N=2, D=4 sugra) :

The G-representation space R of the BH em charges gets stratified, under

the action of G, in G-orbits (non-symmetric cosets G/#f ). Ferrara, Gunaydin

# is the stabilizer (isotropy) group of the orbit = symmetry of the charge
configs., it relates equivalent BH charge configs

each G-orbit supports a class of crit. pts. of Vg, , corresponding
to specific SUSY-preserving properties of the near-horizon geometry

[ We will be considering the so-called “large” G-orbits, corresponding to
extremal BHs with classical non-vanishing entropy |

When # is non-compact, there is a residual compact symmetry linearly acting

on scalars, such that the scalars belonging to the
“moduli space” #/mcs(#) (symmetric submanifold of G/H)

are not stabilized in terms of BH charges at the event horizon of the extremal BH

Ferrara, AM

The Attractor Mechanism is inactive on these unstabilized scalar fields,
which are flat directions of Vg, at its critical points.




symmetric scalar manifolds G/H (cont’d) :

The absence of flat directions at N=2 ¥2-BPS attractors can thus be explained
by the fact that the stabilizer of the ¥2-BPS orbit is compact : #=H/U(1),

where H is the stabilizer of the scalar manifold G/H

The massless Hessian modes, ubiquitous at non-BPS crit pts of Vg, are actually
all flat directions of Vg, itself at the considered class of crit. pts.

In other words, at each class of its crit pts, Vg, and thus the classical
Bekenstein-Hawking BH entropy, does not depend on a certain subset of the
scalars

Such a set of scalars is thus not stabilized at the BH event horizon. Nevertheless...

BH entropy is independent on all unstabilized scalars

Thus, the flat directions of Vg at its critical points span various “moduli spaces”,
related to the solutions of the classical Attractor Egs.




¢ ‘large” charge orbits of symmetric N=2, D=4 sugras

%—BPS orbits
_G

) .
¢ 1-BPS 0

non-BPS, Z # 0 orl
Onon—BPS,z#0 =

1ts

bt

fust] Loy

non-BPS, Z = 0 orbits
Onon-BPS.2=0 = &

sl o]

(Juadratic Sequence
(n=ny € N)

SU(1n)
SOla-1)

Rel,

SU{1.1)880(2.n)

SU(1,1)250(2,n)

SU(1,1)280(2.n)

50(2)250(m) SO11)250(Ln-1) S02)250(2,n-2)
(n=ny — 1€ N)
jﬂ- Eqi_ag) Ey_o5) E;i_ns)
3 Eg Eg;_as) Eg_14
j[H] S0=(12) S0 S0=(12)
3 ST (6) SU* (6) S0(4.2)
jﬂ ST(8.3) ST7{3.8) SU3.8)
3 SU(3) S0 (3) SL(3.C) SU.)eSU(LY)
Sp(6R) Sp(6,R) Sp(6.R)
SU(3) SL3E) SO(21)

{Qa.Q5} =

Bellucci,
Ferrara,
Gunaydin,
AM




** non-BPS Z<>0 attractor moduli spaces of symmetric N=2, D=4 sugras

Ferrara,AM
% r dimg, R
L =MCS ﬂr
. w1 1 S0(in-1) | lin=1)
f _ g F] =
(n=ny —1&Nj
) |
j':? Fsg 26) 9 6
4(-52)
H SU*(6) ) _
J3 5900 2 14
C SL(3.C) 5 :
J3 S0 A &
R SL(3R) 9 .
I3 S0(3) ‘ 0

They are nothing but the real special scalar manifolds

of symmetric N=2, D=5 sugras



non-BPS Z=0 attractor moduli spaces of symmetric N=2, D=4 sugras

H_ _H
h - Ral() t dimg
Quadratic Sequence SU(Ln—1) | |
e n-—
{ﬂ =ny € [h{” Uiljastin-1)
m SO(2n-2) o . l{n=3
, R& Iy ‘ S0ws0m-2) " 23 2n =4 n-2
(n=ny—1¢eN)
0 Egi—14) 9
Jy SO(10)R0T1) ° 16
H SU(42) 5 :
J3 SUA@SUa0() £ 0
c SU(2.1) SU(1.2) 5 )
J3 ST @ Soa0) £ 4

SU(2.1)
SU(2)eU)

et

Ferrara,AM

Generally,
they are
non-special
symmetric
Kaehler
manifolds




Thus, all non-degenerate crit pts of Vg, in symmetric N=2,D=4 sugras are stable
(and thus determine extremal BH attractors):

v'with no flat directions at all in ¥2-BPS class (indeed, the stabilizer # of the
corresponding supporting charge orbits is compact);

v'with some flat directions, spanning the related moduli space of unstabilized scalar
degrees of freedom, in non-BPS (with Z<>0 and Z=0) classes.

What about N> 2 ?

In N>2-extended, D=4 sugras, also non-degenerate 1/N-BPS extremal BH
attractors exhibit a related moduli space.

The same reasoning as above can be made, because
all N>2-extended, D=4 sugras have symmetric scalar manifolds.

There are three classes of non-degenerate crit. Pts. of Vg, :

4 1/N-BPS;

4 non-BPS with non-vanishing central charge matrix Z,z (A,B=1,...,N);
4 non-BPS with Z,5=0

| Once again, all classes of crit pts of Vg, are stable, up to some ubiquitous flat
directions, spanning the related symmetric moduli spaces.




scalar manifolds of N>2-extended, D=4 sugras

N Gua/Hn s

3 1., - sz:qsyggg?f::)}-gu(ljv neN

4| Ty @ Ve 557 © somssany: e NU{0} (R& Ty y15)
5 I 5 grer (Mi2(0))

6 Vi 5150*(12) (73)

J(6)aU(1)




¢ charge orbits of N>2-extended, D=4 sugras

Bellucci,Ferrara, Gunaydin,Kallosh,AM

Lu,Pope,Stelle
4 1 . . non-BPS, Ziz =0 orbits £
L _BPS arbits £ | non-BPS, Z 0 orbits & AB H
v H AB A
V=3 SU(3.n) B SU(3.n)
N = S0(2.n) SU(3.n—1)
N SU(L1) . SO(B.n) SU(L1) . SO(6n) SU(LY) . SO(6.n)
N =4 T % Sodn) S0(L1) < S0(.a-1) 7). @ Soma=2)
e SUL5) B B
N=5 SU(3)@80 (2.1)
V=6 S0*(19) 50%(12) S0%(12)
V= SU(4,2) S0 (6) SU(6)
g Eqmy Eqiny
V=38 B i) -
: Egpa) Ege)

n=# matter (vector) multiplets (matter coupling possible only for N=3,4)

N=6 pure sugra is “twin” to N=2 matter coupled magic sugra on quaternions H




> attractor moduli spaces of attractors in N>2-extended, D=4 sugras

1 5
h—,;BPb

modul space

H
b

non-BPS, Z45 # 10

moduli space %1
)

non-BPS, Z,5 =10

moduli space %

SU(2.n)

SU2)@SU(n)al (1)

SU(3.n—1)
SU(3)@SU(n—1)@l (1)

Ferrara,AM

50(4.n) it 1 e SO(En-1) S0(6:n-2)
SO(D)550(n) SO 1) © someson—T S0(6)250(n—3)

N SU(,1) B B

N =5 SUE0)

V=6 SU(4,2) SU*(6) B

N = ST @50(2)aU() U5p(6)

N =8 _ Bey Ees) _

V= SUT6)2502) T 5p(8)

a

h, E and E are maximal compact subgroups of

H, H and H, respectively, and n is the number of matter multiplets



Let’s reconsider the starting Maxwell-Einstein-scalar Lagrangian density

R 1 -' s ' 1 v v
L= ) + 5% () Oup* 0"’ + ifﬁz () F,LJ:,—FE'“ + Wane Ras () € PJF:?VF;ET
...and introduce the following real 2n x 2n matrix :
I —R I 0 I 0 [+ RI 'R —RI!
M = —
0 I 0 I —R 1 —I 'R I~!

M= M(R,I) = M(Re(N),Im (N)).
ML =M MCM =C

M=—(LLT)" = —L7L™,

L = element of the Sp(2n,R)-bundle over the scalar manifold
( = coset repr. for homogeneous spaces G/H)

FE, Oct 23, ‘13



...by virtue of this matrix, one can introduce a (scalar-dependent) anti-involution
in any Maxwell-Einstein-scalar theory with symplectic structure :

Slp) + =CM(yp)
S*(p) = CM(p)CM (p) =C*=-T.

Ferrara,AM,Yeranyan; Borsten,Duff, Ferrara,AM

...in turn, this allows to define an anti-involution on the dyonic charge vector Q,
which has been called (scalar-dependent) Freudenthal duality

§(Q) =-S5(p)(Q).
3 = —1d.

i 1
Byrecaling v, (0. 0) = ~59™M(p) Q

Freudenthal duality can be related to the effective BH potential :




All this enjoys a remarkable physical interpretation when evaluated at the horizon :

Attractor Mechanism 9 Vg, = 0 < lim,_,_..¢" (7) = ¢4(Q)

Bekenstein-Hawking Ap

__ 78 _ a7
entropy S=—"=7VBHuls,vyy=0 = —52 MuQ

...by evaluating the matrix M at the horizon  lim, . M (¢ (7)) =2 M".

one can define the horizon Freudenthal duality as:

| _ 1 _as .
lim,—,§ (Q) = § (Q) = ~CMpQ =—C agH - Q,

FH(Q) =3Fu(Q) = -0
non-linear (scalar-independent) anti-involutive map on Q (hom of degree one)
The Bekenstein-Hawking BH entropy is invariant :

S(Q) = 5(3u(Q) = S (168—5) _ 5(9)

T 00




» the matrix M also allows for a universal expression of the symplectic vector
of Abelian 2-form field strengths at the horizon...

H:= (FMGy)' - _ |
H(p,U, Q) = eCM (p)Qdt Adr + Qsinfdfd Adyy  Denef
“Galuw = 25705 = —F(Q)dt Adr+ Qsinbdd A di,

...in terms of the horizon Freudenthal duality :

Hy = VnCM?Qdt Adr + Qsin6df A di
= —nQdt Adr+ Qsinbdf Ad = —Fy ("Hy)

» The matrix M also occurs in the metric of the D=3 enlarged scalar manifold,
obtained as dimensional reduction of the D=4 bosonic sector

1 , o . , .
Ashos (i) = [4030'3 + 29, (¢) dg'de? + e~V (da + ZTCdZ)’ F 2¢ "V dZT M () dZ]
= i 4dU? + 2ds},_y + eV (da + (Z,dZ))” + 4e7 Vpy (dZ)]
(+,+,-) : spacelike dim reduction : in sugra = c-map [Cecotti,Ferrara,Girardello]

(+,+,+) : timelike dim reduction : in sugra = c*-map [Breitenlohner,Gibbons,Maison]

FE, Oct 23, ‘13



What about dependence on flat directions? {¢} = {@} U { @t}

atleastin - j, the neighbourhood of attractors supported by the G-orbit @ = — :
symmetric H
spaces . H
I 77 = (G/H)\ (/mes(H)] x s
The matrix M depends on flat dirs (also at the horizon) : 0M £, oMH £
a';p?ﬂat ! 6H¢fiﬂt .
...this is still true for its contraction with Q :
I(MQ) _ :‘:}*MQ%U 5 bH 40 03 (Q) L 0
a{fﬂﬁat a\pf lat d‘z'of lat ‘ d‘l‘g flat :
...but not at the horizon :
OH Attractor Mechanism

A H -
J (M Q) _ om" Q—0 —> m =0, for 2-form field strengths

% flat dyp flat

03 (Q) Attractor Mechanism

OV flat o G'I for Freudenthal duality




Lie groups “of type E;” : (G,R)  Brown;

Krutelevich:;
Ferrara,Kallosh,AM;

< the (ir)repr. R is symplectic : e Riselen!

JC N =1 € RxR; (Q1,Q2) = Q1Y QY Cyn = — (Q2.Q1) ;

symplectic product
*» the (inrepr. admits a unique completely symmetric invariant rank-4 tensor

E” KM"JVFQ = KI[."L:L'VPQ} =1 - [R xR xR x R]s (K'tensor)

l: G-invariant quartic polynomial

Iy := KMNPQQMQNQPQQ =: €|y, = Spr = ™/ |14]

¢ defining a triple map in R as
T:RxRxR—=R (I(Q1.9:.93).Qu) = KMNPQQ{HQ{QQ,‘DQ;?

it holds (T(Q1,Q1,Q2),T(Q2, Qa,Q2)) = (Q1, Q) Knvpg Q1! Q5 QF QF

FE, Oct 23, ‘13



All electric-magnetic duality groups of D=4 sugras with symmetric scalar
manifolds and at least 8 supersymmetries are “of type E,”

N =2

N G R
G R
3 @ (3 +n)
Qon) | 0+ Go)
N\
2,2
SL(2,R) x|SO(2, n) (2,2 +n) 1 /y(z,]m) « §O(6,n) | (2,6 +n)
/f
SL(2,R) 4 /
5 SU(1,5) 20
Sp(6| R) 14/ /
SU(8,3) 20 6 S0*(12) 32
SO*(12) y/
8 ET{T} H6
Er(_{os) 56

“degenerate” groups “of type E;”

Ii(p, q) = (Iz(p, q))° Spr =V [la(p,q)| = 7 |L2(p, q)|.



In sugras with electric-magnetic duality group “of type E.”,
the G-invariant K-tensor determining the
extremal BH Bekenstein-Hawking entropy

Spr = T/ |14] I = KynpoQY OV QY QP = €|,

can generally be expressed as adjoint-trace of the product of G-generators
(dim R = 2n, and dim Adj =d)
n(2n+ 1) d

%

tarnta — CrirCon
6d MNYa|PQ n(?n+1} M(P*~Q)N

.
Kynpg = —

The horizon Freudenthal duality can be expressed in terms of the K-tensor

aivarl 2 -
Vv I 11(Q)] e KnnpoQV QP QP

§u(Qm =Qu = —55;— = 1,(Q)]

Borsten,Dahanayake,Duff,Rubens
the invariance of the BH entropy under horizon Freudenthal duality reads as

1,(Q) = L,(CO) =I, ({C@ gz)(g)l)




In sugras with electric-magnetic duality group “of type E.”,
and in_ absence of flat directions at the attractor points :

1
My (Q) = _ﬁ

(2 QuQn — 6Ky + Qu QN) (at1,>0)

: < - P ~H@
M at the horizon : Kyn == KynpoQ' Q
expressed only in terms of Q, of the Freudenthal-dual of Q, and of K-tensor

M at the horizon satisfies

MENME,CYP = Cug;  MpyoMoN = —2|n)"

...and it is invariant under horizon Freudenthal duality :

Sn (Mfﬂ) = Miin(Q) = M y(Q).
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What about dependence on flat directions? {¢} = {@} U{©fiat}

general split (everywhere in the scalar manifold): Ferrara,AM,Orazi, Trigiante

M = My (¢, ¢riat) Mo (Priat) [ My, Mo] # 0
at the horizon :
limrs—oo : MT = MY (GH(Q)) Mo (¢11at) = M (Q, ¢ 1at)
oM

7P flat

Attractor Mechanism :

0

...and the split gets commutative : lim,—,_ [Mi. Mg =0

it can also be proved that in general MH - &

FE, Oct 23, ‘13



Are there other relevant symplectic matrices at the horizon ? YES!

T
MIQYcMP(Q) = eC; (ME) (Q=MI(Q)
Q'MI(QQ = —2V|L],

general conditions :

2 solutions exist :

2 6
TH = — 19y +e——Kyn — €
1] M SN m m MN \/m
Su(M{) =MI(Q) =eM(Q).
(MM Ro M C Ry & M € Aut(@),

. | i AT ~ 7
symplectic representation of G-transformations in R [1gClo = C.

symplectic (inner) automorphism

I,>0: MICMI =C= M¥ €Inn(G) C Aut(G)

Iy <0: ﬂfffﬁCﬂfff =-C= ﬂfff € Ton(G) anti-symplectic (outer) automorphism

FE, Oct 23, ‘13



Relation with the matrix M H 1
, 2 at ] — jljr . 2 at )
defining the BH effective potential : ME(Q. ¢rrat) S(Q)A(Q, vriar)

this allows to introduce a (generally scalar-dependent) matrix

A" MY (Q)A = M (AT'Q) = M{(Q) — A eStabo(GL (2n,R))
M e G, MY € Aut(G) = A €Aut(G)

A € Aut(G) N Stabo(GL (2n,R)), AT = A, A% = Id,

MICMT =C
Inn(G)
Iy >0: = ACA=C:Ac N Stabg [Sp (2n,R)]

MICMI =C 0
H H _

MECME =C Aut(G)

I1 <0: = ACA=-C: Ac 7 NStabg [GL (2n,R)]
MICM{ =-C o

FE, Oct 23, ‘13



Dependence on flat directions ? - general split :
A(Q, ¢51at) = A1(Q) Ao (Y f1at) = A1(Q)Mo (@ f1at)

in absence of flat directions :
0A
Mo (priar) =Td = 575 =0, A= 41(Q) — M = MI(QA(Q) = M"(Q)

in presence of flat directions :

f4 >0 Ml_‘} (i{:'ﬂﬂt) =Jld=— A = Al(Q) =Id — MH — ﬂ.{f(g)

I1 < 0: Mo (@fiar) =Id= A= A1(Q) # Id = MT = M7 = MF(Q)A(Q) # ME(Q)

FE, Oct 23, ‘13



2] second solution : MHWM —

By comparing with

2 6
T%YN T € Kyn — €
varn varn varn

we notice the absence of the Q,,Q, term

rH
Miuny = —

it generally holds : Mf]MN = —0umON/ |14,

(opposite of the) Hessian of the BH entropy Sgy = 7/ |14] -

(MT) " RoM" ¢ Rg & M7 ¢ Aut(G).

This matrix is not an automorphism of G

FE, Oct 23, ‘13



Observation :

For Mf"m: —OmOn+/|L4|,  the property ME, |IMN QYN = —21/|L4

directly follows from the fact that the symplectic vector O/ 14|
oOM

Is homogeneous of degree 1 in the charges Q :

0?\/ |14 oV _ v/ |14]
JONHOM oOM

thus implying :

0 \/|14] VAN P
‘ 4 MQFH | 4 QM 2 HILI — 1ur MNQM’QJ'\ — _9 ;’ILll B

C}QNdQM oQM
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, I ~ = 6
M| QuOn —€

“|MN = 1<
V 4] m

This matrix is the (opposite of) pseudo-Euclidean metric of a non-compact,
non-Riemannian rigid special Kaehler manifold related to the G-orbit of BH
em charges, which is an example of pre-homogeneous vector space (PVS)

KJ‘L{N: _aﬂfaN V |L1|:«

| iy _ ~ Sato, Kimura
1st example : “large” BPS BH charge orbit in maximal supergravity

j D
N =8,|D =4 : scalar mani fold My_g = 5{;?8)) . dimg =70, rank =7
1 . E7e)
Iy > : c—BPS Eyy—orbit in 56 repr.space : Op,~0 =
8 Eg(2)
(quaternionic) moduli space My,~q = ) C Eren dimp = 40, rank =4
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2nd example : “large” non-BPS BH charge orbit in maximal supergravity
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Further results in generic N=2, D=4 sugras :

** in any symplectic frame, the matrix M(z,z) = M[ReN, ImN],
defining the BH effective potential
enjoys the general expression in terms of symplectic sections of SKG

M(z,2)=C (VVI +VVT + U, g"U} + U;¢"'US) C.

*» whenever an holomorphic prepotential F(X) exists
[and there are symplectic frame in which it does not!] 82 E

Fa(X) = 5xiaxs

one can define the complex symmetric matrix
and thus construct the real symmetric matrix

I -R I 0 I 0 I+RIT'R  —RIT!
v -
0 I o )\ -r 1 —I'R -
M = MR, ) = M™) (Re (F) , Tm (F)) = M|y,

n—Fax

M(2,2) = -MBP) (2, 2)+2C(VVT + VVT + U, g"TT) C,

[

...and, at least H  sH (F)H _ MH
at BPS attractors : M™ = *'U+ M A —




Hints for Further Future Developments

¢ application to homogeneous non-symmetric special Kaehler manifolds
[classification available : deWit, Van Proeyen; Alekseevsky; |

s extension to “small” G-orbits : how to define Freudenthal duality ?

¢ extension to the gauged sugras :
how to incorporate the embedding tensor formalism within this framework ?

* extension to multi-centered (extremal) BH solutions:
first steps done in Yeranyan, arXiv :1205.5618
Ferrara,AM,Shcherbakov,Yeranyan, arXiv:1211.3262

¢ beyond the large charge (sugra) regime :

Freudenthal duality for integer, quantized charges ? DUt ¢l

arXiv:0903.5517

% application of the matrix M"_ (Hessian of BH entropy) to the
geometric approach to BH thermodynamics (a la Weinhold-Ruppeiner)
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