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Open quantum systems
Quantum system interacting with environment
Quantum optics, condensed matter theory, physical
chemistry, quantum measurement, decoherence. . .

SYSTEM

EXTERNAL FIELD

ENVIRONMENT

Physical motivations
Perfect isolation of a quantum system is not possible
Measurement theory
Quantum-to-classical transition and decoherence
Quantum information

Mathematical aspects
Irreversible dynamical maps
Positive operator-valued measures and instruments
Insights from classical probability theory

[Breuer & Petruccione, The Theory of Open Quantum Systems, Oxford 2002]
[Barchielli & Gregoratti, Quantum Trajectories and Measurements in Continuous Time, Springer 2009]



Open quantum systems

Quantum system interacting with environment

SYSTEM

EXTERNAL FIELD

ENVIRONMENT

Bipartite setting H ∈ B(HS ⊗HE) ρSE ∈ T (HS ⊗HE)
System observables only determined by ρS(t) = TrE ρSE(t)

d
dt
ρS(t) = − i

~
TrE [H, ρ(t)] ρS(0) = TrE ρSE(0)

Role of correlations
Initial correlations ρSE (0) 6= ρS(0)⊗ ρE (0)
do not allow closed physical reduced dynamics
Time evolved correlations ρSE (t) 6= TrE ρSE (t)⊗ TrS ρSE (t)
allow for memory effects and non-Markovianity



Quantum dynamical map

Reduced dynamics

ρ(0) = ρS(0)⊗ ρE
unitary evolution−−−−−−−−−−→ ρ(t) = e−

i
~Ht (ρS(0)⊗ ρE)e+ i

~Ht

TrE

y yTrE

ρS(0)
dynamical map−−−−−−−−−→ ρS(t) = Φ(t)ρS(0)

Quantum dynamical map

ρS(0) 7→ ρS(t) = Φ(t)ρS(0) = TrE(e−
i
~Ht (ρS(0)⊗ ρE)e+ i

~Ht )

Completely positive trace preserving map



Dynamical semigroup evolution

Markov condition
Separation of system environment time scales
Semigroup property

V (t)V (s) = V (t + s) t , s ≥ 0 V (t) = exp(Lt)

Quantum dynamical semigroups
Quantum Markov process

d
dt
ρS(t) = LρS(t)

LρS(t) = − i
~

[HS+Heff , ρS(t)]+
∑
α

γα

[
AαρS(t)A†α−

1
2
{A†αAα, ρS(t)}

]

Master equation in Lindblad form



General non-Markovian evolution

Memory kernel determined by
E → completely positive trace preserving map
F(t)→ collection of time dependent completely positive
trace preserving maps
f (t)→ waiting time distribution of renewal process
Master equation

d
dt
ρ(t) =

∫ t

0
dτ

d
d(t − τ)

[f (t − τ)F(t − τ)]Eρ(τ)

+ f (0)Eρ(t) +
d
dt

[g(t)F(t)] ρ(0)

Approaches to obtain general evolution equations



Notion of non-Markovianity

Non-Markovianity from directionality of information flow

Info flow Info backflow

Markovian dynamics:
system irreversibly loses info towards
the environment
Non-Markovian dynamics:
system partially recovers info from the
environment
Distinguishability of different time
evolved states as quantifier of info flow



Distinguishability

Distinguishability can be measured through the trace
distance between system states ρ1 and ρ2

D(ρ1, ρ2) =
1
2
‖ρ1 − ρ2‖1 =

1
2

Tr |ρ1 − ρ2|

Quantum dynamical semigroups monotonic contractions

Φ(s)Φ(t) = Φ(t + s) ∀t , s ≥ 0
D(ρ1(t + s), ρ2(t + s)) ≤ D(ρ1(t), ρ2(t))

Non-Markovian quantum dynamics if

d
dt

D(ρ1(t), ρ2(t)) > 0

for some pair of initial states ρ1,2(0) and some time t > 0

Distinguishability via trace distance



Experimental results

Bipartite system in quantum optical setting
system → polarization degrees of freedom

environment → frequency degrees of freedom

Detection of initial correlations System as environmental probe

Experimental accessibility of trace distance information
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