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Based on:

@ SC, A. Hanany and A. Zaffaroni, arXiv:1309.2657 [hep-th].

What we do:

@ Study the Coulomb branch of the moduli space of IR fixed points of 3d
N = 4 gauge theories of vector and hyper multiplets.

@ Compute the Hilbert series: generating function of the chiral ring.

Why we do it:
@ 3d mirror symmetry
@ Instanton moduli spaces

@ M-theory uplift of orientifold planes
@ Non-Lagrangian Gaiotto theories

Stefano Cremonesi Coulomb branches of 3d N = 4 gauge theories



Moduli spaces of 3d ' = 4 gauge theories

@ Hypermultiplets H;, i =1,...,n
@ SU(2)y R-symmetry

@ dimgMy=n—r

@ HyperKahler quotient

{i(H) = &}/G
Triplet of D-term equations
@ Non-renormalization Theorem

COULOMB branch M¢

@ Vector multipl's Vo, a=1,...,r
@ SU(2)v R-symmetry

@ dmgMc=r

@ HyperKahler manifold:

(an@a) , dpa=x*F,

at generic pts (G — U(1)")

@ Quantum corrections

@ Mirror Symmetry: [Intriligator, Seiberg 1996] uv @ uv
Infrared duality exchanging My and Mg:
My = ME
MG = MG
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More on the Coulomb branch M

@ Old problem: How to dualise non-Abelian vector multiplet?

@ Modern answer: Use 't Hooft monopole operators. ['t Hooft 1978]
Can be defined in CFT. [Borokhov, Kapustin, Wu 2002]

Uses of monopole operators

@ Chiral ring on the Coulomb branch [BKW 2002] [Borokhov 2003]
(very simple theories)

@ Global symmetry enhancement [Gaiotto, Witten 2008] [Bashkirov, Kapustin 2010]

We will go for the whole chiral ring of 3d /' = 4 SCFTs on Mc.
Formula for the Hilbert series of M, counting:
@ Gauge invariant chiral operators modulo F-term relations
@ Holomorphic functions on M.
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@ Hilbert series

© Monopole operators

© The Hilbert series of the Coulomb branch of a 3d /' = 4 SCFT
© Examples

© Outlook
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Hilbert series

Stefano Cremonesi Coulomb branches of 3d J

4 gauge theories



The Hl|bel’t SerIeS Of d graded r|ng [Benvenuti, Feng, Hanany, He 2006]

Enumerates elements of a ring modulo relations, according to the grading.

@ C[x]: He(t) =1+ t+ B+ +-.. = t"=

@ C[x]/(x"y : H(z‘)=1+t+t2+~~-+t"’*‘:ﬁljt":1

@ C2/r orbifold, I ¢ SU(2):
Hez/r(D) = 1 Z det(lg —gb)

e.g. C?/Z,: g € {diag(wf,w, "), k=0,...,n—1}

n—1

Hoa o (1) = Z 1 1 — 20
C2/2n < (1—wk)( —w, ") (1= B)(T— 1)
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Plethysm
f(e, -t )

@ Plethystic Exp PE of f(f) s.t. £(0) = 0:

—_

PE[f(ti, b, ..., t)] = exp (Z
k=1

Generates symmetrization: PE[t] = .

@ Plethystic Log PL of g(f) s.t. g(0) = 1:

- (k) k
PL[g(ti,to, ... 1 ;Tlog(g t,- 1)
1 ifk=1
(k) =40 if k has repeated prime factors
(=1)" if k is the product of n distinct primes

PL=Inverse function of PE.
Useful to isolate generators and relations (and syzygies).
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o C: He(f)=>>t"= =i PE[t]
n=1 -
Freely generated
N 1=t
@ Clx]/(xNy: H{t)=Xt"= - = PE[t — "]
n=1 -
Complete intersection
o C?/Z: ooy (t) = — =L pejie o gon
/Zn: (CZ/ZN( ) = -2 -tz ~ [t + — 1

Complete intersection

14+ 78+ 1°
(1-16)3

PL[Hgs 1z, (1)] = 10 — 271° + 105¢° — 5401 + ...

@ C%/73 (1,1,-2): Hes j,(t) =

Incomplete intersection
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Casimir invariants

@ Modding out by a continuous group G:

H(t) = ﬁdue H(t, 2) =

dz az, d ey
= — ... - 1-— "VH e
‘%‘21 =1 27”21 ﬁzr‘:1 27TIZr aH ( E Z/ ) (t7 Z1, 5 Zr)

eny

e.g. Hilbert series of My.

@ Invariants of the adjoint representation of G:
r
; ; 1
HE(0) = ) dno PERE (N = ] =57
i=1

d;: degrees of (independent) Casimir invariants.

The ring of Casimir invariants is freely generated.
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Monopole operators
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Mo Nopo le ope rators [t Hooft 1978] [Borokhov, Kapustin, Wu 2002] [Kapustin 2005]

@ Local disorder operator O(x): prescribed singularity in the Euclidean
path integral at an insertion point x.

@ Monopole operator Vi»(x): Dirac monopole singularity U(1) — G.

Monopole operator Vi»(0)

Ay = g(ﬂ —cosO)dp+O(1), r—0

Gauge: m € t Cartan subalgebra of g, constant. Modulo Weyl group Wg.

Generalised Dirac quantisation [Englert, Windey 1976]

exp(2rim) = lg

= m € I'; weight lattice of G, GNO dual group of G.  [Goddard, Nuyts, Olive 1977]
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Classification of monopole operators

@ Stronger: Irreducible reps of the GNO dual group G ie. rs/We .

@ Weaker: Topological symmetry group m1(G) = F’é/Ar(ﬁ).

Examples:
G G m1(G)
U(N) U(N) u(1)
SU(N) SU(N)/Zn 1
SU(N)/Zn SU(N) Zn

SO@N+1) | USp(2N) | Z»
USp(2N) | SO@N+1) | 1
SO(2N) SO(2N) Zo
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Supersymmetric monopole operators

Parameterise the Coulomb branch M of a 3d susy gauge theory.

We study 3d A = 4, but work in AV = 2 formalism (C? instead of H).

N = 4 Vector Multiplet:

@ N = 2 Vector Multiplet: A, o € R, fermions, aux.
@ N = 2 Chiral Multiplet: ¢ € C, fermions, aux.

N = 2 supersymmetric monopole operator (Chiral Multiplet)

Ay = %(11 — cos0)dyp + O(1) r—o
m

N =2BPSequation:  (d—iA)o =—xF.
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N = 4 supersymmetric monopole operators

We have only used the N' = 2 Vector Multiplet. What about ¢?

Adjoint breaking by monopole flux m

whole residual
gauge group gauge group
[m,Hn] =0

N = 4 BPS moduli: constant ¢ € hm
¢ =0: “Bare” monopole operators
¢ #0: “Dressed” monopole operators

Stefano Cremonesi Coulomb branches of 3d N = 4 gauge theories



The Hilbert series

of the Coulomb branch
ofa3d N =4 SCFT
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Quantum numbers of BPS (bare) monopole operators

@ Classical: Topological symmetry 71 (G) = I'y/Ar ().

@ Quantum: “Canonical” U(1)r symmetry
(dimension at free UV fixed point)

Canonical R-charge of bare monopole operator Vin(x) [Bashkirov, Kapustin 2010]

Am) =3 la(m)+ 33 3 Io(m)

aEA i=1 p;ER;

We will focus on good/ugly gauge theories: [Gaiotto, Witten 2008]
A is also the conformal dimension of BPS operators in the IR SCFT.

A(m) > % for all monopole fluxes m:  Unitarity bound v/
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The HS of M of a3d N =4 SCFT

@ M is parameterised by bare and dressed monopole operators.

@ Independent boundary counditions in the path integral.

Formula for the Hilbert series of M

Ho(t,z)= Y. 2'™t8 ™ Pg(t; m)

* o~
me Fa/WG

@ > - sumover GNO sectors

@ z/™:  topological charge in 71(G)

@ tA(M:  dimension of bare monopole operator Vp,
@ Pg(t;m): dressing by adjoint ¢ € b

,

1
Pottim) = 11—

di(m): degrees of independent Casimirs of Hp
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The HS of M of a3d N =4 SCFT

Formula for the Hilbert series of M

Ho(t,z2)= Y. 2™tA M Pg(t; m)

* '~
me ra/WG

@ Exact formula for the generating function of the chiral ring on M¢.
@ Valid for the IR fixed point of any good/ugly 3d A = 4 gauge theory.
@ Encodes relations between monopole operators.

@ Equivariant index of & on M.
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Examples
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U(1) with n electrons

Hyy, n(t, 2)

1 My |m| 1-t"
[ 2 —_ =
1—tr§zz ! A -0 — 221 — z-1t72)

PE[t+ (z+ 2z "H)t"? — 1]

Term | Interpretation
t ¢ adjoint chiral
zt"/? V.1 monopole operator
z~'t"2 | V_; monopole operator
—t" V.1 V_; = " relation

The result shows that Mg = C2 /Zn. [Intriligator, Seiberg 1996]
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U(k) with n fundamentals

Dimension formula:

k
_ n
A(m) =3 D olmil =" mi—m;
i=1

i<j
Hilbert series:

I )
Huw, n(t, 2) = > () Z M (1 ) =
m>my> > my> — oo

k 1 _ 1=

(1 — ) — ztn/2r1-1)(1 — z—1tn/2+1-]) =

=1

-

=PE > (t’ F(z bz )R tn+17,-)

=

@ U, USp, SO with fundamentals: M are complete intersections
@ SU, Spin, Gz, F4 with fundamentals: M are incomplete intersections.
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Affine ADE quivers and instantons

D2 — M2-branes probing an ADE singularity C2/I'¢.
G: simple ADE group. I'g: discrete subgroup of SU(2) (McKay).

Quiver diagram: extended Dynkin diagram of ADE type.

Gauge group: = ( H U(n))/u@)
n;: Dynkin indices of the extended Dynkin diagram.

Hilbert series of M¢

H(t,z) = Z[ko -0, kg t*

where [1,0,---,0,1]g is the (Char of) adjoint rep of G.

Agrees with conjectured HS of the reduced moduli space of 1 G-instanton.
[Benvenuti, Hanany, Mekareeya 2010]
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Outlook
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We found a simple formula for the Hilbert Series of the Coulomb branch of 3d
N = 4 SCFTs arising from good/ugly gauge theories:

@ Predicts generators and relations in the chiral ring.
@ Reduces computation of BPS correlators to the generators only.

Applications:
@ Tests of mirror symmetry (proof for Abelian pairs).
@ E-instanton moduli spaces without ADHM.
@ Uplift of orientifolds to M-theory.

@ Lagrangian mirrors of non-Lagrangian theories
(e.g. 3d versions of Gaiotto’s Ty) [SC, Hanany, Mekareeya, Zaffaroni, in progress]
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