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element.4 We will give the definition later. The factor ! j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. "3# is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density "the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons#. Similar changes will need to be made to the definition
of the meson wave function.

The parameter $ in Eq. "3# is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The $ dependence of the

distribution f i/p and of the light-cone wave function ! j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi "DGLAP# kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2"a#, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function !V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2"a# contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

!%" for the lower two lines and 1
2V

"%! for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2"b#, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with &'(/2, where ' and ( are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude ! j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p"x1 ,x2 ,t ,$#

#!
")

) dy"

4*
e"ix2p

!y"
+p!"T,̄"0,y",0T#%!P,"0 #"p-,

"4#

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and "x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1"x2#x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. "4#
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states "p- and "p!- together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin .12–14/. As Ji points out, when t00
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states "p- and "p!-.
The usual quark density f i/p(x ,$) is obtained by setting

t#0 and x1#x2#x in Eq. "4#. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. "4# to obtain the operator used for
the parton densities associated with inclusive scattering .17/.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. "1# may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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element.4Wewillgivethedefinitionlater.Thefactor!
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V

is

thelight-conewavefunctionforthemeson,andH
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hardscatteringfunction.Thesumsareoverthepartontypes

iandjthatconnectthehardscatteringtothedistribution

functionandtothemeson.Sincethemesonhasnonzero

flavor,thepartonjisrestrictedtobeaquark.Thefactoriza-

tiontheoremEq."3#isillustratedinFig.1.
Theaboveformulaiscorrectfortheproductionoflongi-
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sons,wehaveaformulaofexactlythesamestructure,butin

whichtheunpolarizedpartondensityisreplacedbyapolar-
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hardscatteringfunctionH
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finite-orderperturbationtheory.The$dependenceofthe
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V

are

givenbyequationsoftheDokshitzer-Gribov-Lipatov-

Altarelli-Parisi"DGLAP#kind,aswewilldiscussinSec.

VIII.
TypicallowestordergraphsforHareshowninFig.2.

ConsiderFig.2"a#,allofwhoseexternallinesarequarks.
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externalfermionlinesofHaretobecontractedwiththe

samefactorsasbefore,butthetwogluonlinesaretobe

contractedwith&'(
/2,where'and(aretransverseindices,

andthe1/2representsakindofspinaverage.

SeeSec.IXformoreinformationontheprecisenormal-

izationconventionsforthehardscatteringfunction. B.Definitionsoflight-conedistributionsandamplitudes:

Longitudinalvectormeson
1.Quarkdistribution Thedistributionfunctionfi/pandmesonamplitude!

j
V

aredefined,asusual,asmatrixelementsofgauge-invariant

bilocaloperatorsonthelightcone.Inthecaseofaquarkof

flavori,wedefine

fi/p"x1,x2,t,$#

#!
")

)dy"

4*e"ix2p
!

y"

+p!"T,̄"0,y"
,0T#%!P,"0#"p-,

"4#
wherePisapath-orderedexponentialofthegluonfield

alongthelightlikelinejoiningthetwooperatorsforaquark

offlavori.Wehavedefinedx1tobethefractionalmomen-

tumgivenbythequarktothehardscatteringand"x2tobe

themomentumgivenbytheantiquark;inthefactorization

theoremtheyobeyx1"x2#x,withxbeingtheusual

Bjorkenvariable.Atfirstsighttheright-hand-sideofEq."4#

appearstodependonlyonx2andnotonx1noront.The

dependenceontheothertwovariablescomesfromthefact

thatthematrixelementisnonforward.Thedifferenceinmo-

mentumbetweenthestates"p-and"p!-togetherwiththe

useofalight-coneoperatorbringsindependenceonx1and

ont.Itisnecessarytotakeonlytheconnectedpartofthe

matrixelement.
Thesamedefinitionhasrecentlybeengivenanddiscussed

byJiandRadyushkin.12–14/.AsJipointsout,whent00

thereareinfacttwoseparatepartondensities,withdifferent

dependenceonthenucleonspin.Forthepurposesofour

proof,itwillbeunnecessarytotakethisintoaccountexplic-

itly;wecansimplysupposethatthisandtheotherparton

densitieshavedependenceonthespinstateofthehadron

states"p-and"p!-. Theusualquarkdensityfi/p(x,$)isobtainedbysetting

t#0andx1#x2#xinEq."4#.Inaddition,itwouldappear

thatonehastoremovethetime-orderingoperationfromthe

operatoroperatorsinEq."4#toobtaintheoperatorusedfor

thepartondensitiesassociatedwithinclusivescattering.17/.

Weneedtime-orderedoperatorsinourpresentworkbecause

4
Infact,ourwholepaperappliestoamoregeneralcase.The

final-stateprotoninEq."1#maybereplacedbyageneralbaryon:a

neutron,forexample.Thentheexchangedobjectnolongerhasto

havevacuumquantumnumbers.Theindexiinthefactorization

theoremisthentobereplacedbyapairofindicesfortheflavorsof

thetwoquarklinesjoiningthepartondensityfi/ptothehardscat-

tering.Similarly,thetwoquarklinesenteringthemesonmaybe

different,andtheindexjistobereplacedbyapairofindices.

FIG.2.Typicallowest-ordergraphsforH.

FIG.1.Factorizationtheorem.
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element.4 We will give the definition later. The factor ! j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. "3# is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density "the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons#. Similar changes will need to be made to the definition
of the meson wave function.

The parameter $ in Eq. "3# is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The $ dependence of the

distribution f i/p and of the light-cone wave function ! j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi "DGLAP# kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2"a#, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function !V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2"a# contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

!%" for the lower two lines and 1
2V

"%! for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2"b#, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with &'(/2, where ' and ( are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude ! j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p"x1 ,x2 ,t ,$#

#!
")

) dy"

4*
e"ix2p

!y"
+p!"T,̄"0,y",0T#%!P,"0 #"p-,

"4#

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and "x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1"x2#x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. "4#
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states "p- and "p!- together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin .12–14/. As Ji points out, when t00
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states "p- and "p!-.
The usual quark density f i/p(x ,$) is obtained by setting

t#0 and x1#x2#x in Eq. "4#. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. "4# to obtain the operator used for
the parton densities associated with inclusive scattering .17/.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. "1# may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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element.4 We will give the definition later. The factor ! j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. "3# is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density "the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons#. Similar changes will need to be made to the definition
of the meson wave function.

The parameter $ in Eq. "3# is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The $ dependence of the

distribution f i/p and of the light-cone wave function ! j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi "DGLAP# kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2"a#, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function !V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2"a# contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

!%" for the lower two lines and 1
2V

"%! for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2"b#, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with &'(/2, where ' and ( are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude ! j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p"x1 ,x2 ,t ,$#

#!
")

) dy"

4*
e"ix2p

!y"
+p!"T,̄"0,y",0T#%!P,"0 #"p-,

"4#

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and "x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1"x2#x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. "4#
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states "p- and "p!- together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin .12–14/. As Ji points out, when t00
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states "p- and "p!-.
The usual quark density f i/p(x ,$) is obtained by setting

t#0 and x1#x2#x in Eq. "4#. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. "4# to obtain the operator used for
the parton densities associated with inclusive scattering .17/.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. "1# may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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element.4 We will give the definition later. The factor ! j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. "3# is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density "the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons#. Similar changes will need to be made to the definition
of the meson wave function.

The parameter $ in Eq. "3# is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The $ dependence of the

distribution f i/p and of the light-cone wave function ! j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi "DGLAP# kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2"a#, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function !V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2"a# contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

!%" for the lower two lines and 1
2V

"%! for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2"b#, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with &'(/2, where ' and ( are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude ! j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p"x1 ,x2 ,t ,$#

#!
")

) dy"

4*
e"ix2p

!y"
+p!"T,̄"0,y",0T#%!P,"0 #"p-,

"4#

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and "x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1"x2#x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. "4#
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states "p- and "p!- together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin .12–14/. As Ji points out, when t00
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states "p- and "p!-.
The usual quark density f i/p(x ,$) is obtained by setting

t#0 and x1#x2#x in Eq. "4#. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. "4# to obtain the operator used for
the parton densities associated with inclusive scattering .17/.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. "1# may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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element.4 We will give the definition later. The factor ! j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. "3# is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density "the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons#. Similar changes will need to be made to the definition
of the meson wave function.

The parameter $ in Eq. "3# is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The $ dependence of the

distribution f i/p and of the light-cone wave function ! j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi "DGLAP# kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2"a#, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function !V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2"a# contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

!%" for the lower two lines and 1
2V

"%! for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2"b#, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with &'(/2, where ' and ( are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude ! j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p"x1 ,x2 ,t ,$#

#!
")

) dy"

4*
e"ix2p

!y"
+p!"T,̄"0,y",0T#%!P,"0 #"p-,

"4#

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and "x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1"x2#x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. "4#
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states "p- and "p!- together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin .12–14/. As Ji points out, when t00
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states "p- and "p!-.
The usual quark density f i/p(x ,$) is obtained by setting

t#0 and x1#x2#x in Eq. "4#. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. "4# to obtain the operator used for
the parton densities associated with inclusive scattering .17/.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. "1# may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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Baryo-baryonic

!! + N ! ! + N(baryonic system)

!!L + N ! ”meson”(mesons) + N(baryonic system)

D.Muller 94 et al, Radyushkin 96, Ji 96, Collins &Freund 98

Brodsky,Frankfurt, Gunion,Mueller, MS 94
 - vector mesons, small x

general case Collins, Frankfurt, MS 97 - provide  new effective tools for study of the 
3D hadron structure,  high energy color 
transparency and opacity and chiral dynamics

t-dependence only from GPD’s 3



GPD

Hγ J/ψ, ϒ

p p

x1 x1 -x x =
Q2 + m2

V

W 2

In LT limit  x1 -x << x1  

however due to DGLAP evolution skewed 
GPD kinematics for large Q probes 

diagonal GPD at Q0 scale

A(!! + p! ”Onium” + p) " G(x1, x1# x, t)

G(x, x, t) ! G(x, t) =
!

d2!e!i!!!" G(x, !)
transverse spatial 

distribution of gluons

x
ρ

xP

longitudinal

tra
ns

ve
rs

e

!
d2!G(x, !) = G(x) total gluon density
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1D - parton distribution

x

3D - generalized parton
 distribution
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3 dimensional single parton distribution in nucleon 
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Peripheral 
pp collisions 

Central  
pp collisions 
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!
!2

"
g

=
"

"t

G(x.t)
G(x, 0)

Interplay of hard and soft interactions in pp collisions, rate of multiple hard 
collisions is determined by the value of <ρ2g> as compared to much larger radius 
of soft interactions. Note PYTHIA assumes  <ρ2g>, <ρ2q>  a factor ~ 2 smaller 
than given by analysis of GPDs from J/ψ production- a way  to mimic  effects 
of transverse parton correlations

!
!2

"
e.m.

pions
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a) b)

b1

t
pmin

A view of double scattering in the transverse plane.

Where is the infinite number of  primordial ’sea’ partons in the 
state of the proton: inside the constituent quarks (a) or outside (b) ?

infinite momentum

 Multi-jet production - probe of  parton correlations in nucleons

At  high energies, two (three ...) pairs of partons can 
collide to produce multi-jet events which have 
distinctive kinematics from the process two partons 
→ four partons.  

Note - collisions  at the points separated in 
b by ~ 0.5 fm
⇒ independent fragmentations 
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Evidence for transverse correlations of partons from MPI collisions 
                                                  

2

Fg(x, t) ! G(x, t)/G(x) = 1/(1" t/mg(x)2)
m2

g(x = 0.05) ! 1GeV 2, m2
g(x = 0.001) ! 0.6GeV 2.

Fg(x,ρ;Q2) !
Z d2Δ"

(2π)2
ei(Δ"ρ) Fg(x, t =#Δ2";Q2) Fg(x,ρ) =

m2g
2π

!mgρ
2

"
K1(mgρ)

P2(b) !
!

d2!1

!
d2!2 "(2)(#b" #!1 + #!2) Fg(x1, !1) Fg(x2, !2) =

m2
g

12$

"
mgb

2

#3

K3(mgb)

!e! =
!"

d2b P 2
2 (b)

#!1

=
28"

m2
g

! 34 mb

At least a  factor of two too large as compared to CDF (probably   
closer to three - a flaw in the CDF procedure - Treleani’s talk)  

The rate of 4 jet production in MPI (Treleani talk ) ∝1/σeff
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Small transverse area of the gluon field  --accounts for 50 % of the enhancement σeff ~ 35 
mb         (F&S & Weiss 03)

QCD evolution leads to “Hot spots” in transverse plane (A.Mueller).   One observes that 
such hot spots do enhance multijet production as well. However  this effect is  likely not to 
be relevant in the CDF kinematics as x’s of colliding partons are relatively large (>0.01).

☺

Constituent quarks - quark -gluon correlations  (F&S&W)☺

☺

Possible sources  of small             for CDF kinematics  of x ~0.1-0.3 include:σe f f

If most of gluons at low Q~ 1GeV  scale are in constituent quarks of radius 

 rq/rN ~1/3  found  in  the   instanton  liquid   based  chiral   mean field  model      (Diakonov & Petrov)   
the enhancement as compared to uncorrelated  parton approximation  is              
            

Hence, combined these  two  effects are sufficient to explain CDF data for x>0.1.

9

(F&S&W)8
9

+
1
9

r2
N

r2
q

! 2

small x

☺ Fluctuations of the transverse size of nucleons   (Treleani, &F&S & W)  only 20% effect



Multiparton interactions in Hadron - nucleus  collisions 
MS & Treleani 95 - PRL  2002! = !1 · A + !2

h h

=!=!

R ! !2

!1 · A
" (A# 1)

A2
· !eff

!
T 2(b) d2b " 0.68 ·

"
A

12

#0.39

|A!12,!eff"14mb

“Antishadowing effect”:  For A=200, and σeff=14 mb
!pA

!pp
! 4 linear in  σeff !!

T (b) =
! !

"!
dz!A(z, b),

!
T (b)d2b = A.

Account of short-range correlations of nucleons/ finite A effects using 
MC (Alvioli et al):
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Measurement of σ2 allows to measure in a model independent way double parton distribution in nuclei 
f(x1,x3). Especially interesting x’s > 0.2 where correlation between partons should exist so that 

f(x1,x3)≠ f(x1) f(x3)
The presented results are for x2,x4 > 0.02 where shadowing effects are negligible. Estimates of A-
dependence were very recently improved using MC generator for nucleon configurations in 
nuclei which includes short-range correlations - M. Alvioli et al - decrease of R by 15% for 
A=16,  and by 5% for A=208

Fluctuations of gluon density in 
lead  on event by event basis

Measuring  f(x1,x3) from pA 

model independent determination of
σeff 

➠

4 fm
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Interesting questions - associated hadron production in central region, 
nuclear fragmentation. 

Four jet events are due to very central collisions.

Moderate x’s  - increase of central multiplicity, ZDC activity, etc  

New physics possible for x1+x3  > 0.5 - do we start to select configurations with few gluons 
and also of probably of small size?

Drastic change in  the structure of the final state - drop in activity in y~0,  in ZDC,...

Nucleus serves as an analyzer of hadron structure

⇒ 
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Six jet production 

Estimate using assumption     

!1 : !2 : !3 = 1 : 1.45 · (A/10)0.5 : 0.25(A/10)! 1 : 6.5 : 5

!1 ! !!2
eff

A factor of 12 antishadowing

!T
1 = !T

!
d2BT (B) = A!T

!T
2 =

1
3!

!
G(x1, x2, x3)!̂(x1, x

!
1)!̂(x2, x

!
2)!̂(x3, x

!
3)dx1dx!

1dx2dx!
2dx3dx!

3

!
"
G(x!

1, x
!
2)G(x!

3) + G(x!
2, x

!
3)G(x!

1) + G(x!
1, x

!
3)G(x!

2)
#

!
!

d2BT 2(B)
1

!!
eff

!T
3 =

1
3!

!
G(x1, x2, x3)!̂(x1, x

!
1)G(x!

1)G(x!
2)G(x!

3)

!!̂(x2, x
!
2)!̂(x3, x

!
3)dx1dx!

1dx2dx!
2dx3dx!

3

!
d2BT 3(B),
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Do we have to wait 8 (?) years for pA at the LHC?
NO !!!

HERA

UPC

sm
a
ll

LHC

x

WγN ≤ 1TeV
are feasible 

Physics Reports 458(2008) 1 -171
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Measure 4 jets in γ A  ⇒  

I will focus on related issue  

Study of energy dependence of  inelastic dipole - nucleus  interactions in large 

 t=(pγ-pV)2  process  (γ, γ*)A ->VM +gap +X  

measure multiparton photon wave function without need to model 
nucleon wave function

determining σeff for γ p(should be smaller than for pp)  interplay of soft and hard 
components in the photon way function, gap survival.... rich physics 

☛

☛

15



Study of energy dependence of  inelastic dipole - nucleus  interactions in large 
 q2=-(pγ-pV)2  process  (γ, γ*)A ->VM +gap +X  

elementary reaction scattering of projectile off a parton of the target 
at large t belongs to a class of reactions with hard white exchange in t-channel

FS 89, FS95, Mueller & Tung 91

Forshaw & Ryskin 95

Probing BFKL like 
dynamics  at large t  - 
large t ensures large 

virtualities in the ladder 
and suppression of 

diffusion to soft physics

16

xg

N

γ* VM

X

regime of color opacity, a direct evidence is very limited, see however [?]. The rapidity gap
processes we discuss in this paper will provide additional handles to address these questions.

To probe this physics a number of small x processes which originate due to elastic scat-
tering of a parton and a small quark-antiquark (qq̄) color singlet dipoles (we will refer to
them in the following simply as dipoles) at large momentum transfer and at high energies
were suggested. This includes hard di!raction in pp! pX process at large t, production of
two jets accompanied by rapidity gap-coherent Pomeron [?], the rate of production of two
back to back jets with a large rapidity gap in between [?] as compared to the rate of two jet
production in the same kinematics without rapidity gaps [?, ?], photo(electro) production
of vector mesons at large t with a rapidity gap [?, ?, ?]. Production of two jets with a gap
in between was studied experimentally at the Tevatron, see e.g. [?]. Over the last ten years
the theoretical and experimental studies were focused on the photo/electro production o!
a proton. Studies of these processes at HERA resulted in the measurements of the rele-
vant cross sections [?, ?, ?, ?, ?] in a region of the photon-proton center of mass energies
20 GeV " W!p " 200 GeV .

The HERA data agree well with many (though not all) predictions of the QCD motivated
models (several of which use the LO BFKL approximation[?]), see for example [?] and
references therein.

Clearly it would be beneficial to extend such study to higher W!p and over a larger
range of the rapidity gap intervals to investigate how energy dependence of the small dipole
- parton scattering changes with t. Recently we demonstrated [?] that this will be possible
using quasireal photons in the ultraperipheral collisions (UPC) of protons with nuclei at
LHC.

Here we perform a more detailed analysis focusing on study of ! meson photoproduction:

" + p(A)! ! + rapidity gap + X, (1)

at large t and with a rapidity gap between !-meson and produced hadronic system X in
the proton-nucleus and nucleus-nucleus UPC at LHC. We consider the kinematics where the
rapidity gap interval is su"ciently large (# 4) to suppress contribution of the fragmentation
processes. Related physics can be investigated in the di!ractive production of charm or two
jets separated by large rapidity gap from the nucleon fragmentation region. For example,
studies of the A-dependence of production of two jets in the processes like " + A ! (jet +
M1)+ rapidity gap+(jet+M2) will allow to check presence of the color transparency e!ects
in the gap survival in hard photon induced processes [?].

The CMS and ATLAS detectors are well suited for observing such processes since they
cover large rapidity intervals.

The main variables determining the dynamics of the process are the mass MX of system
produced due to the dissociation of proton target, the square of the transfered momentum
$t % Q2 = $(p! $ pV )2, and the invariant energy of the qq̄- parton elastic scattering

s! = xW 2
!p, (2)

where

x =
$t

($t + M2
X $m2

N)
, (3)

2

⎫
⎭⎬̃x =

q2

(M2
X + q2)

~

best way to measure of the strength of inelastic interactions of 
small dipole in the processes initiated by elastic small dipole  - 
parton scattering at [s’]1/2=20 GeV -  100  GeV   in pA at LHC

Fast track to observing the black disk regime of interaction with strong 
gluon fields



⎫
⎭
⎬ s! = x̃W 2

!N

γ + A →ρ(J/ψ) + gap + X

FS & Zhalov 06 & 08

Ultra Peripheral Collisions [LHC ] 

xg ab
so
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tiv

e 
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ct
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n

Experimental advantages  as compared to coherent J/ψ 

No ambiguity which nucleus emitted photon - can push to higher energies✺

✺ Easier to trigger
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Consider where parton densities are linear in A

Large t selects trigger selects scattering at central impact parameters 
if there is no absorption. 

x̃ > xshad ! 0.01

Process involves propagation through nuclear media of          
dipole of size  cc̄

d2(q2)/d2(0) ! (1 + q2/4m2
c)
!1

where d0 = .25fm, mc = 1.5 GeV
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P gap
A ! Aeff/A =

!
d2b T (!b)

"""1" !(!b)
"""
2
/A.

 Probability not to interact inelastically is expressed through profile 
function Γ(b)  as  |1- Γ(b)|2

Hence

Estimate of  Γ(b) 

!dip!T (x, d) =
"2

3
F 2d2#s($/d2)xGT (x, $/d2)

In pQCD in the LT

where F2= 3 (4/3) is the Casimir operator 
for the  two-gluon qq dipole, and λ ~ 4 ÷ 9.-

27/10/ 05 40

hard

regime

soft

regime

matching

region

Υ
J/ψ
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8

Pb with  LT nuclear shadowing -
geometrically maximal possible 
shadowing for very large A 

In the limit of  x> 10-3, and sufficiently large Q, GA(x,b) unambiguously 
calculable through diffractive pdfs (MS & Frankfurt 89)
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Several analyses of HERA data using dipole model and information on gluon 
GPDs to determine how close is HERA to the regime of maximal strength 
of interaction - black disk regime (BDR) - with similar conclusions  

13 Oct 2005 18:17 AR AR257-NS55-10.tex XMLPublishSM(2004/02/24) P1: KUV

SMALL-x PHYSICS 437

Figure 13 The profile function of dipole-nucleon scattering, !dp, as a function of the
impact parameter, b, for various values of the dipole size, d, and x, as obtained from a
phenomenological estimate (see text). Shown are the results for qq̄ (left scale) and gg
dipoles (right scale), !gg = (9/4)!qq̄ .

!dp(s, b) = 1 corresponds to complete absorption at a given impact parameter,
the so-called black-disk limit (BDL).4

The proximity of !dp(s, b) to unity is an important measure of the strength
of the interaction of the dipole with the proton. As outlined in Section 2.2, the
analysis of " !N scattering in the target rest frame allows one to determine with
reasonable accuracy (LO approximation) the total cross section for the scattering
of a qq̄ dipole from the proton. Combining this with information on the transverse
spatial distribution of gluons in the nucleon, obtained from measurements of the t-
dependence of exclusive J/# photoproduction and other hard exclusive processes
(Section 4.4), we can calculate the profile function for dipole-nucleon scattering
(73). A sample of the results of Reference (100) is presented in Figure 13. Here,
x = Q2/s, where Q2 = $/d2 " 9/d2 is the characteristic virtuality corresponding
to the dipole size. One sees that up to the top of the HERA energy range, x # 10$4,
the profile function for a qq̄ dipole remains small for dipole sizes d % 0.3 fm,
corresponding to Q2 & 4 GeV2, the value usually used as a starting point for
DGLAP evolution (101). Even for larger dipole sizes, d # 0.5 fm, the fraction of
the cross section due to scattering with Re! & 0.5 remains small. This shows that
the BDL is not reached in inclusive DIS at HERA energies, in agreement with
what we observed in Section 3.1 and 3.2. However, the DGLAP evolution starting
from a qq̄ dipole generates gg dipoles, whose interaction at leading twist is larger
by a factor of 9/4 (see Equation 8) and thus approaches the BDL much earlier. The

4In non-relativistic quantum mechanics, the scattering of a particle from a completely
absorptive sphere is referred to as the “black-body limit.” In contrast, the high-energy limit
of scattering amplitudes in QCD is essentially two dimensional, with the radius of interaction
increasing with energy. It is thus natural to refer to the limit of complete absorption as the
“black-disk limit.”
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Q2 ≈ 4 GeV2 Q2 ≈ 1 GeV2Q2 ≈ 40 GeV2

BDR

 Kowalski, Motyka, Watt,

HERA just touched BDR regime for quarks at Q2 ~ 1 GeV2  and for gluons for 
 Q2 ~ 4 GeV2  (consistent with large  probability of gluon induced diffraction at HERA). If 
GA(b) ~ GN(0)  - expect large suppression for x < 10-3 ÷ 10-4 

Munier, Stasto, Mueller
Rogers et al 
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Model I Eikonal - higher twist model

!(!b) = 1! exp(!"dip!NT (!b)/2)

suppression factor P gap
A =

!
d2bT (!b) exp(!"dip!NT (!b)

Model II Leading twist model

1!
!!!1! !(!b)

!!!
2

= "dip!NgA(x, Q2,!b)/gN (x, Q2)
where gA(x,Q2,b) is the gluon density of the nucleus in the impact parameter space 
 - ∫ gA(x,Q2,b) d2b= gA(x,Q2)
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M2
X < 100q2GeV 2

A-dependence is expected to be 
strong.  If proper subtraction of 
surface is done one can look for 
onset of black regime where PAgap 
∝A-2/3

Note- our analysis of suppression of leading π0 in DAu at RHIC - partons 
loose fraction of energy due proximity of black disk regime.

Similar effective size of dipole, xeff ~ few 10-4 - suppression by a factor of 3

➠ The models I & II likely underestimate the effect
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Progress in the studies of the transverse structure of nucleon at HERA 
combination with MPI leads to  unambigous conclusion of presence of 
transverse correlations between partons.

Conclusions

Use of nuclei in MPI allows to separate longitudinal and transverse 
correlations;  promising direction for near future- MPI in UPC at LHC - photon 
- lead collisions; can be done at RHIC if acceptance of detectors is increased.

UPC will also allow a sensitive test of the finite fractional energy losses in 
proximity of black regime

The fastest way to establish how black are interactions of small dipoles - 
rapidity gap events with large t in UPC heavy ion collisions 
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