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Many aspects of strong interactions require a treatment of Q CD in the
low energy regime, where the coupling constant is large and p erturba-
tion theory fails.

• Color Confinement: why are color degrees of freedom, quarks and gluons, not

visible in Nature and instead confined into hadrons?

• Chiral Symmetry Breaking ( χSB): why the ground state of QCD breaks part

of the flavor symmetry group spontaneously?

• Is confinement (and χSB) a permanent state of matter? Do new phases emerge

in unusual conditions (temperature, density, ...) reprodu ced somewhere-when in

the Universe? (Cabibbo, Parisi, 1975)

• Can we predict the nature of the different possible phases an d of the transitions

among them? QCD Phase Diagram



In absence of a systematic, quantitatively reliable analyt ic approaches
to non-perturbative QCD, a numerical treatment is the best p resent
first-principle approach

The starting point is the path-integral approach to Quantum Mechan-

ics and Quantum Field Theory, opened by R. Feynman in 1948.

〈0|O|0〉 ⇒
∫

Dϕe−S[ϕ]O[ϕ]

The QCD path integral is discretized on a finite space-time la ttice

=⇒ finite number of integration variables

The path-integral is then computed by Monte-Carlo algorith ms

which samples field configurations ϕ(~x, t) proportionally to e−S[ϕ]

∫

Dϕe−S[ϕ]O[ϕ] ≃ Ō =
1

M

M
∑

i=1

O[ϕi]



(n’)U (n)µ
n n+µ ψ

In lattice QCD, elementary variables are
3 × 3 unitary complex matrixes living on
lattice links (link variables)

Uµ(n) ≃ P exp

(

ig

∫ n+µ

n

Aµdxµ

)

Fermion fields live on lattice sites

The thermal QCD partition function is rewritten in terms of a n Euclidean path integral

Z(V, T ) = Tr
(

e−
HQCD

T

)

⇒
∫

DUDψDψ̄e−(SG[U ]+ψ̄M [U ]ψ) =

∫

DUe−SG[U ] detM [U ]

As long as DUe−SG detM [U ] is positive, it can be interpreted as a probability dis-

tribution DUP [U ] over gauge link configurations.
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T T =

1

τ
=

1

Nta(β,m)

τ is the extension of the compactified time

Sample averages give access to equilibrium properties: ene rgy density, specific heat,

particle number susceptibilities and other quantities nee ded to locate the transition,

study its order, study the properties of different phases (e .g. equation of state)

Uncertainties

• statistical: finite sample, error ∼ 1/
√

sample size.

• systematic: finite box size L, finite lattice spacing a, unphysical quark masses.

Given enough computer power, uncertainties can be kept unde r control. Results from

different groups, adopting different discretizations, co nverge to consistent results.

Projects employing L ≫ 1 fm, a well below 0.1 fm and physical quark masses, re-

quire more than 100 Teraflop*year (almost 1022 floating point operations)



Finite T transition

The liberation of color degrees of freedom is clearly visibl e in thermodynamical quan-

tities and coincides with chiral symmetry restoration.

energy density u/d and s number fluctuations chiral condensate
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Temperature and nature of the transition (from the chiral condensate)

S. Borsanyi et al. JHEP 1009, 073 (2010) Tc = 155(6) MeV (stout link stag. discretization, amin ≃ 0.08 fm)

A. Bazavov et al., PRD 85, 054503 (2012) Tc = 154(9) MeV (HISQ/tree stag. discretization, amin ≃ 0.1 fm)

The physical point is consistent with a crossover (no discon tinuity) (Aoki et al., Nature 443, 675 (2006)) :

either the transition is extremely weak (hence not phenomen ologically relevant) or absent



In numerical simulations the quark mass spectrum can be chan ged at will

It makes sense to study the nature of the transition as a funct ion of u/d and s quark
masses
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A true, first order transition is present

for very light or very heavy quark masses

Unsettled issues in the chiral limit of Nf = 2: 2nd order or first order?

(Bonati, Cossu, M.D., Di Giacomo, Pica, ’05, ’07, in progres s; Bonati, M.D., de Forcrand, Philipsen,

Sanfilippo, ’11, in progress)



Experimental input? Heavy Ion Collisions (SPS, RHIC, LHC, . .. FAIR)

QGP fireball? revealed by detectors
Final Hadron Gas

• Only final products directly accessible, particle multipli cities and ratios are well

described by thermal distribution reached at chemical free ze-out

like for Cosmic Microwave Background after Big Bang

Depending on the c.m. energy, different values of

T and µB reached at freeze-out:

µB ∼ O(100) MeV at SPS, FAIR; µB ∼ O(10)

MeV at RHIC; µB ∼ O(1) MeV at LHC; µB/T ∼
10−9 at the cosmological transition
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The QCD phase diagram: not just temperature ...

(quark masses, background fields, ...)
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What we would like to know:

– Location and nature of deconfinement/chiral symmetry rest oration as a function

of other external parameters ( µB , external fields, ...)

– If crossover at µB = 0 and first order at large µB : QCD critical endpoint
Is it there? Where? (would have clear experimental signatures)

– Location and properties of other exotic phases



Problems in lattice QCD at µB 6= 0

Z(µB , T ) = Tr
(

e−
HQCD−µBNB

T

)

=

∫

DUe−SG[U ] detM [U, µB]

detM [µB] complex =⇒ Monte Carlo simulations are not feasibile.

This is usually known as the sign problem .

We can then rely on a few approximate methods, viable only for small µB/T , like

– Taylor expansion of physical quantities around µ = 0

Bielefeld-Swansea collaboration 2002; R. Gavai, S. Gupta 2 003

– Reweighting (complex phase moved from the measure to observables)

Barbour et al. 1998; Z. Fodor and S, Katz, 2002

– Simulations at imaginary chemical potentials (plus analytic continuation)

Alford, Kapustin, Wilczek, 1999; de Forcrand, Philipsen, 2 002; M.D’E., Lombardo 2003.



An example: the critical line Tc(µB)

Comparison of various methods to extract

Tc(µB)/Tc(0) as a function of µB (4 stag. flavors)

P. Cea, L. Cosmai, M. D’E., A. Papa, PRD 81, 094502 (2010).

Various different methods agree for the curvature

∂T/∂µ2 of the critical line at µ2 = 0.

In more physical cases we obtain for the curvature Tc(µq)/Tc(0) = 1 − A
(

µq

T

)2

– A = 0.051(4) (Nf = 2, mπ ∼ 280 MeV, analytic cont., de Forcrand, Philipsen, hep-lat/0205016 )

– A = 0.052(2) (as above, mπ ∼ 400 MeV Cea, Cosmai, D’E., Papa, Sanfilippo, arXiv:1202.5700 )

– A = 0.059(2)(4) (Nf = 2+1, chiral+continuum limit, Taylor, O. Kaczmarek et al. arXiv:1011.3130 )

– A = 0.07-0.09 (Nf = 2 + 1, physical point, Taylor, G. Endrodi et al. arXiv:1102.1356 )

Systematics get out of control at larger µB , with large uncertainties regarding the

location and the very existence of a possible QCD critical en dpoint.



Freeze-out curves and the critical line from lattice QCD
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– The freeze out curve seems to be systematically below the tr ansition line deter-

mined by lattice QCD: A ∼ 0.2 from freeze-out, A ∼ 0.05 from lattice (left)

– No apriori reason for the two lines to coincide: hadrons int eract even after the

parton →hadron transition. However, the gap leaves space for specul ations

about new possible phases, like the ”Quarkyonic Phase” (McLerran, Pisarsky, 2007)

– Latest News: a recent reanalysis (right) , taking into account baryon-antibaryon

annihilation after freeze-out, seems to bring the freeze-o ut curve on top of lat-

tice data! (F. Becattini et al, arXiv:1212.2431)



Strong interactions in strong magnetic fields

- in non-central heavy ion collisions, largest mag-

netic fields ever created ( B up to 1015 Tesla at LHC)

- possible strong fields in the early Universe, at the

time of the QCD transition ( B up to 1016 Tesla)

– Possible interplay between ~B and CP-violating solutions of Yang-Mills theory

(instantons) , may be revealable experimentally by anomalous electric ch arge

fluctuations with respect to the reaction plane: CHIRAL MAGNETIC EFFECT

(A. Vilenkin, 1980, D. E. Kharzeev, L. D. McLerran and H. J. Wa rringa, K. Fukushima, 2008)

– Recent lattice simulations have shown that strong magneti c fields can have

significant effects on the location and on the nature of the ph ase transition

M. D., S. Mukherjee, F. Sanfilippo, PRD 82, 051501 (2010); G. S . Bali et al, JHEP 1202, 044 (2012).

- Tc decreases as a function of B

- the strength of the transition increases as a function of B



CONCLUSIONS AND ADDENDA

– Present computational resources permit to obtain consiste nt predictions about

the phase diagram of strong interactions, based on the first p rinciples of QCD

– Some cases exist where we still do not have full control syst ematic errors, like

QCD at large baryon density or the computation of transport c oefficients, and

where major progress could be achieved by future breakthrou ghs.

– There are fundamental questions needing more theoretical e fforts: which mech-

anism drives confinement/deconfinement and what its relatio n to χSB?

The general idea is that the mechanism is linked to topologic al objects of dual

nature (monopoles, instantons, vortices, ...) and their co ndensation. Lattice

simulations are providing some evidence about that.

(see, e.g., J. Greensite, hep-lat/0301023; C. Bonati, G. Co ssu, M.D., A. Di Giacomo, arXiv:1111.1541; A. D’Alessandro ,

M.D., E. Shuryak, arXiv:1002.4161)



Computational resources: which, when and where

Lattice QCD simulations are ideally suited for paralleliza tion and have been a ma-

jor stimulus for the development of High Performance Comput ing resources.

An example is the series of APE machines ”made in INFN”

first APE project, 1988, 250 Mflops APEnext, 2006, 10 Tflops

Many supercomputer facilities are today at the Petaflop ( 1015 flops) scale, opening

the way to precision lattice computations of strong interac tion physics.



Major computational resources for Lattice QCD in Italy toda y

- A share on the 2 Petaflop BlueGene/Q machine at CINECA:

- GPUs: provide O(1) Teraflop cheap power on a Graphic Card

- Dedicated GPU clusters at INFN-PISA, INFN-ROME (QUONG),

INFN-GENOVA

- CNS4-cluster at INFN-PISA

- EURORA machine at CINECA (to be installed)

- FUTURE?: Progetto Premiale INFN ”SUMA”


