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Reminder:	
  MulCSAS	
  is	
  a	
  mulC-­‐stage	
  seismic	
  isolaCon	
  
system	
  for	
  aVirgo	
  in-­‐vacuum	
  opCcal	
  benches	
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Mul$SAS	
  Requirements	
  
M.	
  Mantovani,	
  VIR-­‐0101A-­‐12	
  

δx	

 2·∙10-­‐12	
  m/√Hz	
  @	
  10	
  Hz	
  

δθ	

 3.3·∙10-­‐15	
  rad/√Hz	
  @	
  10	
  Hz	
  

xrms	

 24·∙10-­‐6	
  m	
  

θrms	

 0.033·∙10-­‐6	
  rad	
  



The	
  “opCmal”	
  control	
  problem	
  

•  Minimize	
  moCon	
  of	
  the	
  bench	
  	
  	
  
•  by	
  applying	
  a	
  force	
  at	
  the	
  top	
  stage	
  

only	
  
•  given	
  (displacement)	
  sensor	
  on	
  top	
  

stage	
  	
  
•  and	
  (inerCal)	
  sensor	
  on	
  bench	
  

•  MulCSAS	
  dynamics	
  governs	
  
relaConship	
  between	
  the	
  inputs	
  

•  Some	
  states	
  not	
  measured	
  directly	
  
•  Measurement	
  noise	
  

•  Lets	
  first	
  consider	
  a	
  simpler	
  (1D)	
  
example	
  
•  How	
  can	
  we	
  make	
  an	
  “opCmal”	
  

predicCon	
  given	
  the	
  past	
  
measurements	
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Wiener filtering
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!"#$%&"'()*+,--$."'()*/&%0"1$"-'
Terminology for three different ways to cast the Wiener filter problem

!"#$%&"'( +,--$."'( /&%0"1$"-'
Given: ![0], ![1], …, !["] Given: ![0], ![1], …, ![#-1] Given: ![0], ![1], …, ![#-1] 

Find: ]1[ˆ,],1[ˆ],0[ˆ !#$$$ ! 0,][ˆ "# %%#!Find: ][ˆ "$ Find:

233! 22!2
1ˆ !$

!["]

]0[$̂

2
1 "

]1[$̂

]2[$̂

]3[$̂

3

!["]

2
1

!["]

]5[!̂

2
1 4 5

Note!!

" "3 3

]0[$̂ ]1[$̂ ]2[$̂ ]3[$̂

All three solved using General LMMSE Est.
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http://www.ws.binghamton.edu/fowler/fowler%20personal%20page/EE522_files/EECE%20522%20Notes_28%20Ch_12B.pdf 
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Wiener	
  vs	
  Kalman	
  filtering	
  

•  Least	
  squares	
  
•  Minimizes	
  the	
  sum	
  of	
  squares	
  of	
  the	
  errors	
  
•  Has	
  no	
  “knowledge”	
  of	
  the	
  system	
  	
  

•  Wiener	
  filter	
  
•  x[n]	
  =	
  s[n]	
  +	
  w[n]	
  -­‐>	
  “esCmate	
  s[n]	
  so	
  as	
  to	
  minimize	
  the	
  error”	
  
•  StaConary	
  processes	
  –	
  The	
  staCsCcal	
  properCes	
  of	
  the	
  inputs	
  don’t	
  change	
  in	
  t	
  
•  Causal,	
  length	
  grows,	
  (generally)	
  non-­‐recursive	
  
•  For	
  discrete	
  samples	
  reduces	
  to	
  least	
  squares	
  soluCon	
  

•  Kalman	
  filter	
  
•  GeneralizaCon	
  for	
  Wiener	
  filter	
  to	
  non-­‐staConary	
  processes	
  –	
  The	
  signal	
  is	
  

characterized	
  by	
  a	
  dynamical	
  model	
  	
  
•  Recursive	
  –	
  don’t	
  need	
  to	
  re-­‐evaluate	
  all	
  data	
  at	
  each	
  step	
  
•  Uses	
  prior	
  knowledge	
  of	
  the	
  system	
  

§  Requires	
  a	
  dynamic	
  (state	
  space)	
  model	
  

4	
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Kalman	
  filter	
  –	
  conceptual	
  descripCon	
  
Boat	
  in	
  1-­‐D	
  space	
  

•  Lost	
  in	
  1-­‐D	
  space	
  
•  PosiCon	
  y(t)	
  
•  Assume	
  Gaussian	
  distributed	
  measurements	
  

5	
  

y(t)	
  



Kalman	
  filter	
  –	
  conceptual	
  descripCon	
  
Boat	
  in	
  1-­‐D	
  space	
  

•  Sextant	
  measurement	
  at	
  t1:	
  Mean	
  =	
  z1	
  and	
  Variance	
  =	
  σz1	
  

•  OpCmal	
  esCmate	
  of	
  posiCon	
  is:	
  ŷ(t1)	
  =	
  z1	
  
•  Variance	
  of	
  error	
  in	
  esCmate:	
  σ2

x
	
  (t1)	
  =	
  σ2

z1	
  

•  Boat	
  in	
  same	
  posiCon	
  at	
  Cme	
  t2	
  -­‐	
  Predicted	
  posiCon	
  is	
  z1	
  

6	
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0.05

0.1
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Kalman	
  filter	
  –	
  conceptual	
  descripCon	
  
Boat	
  in	
  1-­‐D	
  space	
  

•  So	
  we	
  have	
  the	
  predicCon	
  ŷ-­‐(t2)	
  
•  GPS	
  measurement	
  at	
  t2:	
  Mean	
  =	
  z2	
  and	
  Variance	
  =	
  σz2	
  

•  Need	
  to	
  correct	
  the	
  predicCon	
  due	
  to	
  measurement	
  to	
  get	
  ŷ(t2)	
  
•  Closer	
  to	
  more	
  trusted	
  measurement	
  –	
  linear	
  interpolaCon?	
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0.05

0.1

0.15

0.2

0.25

0.3

Position, y [m]

Predicted	
  pos.	
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  at	
  t2	
  



Kalman	
  filter	
  –	
  conceptual	
  descripCon	
  
Boat	
  in	
  1-­‐D	
  space	
  

•  Corrected	
  mean	
  is	
  the	
  new	
  opCmal	
  esCmate	
  of	
  posiCon	
  
•  New	
  variance	
  is	
  smaller	
  than	
  either	
  of	
  the	
  previous	
  two	
  variances	
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Kalman	
  filter	
  –	
  conceptual	
  descripCon	
  
Boat	
  in	
  1-­‐D	
  space	
  

•  Now	
  we	
  add	
  a	
  physical	
  model	
  
•  The	
  boat	
  moves	
  with	
  velocity	
  v	
  =	
  dy/dt	
  

9	
  

v	
  



Kalman	
  filter	
  –	
  conceptual	
  descripCon	
  
Boat	
  in	
  1-­‐D	
  space	
  

•  At	
  Cme	
  t3,	
  boat	
  moves	
  with	
  velocity	
  v	
  =	
  dy/dt	
  
•  Naïve	
  approach:	
  Shis	
  probability	
  to	
  the	
  right	
  to	
  predict	
  new	
  posiCon	
  
•  This	
  would	
  work	
  if	
  we	
  knew	
  the	
  velocity	
  exactly	
  (perfect	
  model)	
  
•  Beter	
  to	
  assume	
  imperfect	
  model	
  by	
  adding	
  Gaussian	
  noise	
  

10	
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  ŷ-­‐(t3)	
  
corrected	
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Naïve	
  predicCon	
  of	
  ŷ-­‐	
  (t3)	
  

ŷ	
  (t2)	
  	
  



Kalman	
  filter	
  –	
  conceptual	
  descripCon	
  
Boat	
  in	
  1-­‐D	
  space	
  

•  Now	
  we	
  take	
  a	
  measurement	
  at	
  t3	
  
•  Need	
  to	
  once	
  again	
  correct	
  the	
  predicCon	
  
•  Corrected	
  mean	
  is	
  the	
  new	
  opCmal	
  esCmate	
  of	
  posiCon	
  
•  New	
  variance	
  is	
  smaller	
  than	
  either	
  of	
  the	
  previous	
  two	
  variances	
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Kalman	
  filter	
  –	
  conceptual	
  descripCon	
  
Lessons	
  learnt	
  

PredicCon	
  
Make	
  a	
  predicCon	
  based	
  on	
  previous	
  data	
  and	
  model	
  

	
  
Measurement	
  

Take	
  a	
  measurement	
  
	
  

CorrecCon	
  
Use	
  measurement	
  to	
  correct	
  predicCon	
  by	
  ‘blending’	
  predicCon	
  and	
  residual	
  
OpCmal	
  esCmate	
  =	
  PredicCon	
  +	
  (Kalman	
  gain)	
  *	
  (Measurement	
  -­‐	
  PredicCon)	
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Residual	
  

Low	
  measurement	
  variance	
  
(good	
  measurements)	
  
Kalman	
  gain	
  increases	
  

Rely	
  more	
  heavily	
  on	
  measurements	
  	
  

Low	
  process	
  variance	
  
(good	
  model)	
  

Kalman	
  gain	
  decreases	
  
Rely	
  more	
  heavily	
  on	
  predicCon	
  



MulCSAS	
  Control	
  

VIR–130A–13 MultiSAS TRR

criteria. The tests reported in this document were all performed out of the
vacuum. In the test setup, see Fig. 18, the optical bench was replaced by
an equivalent mass dummy payload consisting of two steel disks.

Figure 18: View of the MultiSAS prototype as assembled at Nikhef.

With the aim of measuring the overall transfer function of the MultiSAS,
including the response of the top stage (IP and Top Filter), actuators, with
both horizontal and vertical stroke capabilities, have been installed to sup-
port the base ring under each of the three inverted pendulum legs. Each
actuator (see Fig. 19) consists in a flexure guided carriage energized by a
piezoelectric stack for the horizontal motion; the carriage hosts a second
piezoelectric stack that provides actuation along the vertical axis. The large
overall vibration isolation ratios prevent a direct measurement of the TF
from the base ring all the way to the suspended mass. For this reason, sep-
arate measurements were done stage–by–stage, by also making use of the
MultiSAS built–in voice coils and of auxiliary coil–magnet actuators. The
measurements have been performed by using high sensitivity piezoelectric
accelerometers (Wilcoxon 731–207) as the sensors.

19

13	
  

Top !lter

Inverted 
pendulum

Base ring

Intermediate
!lter

Wire to bench

Wire

Geophone

 Horiz. voice coil
/ LVDT

Stepper motor and 
micro-spring !shing rods

Top IP "exure

Bottom
IP "exure

Top stage

Reference
frame

xz

y
y

Vertical
voice coil
/ LVDT



MulCSAS	
  verCcal	
  control	
  
Step	
  1:	
  Define	
  (state	
  space)	
  model	
  

y0

y1

y2

m1

m2

k2

k1

γ2

γ1ylvdt

Geophone

fy

1.  Define	
  model,	
  derive	
  equaCons	
  of	
  moCon,	
  create	
  
state	
  space	
  model	
  

2.  Generate	
  Kalman	
  observer	
  Kest	
  and	
  LQR	
  gain	
  matrix	
  
K	
  

3.  Combine	
  Kest	
  and	
  K	
  to	
  make	
  LQR	
  (MISO	
  regulator)	
  

5.4. System modeling

These can be rewritten into a state space representation given by




ẏ1
ẏ2
v̇1
v̇2





� �� �
ẋp

=





0 0 1 0
0 0 0 1

−(k1+k2)
m1

k2
m1

−(γ1+γ2)
m1

γ2
m1

k2
m2

−k2
m2

γ2
m2

−γ2
m2





� �� �
Ap





y1
y2
v1
v2





� �� �
xp

+





0
0
k1
m1

0





� �� �
Bp

uy +




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


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y2
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



� �� �
xp

. (5.15)

The dynamics of the MultiSAS vertical system (in control terms often referred to as
the plant) can now be described by the state space matrices [Ap, Bp, Cp, Dp = 0],
state vector xp = [y1 y2 v1 v2]T and input uy. Disturbances to the system from ground
motion are contained in Buud. The state space model also provides transfer function
predictions of input forces to output measurements; see Eq. (1.45). Measurements were
made for the MultiSAS vertical transfer by applying lowpass filtered white noise to the
vertical voice coil on the top filter. The filter corner frequency was set at 5 Hz. The
displacement y1 was recorded with the top filter LVDT and the velocity v2 with the
geophone on the payload. Note that the raw LVDT measurement is in fact y1 − y0,
here ylvdt refers to the sensor corrected LVDT signal. Sensor correction is discussed in
Section 5.6.1. It is assumed that the force displacement is much larger than the external
(seismic) displacement (uy � ud) such that the last term in Eq. (5.14) can be neglected.
The measurement and model results are shown in Fig. 5.12. The parameters used in the
model were chosen to best fit the measurements given the constraint that the known
total mass is 420 kg. They are given in Table 5.2.

Parameter Value Parameter Value

Mass [kg] m1 105 m2 315
Spring constant [N m−1] k1 1036 k2 1046
Damping coefficient [N s m−1] γ1 20 γ2 12

Table 5.2: Parameters for the vertical MultiSAS state space model.

There is agreement between the modeled and measured transfer functions. The noise
seen above 5 Hz is from the loss of correlation between the excitation noise and the
measured signals. At around 620 mHz a small glitch is visible. This is due to the cou-
pling of the dummy payload pitch and roll modes to the vertical motion of the top
keystone. One can also notice a difference between measurements and model in the low-
frequency damping properties. This is evident in the sharper modeled peaks and steeper
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5.6. Control system
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Figure 5.19: Schematic of the MultiSAS vertical state observer Kest. The MultiSAS
dynamics are described by the plant P . The shaping filters WL, Wg and Wd account for
the colored frequency response of the LVDT, geophone and disturbance noises respectively.
The feedback control signal is denoted by uy and the displacements measured by the LVDT
and geophone by ylvdt and ygeo respectively.

a resistor of the same resistance as the geophone coil. The resulting geophone noise can

be described by a second order shaping filter Wg represented by [Ag, Bg, Cg, Dg] with

states xg, zero mean flat input noise n2 and output wg. The measured and modeled

LVDT and geophone noises are plotted in Fig. 5.20.

The disturbance noise wd is a term that enters into the input of the plant u. In the

case of MultiSAS seismic motion of the top stage acts on the system by applying ad-

ditional forces to the intermediate mass. Neglecting other input disturbances such as

DAC noise or voice coil non-linearities we can model ud by the measured seismic noise

in the laboratory. The seismic noise will be modeled by a sixth order shaping filter Wd

with a corresponding state space representation given by [Ad, Bd, Cd, Dd] with states xd,

zero mean white input noise d and output ud. The disturbance noise shaping filter and

measured seismic noise are plotted in Fig. 5.20.

It is clear that, based on these noise properties, an ideal combination of the LVDT and

geophone data would require the blending of the two signal with a cross over frequency

around 0.3 Hz. Note that the geophone noise tapers down at low frequencies. This is

not a property of the geophone sensitivity but simply the effect of the highpass filters

used to eliminate large offsets as a result of dividing out the geophone sensitivity which

approaches zero as ω does. The disturbance noise shown in Fig. 5.20 is seen to be larger

than the best respective sensor.

The state space equations governing the dynamics of the MultiSAS vertical stages given

by Eq (5.14), can now be extended to include the shaping filters [140]. They are then
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  complete	
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  five	
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  started	
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