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Y7 — 77 and the 7¥ transition form factor

Introduction
e testing the Wess—Zumino—Witten chiral anomaly

Dispersion relations. . .
e ... for two pions: pion vector form factor
e ... forthree pions: yw — 7w, w/¢p — 3w

e linking hadronic decays to transition form factors: w/¢ — 7¥~*

Towards the =«° transition form factor
Summary / Outlook

work done in collaboration with M. Hoferichter, S. Leupold,
F. Niecknig, D. Sakkas, S. P. Schneider
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Testing the Wess—Zumino-Witten chiral anomaly

e controls low-energy processes of odd intrinsic parity

62

T A2
F.: pion decay constant — measured at 1.5% level PrimEx 2011

o 7V decay ¥ — yy: Flo
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Testing the Wess—Zumino-Witten chiral anomaly

e controls low-energy processes of odd intrinsic parity

62

T A2
F.: pion decay constant — measured at 1.5% level PrimEx 2011

o 7V decay ¥ — yy: Flo

e T — 7 at zero energy: F, = — (9.78 + 0.05) GeV°

e
A2 F3
how well can we test this low-energy theorem?
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Testing the Wess—Zumino-Witten chiral anomaly

e controls low-energy processes of odd intrinsic parity

62

T A2
F.: pion decay constant — measured at 1.5% level PrimEx 2011

o 7V decay ¥ — yy: Flo

e T — 7 at zero energy: F, = — (9.78 + 0.05) GeV°

e
A2 F3
how well can we test this low-energy theorem?

Primakoff reaction e > an e 7l
-
T T
-0
e - - e
Fs. = (10.7 £1.2) GeV? Fi=(9.6+1.1)GeV*
Serpukhov 1987, Ametller et al. 2001 Giller et al. 2005

— I35, tested only at 10% level
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Chiral anomaly: Primakoff measurement

e previous analyses based on
> data in threshold region only Serpukhov 1987
> chiral perturbation theory for extraction
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Chiral anomaly: Primakoff measurement

e previous analyses based on
> data in threshold region only Serpukhov 1987
> chiral perturbation theory for extraction

e Primakoff measurement
of whole spectrum
COMPASS, work in progress =~ ¢

COMPASS 2004

700 hadron data

counts

500

e Idea: use dispersion

relations to exploit all 400
data below 1 GeV for 300
anomaly extraction 200

100

e effect of p resonance
Included model-indepen- 6.
dently via =nm P-wave

phase shift figure courtesy of T. Nagel 2009
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Warm-up: pion form factor from dispersion relations

e just two particles in final state: form factor; from unitarity:

— _ J—

disc

L N

Z%,discF[(s) My (s)

— final-state theorem: phase of Fj(s) is just ;(s)

Fr(s) x 0(s—4 M2) x sin d;(s) e~ 101()

Watson 1954
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Warm-up: pion form factor from dispersion relations

e just two particles in final state: form factor; from unitarity:

— s, s N s

disc M =

1 . |
?dISCF[(S) = IMF;(s) = Fi(s)x0(s—4M?2)xsind;(s)e 1)
i

— final-state theorem: phase of F;(s) is just d;(s)  Watson 1954
e solution to this homogeneous integral equation known:

S

Fr(s) = Pr(s)Q(s), Qi(s) = eXp{_ /OO s’ S’Z’(i)s)}

v A M2

Pr(s) polynomial, ©2;(s) Omnes function Omnés 1958

e constrain polynomial using symmetries / chiral perturbation
theory (normalisation/derivatives at s = 0)
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Dispersion relations for 3 pions

e ~m — wm particularly simple system: odd partial waves
— P-wave interactions only (neglecting F- and higher)

e decay amplitude decomposed into single-variable functions

M(Sa t ’LL) — ieuuaﬁnup;—l-pi—pio F(Sa t ’LL)

F(s,t,u) = F(s)+ F(t) + F(u)

Unitarity relation for  F(s):
disc F(s) = 2i{ F(s) + F(s) } x 0(s —4M2) x sin 1 (s) e~ 101 (s)
P

right-hand cut  left-hand cut
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Dispersion relations for 3 pions

Unitarity relation for  F(s):
disc F(s) = 2i{ F(s) + F(s) } x 0(s —4M2) x sin 41 (s) e~ 191 ()
N =

right-hand cut  left-hand cut
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Dispersion relations for 3 pions

Unitarity relation for  F(s):
disc F(s) = 2’i{ F(s) } x (s — 4 M?) x sin 61 (s) e~ 101 (5)
N——

right-hand cut

e right-hand cut only — Omnes problem

F(s) = P(s)Q(s) , Q(s):exp{ifoo ds’ 5%(8’)}

I !
T Japz 8 8" —s

— amplitude given in terms of pion vector form factor

T Tt T
F(s,t,u) = wv.< + «/\/v.< + wv.<
0 a0 a0
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Dispersion relations for 3 pions

Unitarity relation for  F(s):
disc F(s) = 2i{ F(s) + F(s) } x 0(s —4M2) x sin 41 (s) e~ 101 (s)
N =

right-hand cut  left-hand cut

e inhomogeneities F(s): angular averages over the F(t), F(u)

O 2 2 % gy singl(s) F (s
Fio) =06 (1000 + Fos s T [ ST
Fl(s) = ;/_1 dz (1 — z2),7:(t(s,z))

F(s) = wv<+wv@+w‘</\ v
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Dispersion relations for 3 pions

Unitarity relation for  F(s):
disc F(s) = 2”&{ F(s)+ ﬁ(S) } x (s — 4 M?) x sin 67 (s) e~ 191(5)
\\,./ N——

right-hand cut  left-hand cut

e inhomogeneities F(s): angular averages over the F(t), F(u)

(1) (2) > ds’' sindq (s C (s
Fo) = { G- 0 + Grar T [ e

1

Fl(s) = §/ dz (1 — z2),7:(t(s,z))

e admits crossed-channel scattering between s-, t-, and u-channel
(left-hand cuts)
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Omnes solution for ~ymw — T

o5V
3

3777 S 7 1 )

CéQ) s2 [ ds siné%(s’)]:"(s’)}

F(s) = Q(s){ (1 —Q(0)s) +

e important observation: F(s) linear in C\"

F(s) = O3V FO(s) + O F@(s)
— basis functions F((s) calculated independently of C\”
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Omnes solution for ~ymw — T

F(s) = Q(S){C§1> (1 - 0(0)s) + 0(2)3+ _/OO ds’ sln51 s’)/ﬁ(S’)}

3 M2 S |(S — 8)
e important observation: F(s) linear in C\"

F(s) = O3V FD(s) + 05 FO(s)
— basis functions 7 (s) calculated independently of Céi)

35—

o repr_ese_ntation of cross | — Gy —amGey 3
section in terms of two [y [ Gm Gy
parameters ol
— fit to data, extract =7

SIETE
1 2 I
Fap = Oy = C5Y 4 5 M2 .
Al
— o oc (C)* also in p region /I B e v

Vs | GeV
Hoferichter, BK, Sakkas 2012
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Extension to decays: w/¢ — 37

e identical quantum numbers to yr — 7 BK@PhiPsi2011
e now: fix subtraction constant « to partial width(s) w/¢ — 3«
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Extension to decays: w/¢ — 37

e identical quantum numbers to vr — 7 BK@PhiPsi2011
e now: fix subtraction constant « to partial width(s) w/¢ — 3«
e angular averages:
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Extension to decays: w/¢ — 37

e identical quantum numbers to vr — 7 BK@PhiPsi2011
e now: fix subtraction constant « to partial width(s) w/¢ — 3«
e angular averages:

2 i (s)
TIm(t)
e complication:
analytic continuation in f—\
decay mass My required — l_ .
o My < 3M,: Re(t)
okay t_(3)
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Extension to decays: w/¢ — 37

e identical quantum numbers to vr — 7 BK@PhiPsi2011
e now: fix subtraction constant « to partial width(s) w/¢ — 3«
e angular averages:

. t4(s)
F(s) = §/t . dt (22) (1 — 2(t)*)F(t)

e complication:
analytic continuation in
decay mass My required
o My > 3M,:
path deformation required
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Extension to decays: w/¢ — 37

e identical quantum numbers to vr — 7 BK@PhiPsi2011
e now: fix subtraction constant « to partial width(s) w/¢ — 3«
e angular averages:

e complication:
analytic continuation in
decay mass My required

o My > 3M,;:
path deformation required
— generates 3-particle cuts
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Extension to decays: w/¢ — 37

e identical qguantum numbers to vy — @ BK@PhiPsi2011
e now: fix subtraction constant « to partial width(s) w/¢ — 3«
e angular averages:

t4(s)

Fl(s) = g/t(s) dt () (1—2(t)*)F(t)

e complication:
analytic continuation in
decay mass My required

o My > 3Mj:
path deformation required
— generates 3-particle cuts

o fits experimental data on ¢ — 3« Niecknig, BK, Schneider 2012
e experimental w — 37 Dalitz plots? KLOE, WASA@COSY, CLAS?
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Transition form factors  w(¢) — w€TL~

e dispersion relations link hadronic to radiative decays:

e w transition form factor related to

pion vector form factor x w — 37 decay amplitude

B. Kubis, vyt — 7r 7t and the ¥ transition form factor — p.9



Transition form factors  w(¢) — w€TL~

e dispersion relations link hadronic to radiative decays:

770_
oo 3( V(.1 /
_ S /qﬂ'(s )F7T (S )fl(s) .
furno(8) = funo(0) + 52 AME ds 37205 — 5) Kopp 1974

o fi(s)= fr 37 (s) = F(s) + F(s) P-wave projection of F(s,t,u)
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Transition form factors  w(¢) — w€TL~

e dispersion relations link hadronic to radiative decays:

7TO_
o0 3/ Vx( ! /
_ S /qﬂ'(s )F7T (S )fl(s) .
furno(8) = funo(0) + 52 AME ds 37205 — 5) Kopp 1974

o fi(s)= fr 37 (s) = F(s) + F(s) P-wave projection of F(s,t,u)

e sum rule for w — 7%y — saturated at 90-95%

1 > /qg(sl) Vs 1 / 2
fwwo(o) — FT‘_Q g2 ds g/3/2 o (S )fl(s) ) Fw—wov X |fV7r0(O)|

Schneider, BK, Niecknig 2012

e comparison to w — w0u T~ mysterious; experiments for
¢ — w244~ highly welcome see Sebastian Schneider's poster on Tuesday
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One step further: eTe™ — 3w, eTe™ — w'y

see Sebastian Schneider’s poster on Tuesday

e e 7V
W ~ -

Cal

et 7o

e decay amplitude for w/¢ — 3 M g < F

rmtofie [ 4 mACI)

s

a,, /4 adjusted to reproduce total width w/¢ — 3w
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One step further: eTe™ — 3w, eTe™ — w'y

see Sebastian Schneider’s poster on Tuesday

e //7TO
et m
e decay amplitude for eTe™ — 31 M to- x F(s) + F(t) + F(u)
> ds' sindi(s)F(s', ¢?)
fS,QQ = Qe eq293{1+£/ ; }
(50 = 0 (DU L | T

a.+.—(¢*) adjusted to reproduce spectrum ete™ — 3w
contains 3w resonances — parameterise
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One step further: eTe™ — 3w, eTe™ — w'y

see Sebastian Schneider’s poster on Tuesday

e //7TO
et ™
e decay amplitude for eTe™ — 31 M to- x F(s) + F(t) + F(u)
> ds' sindi(s)F(s', ¢?)
fS,QQ = Qe eq293{1+£/ ; }
(50 = 0 (DU L | T

a.+.—(¢*) adjusted to reproduce spectrum ete™ — 3w
contains 3w resonances — parameterise

o fittoete™ — 37 data —
prediction for isoscalar eTe™ — 7¥7:

Fren(%,0) = Fus(q?,0) + F, (0, ¢7)
— important for (¢ — 2),,
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Towards a dispersive analysis of eteT — 71'0')/

see Sebastian Schneider’s poster on Tuesday

ot
>/\/\/\/\‘ |~ VaVavl \
¢ 0 et v Y
) 7 GM |
NI ! /
e 0

-
e combine isoscalar and contribution to ee= — 7%

Fﬂ"Y*’Y(q27 O) — FUS(()? q2) +

1 00 3/ .7 N —=3m, 1 2
dS/QTF(S){ 1 (Saq ) + > }F;/*(S/)

12702 Japs2 Vs s’ s’ —q
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w0 — v*(qg%)v*(q?) transition form factor

70 = ete ete™
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w0 — v*(qg%)v*(q?) transition form factor

x FJ, x T'(ym — 7o)
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w0 — v*(qg%)v*(q?) transition form factor

x F§ x T(ym — 7m)

B. Kubis, y7t — 7v 7t and the 7c¥ transition form factor — p. 12



Summary / Outlook

Dispersion relations for ~n — nw
e based on unitarity, analyticity, crossing symmetry
e enable improved extraction of F3, from data up to 1 GeV

Vector meson decays w/¢ — 3w, w/¢p — wly*
e analytic-unitary description of ¢ — 37 Dalitz plot
e dispersion relations predict transition form factors therefrom

Towards «© transition form factors

e short-term: combine all input for eTe= — 79
Hoferichter, BK, Leupold, Niecknig, Schneider, in progress

e long-term: full description of doubly-virtual 7" transition form
factor, based on dispersion theory

— Interrelate as much experimental information as possible
to constrain hadron physics in (g — 2),,
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Spares
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Meson transition form factors and (g — 2),

Czerwinski et al., arXiv:1207.6556 [hep-ph]
e leading and next-to-leading hadronic effects in (¢ — 2),,:

‘o B

— hadronic light-by-light soon dominant uncertainty
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Meson transition form factors and (g — 2),

Czerwinski et al., arXiv:1207.6556 [hep-ph]

e leading and next-to-leading hadronic effects in (¢ — 2),,:

‘o B

— hadronic light-by-light soon dominant uncertainty

e Important contribution: pseudoscalar pole terms
singly / doubly virtual form factors

Fpo(g%,0) and Fpo (g7, ¢3)

™ n,
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Meson transition form factors and (g — 2),

Czerwinski et al., arXiv:1207.6556 [hep-ph]
e leading and next-to-leading hadronic effects in (¢ — 2),,:

‘o B

— hadronic light-by-light soon dominant uncertainty

e Important contribution: pseudoscalar pole terms
singly / doubly virtual form factors
Fpyy- (g%, 0) and Fpo-o+ (g7, 43)

e for specific virtualities: linked to
vector-meson conversion decays

™ n,

— e.g. Fo+ (g7, M?2) measurable in w — 7" ¢~ etc.
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Numerical results: w — 7TO[J,+[,L_

9
100} — 8 ]
i 4 NAG60 '09 ] :
[ 4 NA60'11 1 37 N
- ++ Lepton-G : éD 5 i
-- VMD L
— TerschlUsen et al. = 5 N
= fi(s) =af(s) =, i
== full dispersive N
+1 3 |
%
12 i
—
e

[N

e unable to account for steep
rise in data (from heavy-ion
collisions) NAG0 2009, 2011

e more "exclusive" data?!

e w — 37w Dalitz plot?
KLOE, WASA-at-COSY, CLAS?
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Numerical results: ¢ — w00 €~

100— - - - - - . . . T

VMD
fi(s) = a(s) |
once subtracted f(s)
twice subtracted f1(s)

10

| Fymo (5)]?

0 01 02 03 04 05 06 07 08
Vs [GeV]
e measurement would be extremely helpful: p in physical region!

e partial-wave amplitude backed up by experiment
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Transition form factor beyond the 7w threshold

100F .. Na60-09 } E
[~ NA60'11 ]
| —— Lepton-G : |
L CMD-2 5 I
. —— VMD :

—— Terschlusen et al. {
10 == fi(s) =aQ(s) E
: 3
1
| | . | | | | | | | I | 1
o902 04 06 08 1 12 14

Vs [GeV]
e full solution above naive VMD, but still too low

e higher intermediate states (47 / mw) more important?
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Fitto etTe~ — 37 data

e parametrisation in terms of dispersively reconstructed w + ¢
Breit—Wigner propagators — good analytic properties
Lomon, Pacetti 2012; Moussallam 2013

e “standard” Breit—Wigner function with energy-dependent width

B 2 — Cuw C¢

) = 3 LT, )+M2—q —iM,T 4 (?)
oC ds ImBW

B(¢®) = o + 5 +—/ ) — e (@)
M25 —q

~

e subtraction constant o = B(¢? = 0): fixed by v — 37
® c,, cy, B from fit to data
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Fitto etTe~ — 37 data

U(q2)6+6_ — 37 [nb]

10

10

=
Ol
Qo w
o1

— Fit
— SND '02 '03 data

0.6 0.7 0.8 0.9

1.1 1.2 1.3

preliminary
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Improved Breit—Wigner resonances

Lomon, Pacetti 2012; Moussallam 2013
e “standard” Breit—Wigner function with energy-dependent width

1
M2 — ¢% — iM,esT? (¢?)

res res

Mres ( q T 4M7%
vV q Mr2es o 4M7%
> Nno correct analytic continuation below threshold ¢* < 4M?2

> wrong phase behaviour for ¢ > 1:

L)
lim arg B'(¢®) = m — arctan —— lim arg B2 (¢%) =
q — 00 res q — 00

B(¢*) =

o (0?) = 0(a — 4M2) ) Tun(M2,)

res

(')

N X

e remedy: reconstruct via dispersion integral

- 1 (% Im B%(s")ds’
BK(QQ) — —/ m B(s')ds > lim arng(q2) =X
4

M2 s — q2 S— 00

B. Kubis, -yt — 7v 7T and the 70 transition form factor — p. 20



On the approximation for the 3-pion cut

Compare:

et er 8
v M
6— 7_(_0 e_ 77_0

— Isoscalar contribution looks simplistic; why not instead

er 8

W — contains amplitude 37 — ~7
- 0

v
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On the approximation for the 3-pion cut

Compare:

et er 8
v >mf<><
e 7_‘_0 e 77-0

— Isoscalar contribution looks simplistic; why not instead

et 8

s L — contains ampiude i 31
e 0

s

Our approximation:

et et

7 includes
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On the approximation for the 3-pion cut

Compare:

et er 8
v M
e 71_0 e ,77-0

— Isoscalar contribution looks simplistic; why not instead

er 8

W — contains amplitude 37 — ~7
- 0

v

Our approximation:

€+ €+
W@w 7 includes >/\/\/v€;l/\m v
€ ﬂ_o € 7_‘_0

— simplifies left-hand-cut structure in 37 — ~x to pion pole terms
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