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• 70% project BIOPHYS (G. Tiana): stochastic systems, protein
aggregation, molecular dynamics

• 30% project BELL (B. Vacchini): theory of quantum dissipative 
systems, non-Markovianity, decoherence
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Scientific presentation

Relativistic Langevin equation as a microscopic route to 

relativistic viscosity for QCD matter



Overview

• Intro: Brownian equation and Langevin equation

• Langevin equation in nuclear and high-energy physics

• Microscopic derivation of the relativistic Langevin equation from 
(relativistic) Caldeira-Leggett Lagrangian

• From the relativistic Langevin equation to the viscosity of relativistic 
fluids

• A microscopic theory of viscosity spanning from classical gas to QGP



Diffusion and Brownian motion: intro

Einstein’s picture: diffusion equation (derived from master equation for random walk):

Langevin’s picture: stochastic-dissipative version of Newton’s equation of motion:



Langevin equation: Fluctuation-dissipation theorem

for Brownian motion

frictional force (Stokes) random “kicks”

Statistics of the random force:

Average kinetic energy relaxes in the long-time limit to kT/m (thermalization)

Langevin equation:

balance between
strength of thermal kicks (B) and
frictional viscous dissipation (ζ ) 

R. Zwanzig
“Nonequilibrium Statistical Mechanics”
Oxford Uni Press, 2001



Tagged atom in a “sea” of other atoms:
particle-bath Hamiltonian (Caldeira-Leggett)

tagged particle bath (other particles) coupling

Define a continuous spectrum  γ of dynamic coupling constants:

This function describes the spectrum
of dynamic coupling strength between 
one molecule and the other molecules 
as a function of eigenfrequency

Zwanzig, J. Stat. Phys. 1973

Modern derivation: Particle-bath Hamiltonian (Zwanzig)



Equations of motion (Euler-Lagrange)
Generalized Langevin equation

Explicit expressions
in terms of degrees of 
freedom of the bath
oscillators

Heat bath initial conditions

Fluctuation-dissipation theorem

Modern derivation: Particle-bath Hamiltonian (Zwanzig)



Generalized Langevin equation (Zwanzig)

Recall the standard Langevin form:

from the particle-bath
derivation

R. Zwanzig
“Nonequilibrium Statistical Mechanics”
Oxford, 2001



Langevin equation 

in nuclear and high-energy physics



Nuclear fission dynamics

Concept of frictional Brownian-like dynamics in nuclear fission introduced by Weidenmüller (1980s) to improve
over “old” Bohr-Wheeler theory

Non-relativistic
non-Markovian with memory



High-T fusion-fission reactions

Theoretical description of fission time of Thorium-244 

Dynamics is overdamped! (Langevin is justified)

Nuclear friction parameter

From Dioszegi et al. PRC (2000)

Dioszegi et al. PRC (2000)



Langevin transport theory of heavy quarks

Non-relativistic Langevin equation for the momentum
of heavy quarks (expansion around infinite mass limit)

The thermal noise is expressed in terms of the correlator of the chromoelectric fields:

Kubo formula
(Kapusta & Gale) N. Brambilla et al., PRD 2020



QCD equation of state via the complex Langevin method

Wilson gauge action

quarks

Dirac operator

Wu-Parisi stochastic field quantization
(Wu & Parisi 1981)

white noise (Markovian!)



Relativistic Langevin equation:

A microscopic derivation



Relativistic particle-bath Lagrangian

compare with non-relativistic version (Zwanzig):

Euler-Lagrange

we decompose       into a component parallel to
              and one orthogonal to it:

Petrosyan & Zaccone, J. Phys. A (2022)

Caldeira & Leggett, Ann. Phys. (1983)



They resemble oscillator equations, but strongly nonlinear
due to the Lorentz factors !

Dealing with a bath of relativistic oscillators

(strongly anharmonic!)

Ansatz: we look for solutions that are “naturally” Lorentz-covariant, i.e. wave-like forms:

Compare with the (exact) non-relativistic form:

Petrosyan & Zaccone, J. Phys. A (2022)

Key idea: replace ωt with simplest Lorentz scalar of the type:



Now matching with the 
ansatz form, but with 
ξ=const

Numerical test of the relativistic oscillators dynamics

drifting of wave crests:
the phase correction ξ must be 
a function of space and time!

ξ = ξ(x,t)



Numerically-informed dynamics of the relativistic bath

The numerical solutions for the relativistic oscillators dynamics are fitted with the proposed analytical form
with 1) renormalized frequency and 2) space-time dependent drift-phase correction

Petrosyan & Zaccone, J. Phys. A (2022)
Zadra, Petrosyan, Zaccone, PRD (2023)

we have absorbed the dependence of ξ on the trajectory x(t) 
into the generic dependence of ξ on the trajectory parameter s 



Still one issue to deal with: potential renormalization

Whenever interaction of the bath with the tagged particle happens, a new degree of anharmonicity is 
introduced into each oscillator, and as such we have to take into account how the ith mode
trajectory is affected by the interaction. This effect is well known in quantum mechanics as level repulsion.

This is well known in the non-relativistic case where the potential renormalization reads as:

Caldeira & Leggett, Ann. Phys. (1983)
Gottwald, Ivanov, Kühn, J.Chem.Phys. (2016)
Petruccione & Vacchini, Phys. Rev. E (2005)

In the relativistic case we find:

it correctly recovers the 
non-relativistic limit upon taking
γ →1

Zadra, Petrosyan, Zaccone, PRD (2023)

(mass = 1)



Finally: the relativistic Langevin equation

in the lab frame

in manifestly covariant from

Petrosyan & Zaccone, J. Phys. A (2022)

Zadra, Petrosyan, Zaccone, PRD (2023)



The relativistic fluctuation-dissipation theorem

General form for the memory kernel:

Now replace the sum over bath oscillators with a continuous integral in the frequency domain

density of states (DOS) of bath oscillators



The relativistic fluctuation-dissipation theorem

Let us compare with what we had in the non-relativistic limit (Zwanzig):

assuming a quadratic DOS, and g(ω)=const (same strength
of interaction with all oscillators!) 

Hence, in the non-relativistic world, it’s always possible to choose interactions such that the noise is Markovian

(white noise, Wiener process), specifically and 

What about relativistic systems? 

So, in principle, it should be possible to reduce it to a Dirac delta, but….



But: g(ω)=const implies same strength of interaction with all oscillators irrespective of their position in space-time. 
This violates the principle of locality! 

The relativistic fluctuation-dissipation theorem

because

Non-markovianity of the relativistic fluctuation-dissipation relation as a result of relativistic locality principle.



After Fourier transformation and normal mode 

decomposition of the relativistic Langevin eq. …

density of states (DOS)

normal mode frequency (phonons)

shear oscillation frequency

Lorentz factor (single particle moves at relativistic speed)

Zaccone, Nucl. Phys. B (2024)

Zaccone & Scossa-Romano
PRB (2011)



Ultrarelativistic limit: QGP

Gabbana, Simeoni, Succi, Tripiccione
Phys. Rep. (2020)

Bernhard, Moreland, Bass
Nat. Phys. (2019)

Relativistic lattice Boltzmann simulations

Bayseian estimation from heavy-ion collision
data

approximately true in general



Ultrarelativistic limit: QGP

Density of states for an ultrarelativistic systems is also quadratic
Pathria & Bale
«Statistical Mechanics»

Zaccone, Nucl. Phys. B (2024)

includes degeneracy factor of 12 (3 colors, 2 spin states, matter-antimatter)



Summary and outlook

• The relativistic Langevin transport theory can be derived from a particle-bath 
Lagrangian

• The new theory applies to a relativistic tagged particle travelling in a 
relativistic medium

• The associated fluctuation-dissipation theorem is, generally, non-Markovian

• Previous theories of relativistic Langevin eq. are Markovian: they’re only 
applicable to a relativistic particle travelling in a non-relativistic medium

• The relativistic Langevin theory can be used to derive microscopic 
expressions of the shear viscosity across the entire energy spectrum

• In the non-relativistic limit (classical and quantum) we derived more general 
Langevin equations and fluctuation-dissipation relations for particle-bath 
systems where both the particle and the bath are externally driven in a time-
dependent way, leading to a new form of Johnson-Nyquist noise for AC 
systems



Backup slides



comparing numerical solutions of

with solutions of the non-relativistic form:

Frequency has to be renormalized! 
(standard with anharmonic oscillators, e.g. phonons in 
real solids)

Numerical test of the relativistic oscillators dynamics



Microscopic deformations in dense interacting matter 

under shear

0= if


i if = 
 

AFFINE: particle still on dashed line

NONAFFINE: particle no longer on dashed line
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Nonaffine free energy of deformation:

A. Zaccone, «Theory of Disordered Solids», Springer (2023)shear angle 



Nonaffine shear deformations in the «classical» world

Ԧ𝑓𝑖 = 0

small (infinitesimal) strain:

𝑚
𝑑2 Ԧ𝑥𝑖
𝑑𝑡2

+ 𝜈
𝑑 Ԧ𝑥𝑖
𝑑𝑡

+ 𝐻𝑖𝑗 Ԧ𝑥𝑗 = Ξ𝑖𝛾

Hessian matrix
(conservative interactions)

force triggering
nonaffine displacement

AFFINE

NONAFFINE

Idealized perfect crystal:

In the real world
(real solids, amorphous):

Ԧ𝑓𝑖 = Ξ𝑖𝛾 ≠ 0

𝛾

𝛾

𝛾
Classical eq. 
of motion



G’ = real part of G(ω)    DISSIPATIONLESS (ELASTIC)

G’’= imaginary part of G(ω)    DISSIPATIVE (VISCOUS)

σ(𝑡)

𝛾(𝑡)

𝜎 𝑡 , 𝛾(𝑡) 𝐺 𝜔

Shear deformations in the frequency domain 

(viscoelasticity)

viscous liquid (Newtonian)

relativistic viscous fluid
(Landau-Lifshitz)

viscosity



isotropic memory function

relativistic velocity transformation between the lab
frame and the co-moving frame of the shear deformation

Particle-level relativistic kinematics under shear deformation

local velocity of the deformed (sheared) frame

particle position in the undeformed lab frame

deformation gradient tensor

(we’re looking at low-shear rate viscosity)

interparticle interactions stochastic force (non-white)



after several standard manipulations (Zaccone, Nucl. Phys. B (2024))

Particle-level displacement under shear deformation

Hessian matrix (conservative interactions):

Force field in affine position due to conservative interactions:

NB: for oscillatory deformations the stochastic force averages to zero over several cycles

Cauchy-Green strain tensor



Taking the non-relativistic limit

Zaccone, PRE (2023)

agrees with 
non-relativistic theory

spring constant from potential of mean force for gasesDOS for longitudinal sound modes

correctly recovers the classical gas result
from kinetic theory of gases
(cfr. Born, Atomic Physics, 1969)



spectral density (cfr. Kapusta & Gale, Thermal Field Theory)

Brambilla, Leino et al., PRD 2020

Connection with QCD (heavy quarks)

Transverse momentum diffusivity
(basically it’s the viscosity!)

See also: 

Banerjee, Gavai, Datta, Majumdar

arXiv:2206.15471v2 (2022)

Emergent
non-Markovianity
of heavy-quarks transport?



Some recent results on driven open quantum systems

(non-relativistic)
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Equations of motion (Euler-Lagrange)

Generalized Langevin equation

Explicit expressions

Heat bath initial conditions

Fluctuation-dissipation theorem

External fields driving both
system and bath?

Caldeira-Legget with driven bath/environment (1)



Caldeira-Legget with driven bath/environment (2)

Cui & Zaccone, PRE 2018Physical example: charged particles in external
AC electric fields  

external driving

external driving



Generalized Langevin Equation (GLE)

stochastic thermal noiseAC field
frictional force

Caldeira-Legget with driven bath/environment (3)

time-correlation 
of the stochastic noise term

Modified fluctuation-dissipation relation

This is new! Time-autocorrelation of driving force

standard term
can be reduced to Dirac
delta

Cui & Zaccone, PRE 2018



Quantum Caldeira-Legget with driven bath/environment

«force-delay» kernel

Modified quantum fluctuation-dissipation
relation for time-driven particle-enviornment

Quantum Johnson-Nyquist noise for AC voltage

1st term: recovers Johnson noise in classical limit

2nd term: new! Describes lattice ions «responding» 
to the applied voltage (Ω ~ GHz – THz )



• Generalize the relativistic Langevin theory to quantum relativistic 
fields

• Role of relativistic fluctuation-dissipation theorem in dissipative 
relativistic fluid dynamics Neutrino oscillations

• Quantum decoherence within special relativity framework

• Combine relativistic Langevin theory with EFT-QCD and lattice-QCD 
(cf. N. Brambilla et al.)

• …

Questions for future work (help is welcome!)
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Heavy-quarks viscosity from lattice QCD

Brambilla, Leino, Petreczky, Vairo, PRD (2020)
Banerjee, Gavai, Datta, Majumdar
arXiv:2206.15471v2 (2022)

Transverse momentum diffusivity
(basically it’s the viscosity!)

spectral density (cfr. Kapusta & Gale, Thermal Field Theory)



Exact results for ideal gas from φ4 theory
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