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Introduction: main Neutron Stars (NS) properties

Recent observations

Cassiopeia: strong evidence for superfluidity
[Page, D. et al. Physical Review Letters 106.8 (2011)]

Nuclear matter:
wide range of ρ, yp, T

Inner crust structure:
lattice of nuclear clusters
ultrarelativistic electron gas
superfluid unbound neutrons

Superfluidity effects:

giant glitches
cooling process
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Clusters in the inner crust

NS cooling simulations ⇒ description of inhomogeneous crust

Self-consistent mean-field approaches:

Microscopic calculations (sometimes too computationally expensive!)
Phenomenological model (ex. Nuclear Statistical Equilibrium)

Wigner-Seitz (WS) approximation:
non-interacting and electrically neutral spherical cells

T = 0: min[EWS/VWS ] → one single nucleus (SNA)

Finite T: beyond SNA → statistical distribution of nuclei

NSE model: nucleons and nuclei in thermal and chemical equilibrium
[Ropke G., Bastian N. U., Blaschke D., Klahn T., Typel S., Wolter H.H., 2013, Nucl. Phys. A]

[Raduta A.R., Gulminelli F., 2010, Phys. Rev. C 82]
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The NSE model

Unbound nucleons (gas): non-relativistic density functional

Egas = 2
∑
q=n,p

∫ ∞
0

dp
h3

fq
p2

2m∗q
+ E pot

Sky (SLy4 Skyrme effective interaction)

Clusters partition function (Fisher’s hypothesis): Zcl =
∑

nA

∏
A>1

ω
nA
A

nA!

ωA,Z ∝ exp

[
−

1
TVWS

((EA,Z − TSA,Z )WS − µA− µ3(N − Z)

]
EA,Z = E vac

A,Z + 〈E∗A,Z 〉T + E coul
A,Z

E vac
A,Z : Liquid Drop Model parameters fitted on SLy4 - HF calculations

[P. Danielewicz and J. Lee, Nucl. Phys. A 818 (2009)]

Light clusters underbound by formula⇒ two parameterizations adopted:
LDM, using functional for each cluster
EXP + LDM, using experimental binding energies whenever available

No pairing ⇒ not adequate to describe heat capacity of the crust
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Inclusion of pairing on neutron gas
Specific heat of NS inner crust

Pairing model for superfluid unbound neutrons

Zero range pairing effective interaction

Vπ(ri , rj ) =
1
2

(1− Pσ)vπ(ρn)δ(rij )

BCS approx.: density/gap equations

ρn =
(2m∗n )3/2

4π2~3

∫ µ∗
n +εΛ

0
dε
√
ε

[
1−

ξ

E∆
tanh

(
E∆

2T

)]
1 = −vπ(ρn)

(2m∗n )3/2

8π2~3

∫ µ∗
n +εΛ

0
dε

√
ε

E∆
tanh

(
E∆

2T

)

E∆ =
√
ξ2 + ∆2, ξ = ε−µ∗n , µ∗n = µn−Un

T = 0 ⇒ strength vπ(ρn)

vπ(ρn) = V Λ
π

[
1− η

(
ρn

ρ0

)α]
Burrello S., Colonna M., Gulminelli F., Raduta A., Aymard F.Impact of pairing on properties of stellar matter



Thermodynamical properties of stellar matter
Extended NSE model

Inclusion of pairing on neutron gas
Specific heat of NS inner crust

Pairing model for superfluid unbound neutrons

Zero range pairing effective interaction

Vπ(ri , rj ) =
1
2

(1− Pσ)vπ(ρn)δ(rij )

BCS approx.: density/gap equations

ρn =
(2m∗n )3/2

4π2~3

∫ µ∗
n +εΛ

0
dε
√
ε

[
1−

ξ

E∆
tanh

(
E∆

2T

)]
1 = −vπ(ρn)

(2m∗n )3/2

8π2~3

∫ µ∗
n +εΛ

0
dε

√
ε

E∆
tanh

(
E∆

2T

)

E∆ =
√
ξ2 + ∆2, ξ = ε−µ∗n , µ∗n = µn−Un

T = 0 ⇒ strength vπ(ρn)

vπ(ρn) = V Λ
π

[
1− η

(
ρn

ρ0

)α]

1S0 pairing gap of neutron matter

0,01 0,02 0,03 0,04 0,05 0,06 0,07

Density ρ
q
 (fm

-3
)

0,5

1

1,5

2

2,5

3

E
n

er
g

y
 g

ap
 ∆

n
 (

ρ
n
) 

(M
e
V

)

L.G. Cao, U. Lombardo, P. Schuck, Phys. Rev. C74, 064301 (2006)

Burrello S., Colonna M., Gulminelli F., Raduta A., Aymard F.Impact of pairing on properties of stellar matter



Thermodynamical properties of stellar matter
Extended NSE model

Inclusion of pairing on neutron gas
Specific heat of NS inner crust

Pairing model for superfluid unbound neutrons

Zero range pairing effective interaction

Vπ(ri , rj ) =
1
2

(1− Pσ)vπ(ρn)δ(rij )

BCS approx.: density/gap equations

ρn =
(2m∗n )3/2

4π2~3

∫ µ∗
n +εΛ

0
dε
√
ε

[
1−

ξ

E∆
tanh

(
E∆

2T

)]
1 = −vπ(ρn)

(2m∗n )3/2

8π2~3

∫ µ∗
n +εΛ

0
dε

√
ε

E∆
tanh

(
E∆

2T

)

E∆ =
√
ξ2 + ∆2, ξ = ε−µ∗n , µ∗n = µn−Un

T = 0 ⇒ strength vπ(ρn)

vπ(ρn) = V Λ
π

[
1− η

(
ρn

ρ0

)α]

1S0 pairing gap of neutron matter

0,01 0,02 0,03 0,04 0,05 0,06 0,07

Density ρ
q
 (fm

-3
)

0,5

1

1,5

2

2,5

3

E
n

er
g

y
 g

ap
 ∆

n
 (

ρ
n
) 

(M
e
V

)

L.G. Cao, U. Lombardo, P. Schuck, Phys. Rev. C74, 064301 (2006)

Burrello S., Colonna M., Gulminelli F., Raduta A., Aymard F.Impact of pairing on properties of stellar matter



Thermodynamical properties of stellar matter
Extended NSE model

Inclusion of pairing on neutron gas
Specific heat of NS inner crust

Pairing model for superfluid unbound neutrons

Zero range pairing effective interaction

Vπ(ri , rj ) =
1
2

(1− Pσ)vπ(ρn)δ(rij )

BCS approx.: density/gap equations

ρn =
(2m∗n )3/2

4π2~3

∫ µ∗
n +εΛ

0
dε
√
ε

[
1−

ξ

E∆
tanh

(
E∆

2T

)]
1 = −vπ(ρn)

(2m∗n )3/2

8π2~3

∫ µ∗
n +εΛ

0
dε

√
ε

E∆
tanh

(
E∆

2T

)

E∆ =
√
ξ2 + ∆2, ξ = ε−µ∗n , µ∗n = µn−Un

T = 0 ⇒ strength vπ(ρn)

vπ(ρn) = V Λ
π

[
1− η

(
ρn

ρ0

)α]

1S0 pairing gap of neutron matter

0,01 0,02 0,03 0,04 0,05 0,06 0,07

Density ρ
q
 (fm

-3
)

0,5

1

1,5

2

2,5

3

E
n

er
g

y
 g

ap
 ∆

n
 (

ρ
n
) 

(M
e
V

)

L.G. Cao, U. Lombardo, P. Schuck, Phys. Rev. C74, 064301 (2006)

0,01 0,02 0,03 0,04 0,05 0,06 0,07

Density  ρ
q 

(fm
-3

)

-800

-700

-600

-500

-400

-300

-200

-100

0

v
π

 (ρ
q
) 

(M
e
V

 f
m

3
)

N. Chamel, Phys. Rev. C82, (2010)

Burrello S., Colonna M., Gulminelli F., Raduta A., Aymard F.Impact of pairing on properties of stellar matter



Thermodynamical properties of stellar matter
Extended NSE model

Inclusion of pairing on neutron gas
Specific heat of NS inner crust

Pairing model for superfluid unbound neutrons

Zero range pairing effective interaction

Vπ(ri , rj ) =
1
2

(1− Pσ)vπ(ρn)δ(rij )

BCS approx.: density/gap equations

ρn =
(2m∗n )3/2

4π2~3

∫ µ∗
n +εΛ

0
dε
√
ε

[
1−

ξ

E∆
tanh

(
E∆

2T

)]
1 = −vπ(ρn)

(2m∗n )3/2

8π2~3

∫ µ∗
n +εΛ

0
dε

√
ε

E∆
tanh

(
E∆

2T

)

E∆ =
√
ξ2 + ∆2, ξ = ε−µ∗n , µ∗n = µn−Un

T = 0 ⇒ strength vπ(ρn)

vπ(ρn) = V Λ
π

[
1− η

(
ρn

ρ0

)α]

T 6= 0⇒ ∆(T )

0,01 0,02 0,03 0,04 0,05 0,06 0,07

Density ρ
q
 (fm

-3
)

0,5

1

1,5

2

2,5

3

E
n

er
g

y
 g

ap
 ∆

n
 (

ρ
n
) 

(M
e
V

) 1.0

1.3

1.5

1.65

T = 0

0,01 0,02 0,03 0,04 0,05 0,06 0,07

Density  ρ
q 

(fm
-3

)

-800

-700

-600

-500

-400

-300

-200

-100

0

v
π

 (ρ
q
) 

(M
e
V

 f
m

3
)

N. Chamel, Phys. Rev. C82, (2010)

Burrello S., Colonna M., Gulminelli F., Raduta A., Aymard F.Impact of pairing on properties of stellar matter



Thermodynamical properties of stellar matter
Extended NSE model

Inclusion of pairing on neutron gas
Specific heat of NS inner crust

Pairing model for superfluid unbound neutrons

Zero range pairing effective interaction

Vπ(ri , rj ) =
1
2

(1− Pσ)vπ(ρn)δ(rij )

BCS approx.: density/gap equations

ρn =
(2m∗n )3/2

4π2~3

∫ µ∗
n +εΛ

0
dε
√
ε

[
1−

ξ

E∆
tanh

(
E∆

2T

)]
1 = −vπ(ρn)

(2m∗n )3/2

8π2~3

∫ µ∗
n +εΛ

0
dε

√
ε

E∆
tanh

(
E∆

2T

)

E∆ =
√
ξ2 + ∆2, ξ = ε−µ∗n , µ∗n = µn−Un

T = 0 ⇒ strength vπ(ρn)

vπ(ρn) = V Λ
π

[
1− η

(
ρn

ρ0

)α]

T 6= 0⇒ ∆(T )

0,01 0,02 0,03 0,04 0,05 0,06 0,07

Density ρ
q
 (fm

-3
)

0,5

1

1,5

2

2,5

3

E
n

er
g

y
 g

ap
 ∆

n
 (

ρ
n
) 

(M
e
V

) 1.0

1.3

1.5

1.65

T = 0

Superfluid T=Tc←−−→ normal (2nd order)

Variation on energy density
[Burrello S., Colonna M., Matera F., 2014, PRC 89]

Eπgas = 2
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Thermodynamical properties of stellar matter
Extended NSE model

Inclusion of pairing on neutron gas
Specific heat of NS inner crust

Self-consistent NSE model with pairing

Starting point: given thermodynamic condition (ρB , yp, T )
10 representative values for baryonic density: 10−5 ≤ ρB ≤ 10−1 fm−3

[Negele, J. W., Vautherin D. Nuclear Physics A (1973).]

Neutrinoless β-equilibrium: µn = µp + µe ⇒ fixed yp

Low temperature: 0.1 ≤ T ≤ 2 MeV

Aim of the work: analyze how wide distribution of nuclear species and
β-equilibrium affect superfluid properties of crust

Comparison with microscopic
FT-HFB calculations
[Fortin M. et al., Phys. Rev. C 82, (2010).]
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Thermodynamical properties of stellar matter
Extended NSE model

Inclusion of pairing on neutron gas
Specific heat of NS inner crust

Main results: inner crust composition

ρB = 2.03× 10−2 fm−3 (CellNV 2): Gas densities and chemical potentials

0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1 1,1 1,2 1,3 1,4 1,5 1,6 1,7 1,8 1,9 2

T [MeV]

1,48

1,5

1,52

1,54

1,56

1,58

ρ
n

g
as

 [
1
0

-2
  f

m
-3

]

Superfluid EXP + LDM

Normal EXP + LDM 

0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1 1,1 1,2 1,3 1,4 1,5 1,6 1,7 1,8 1,9 2

T [MeV]

6,55

6,6

6,65

6,7

6,75

6,8

6,85

6,9

6,95

7

7,05

µ
n
 [

M
eV

]

Normal EXP + LDM
Superfluid EXP + LDM

0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1 1,1 1,2 1,3 1,4 1,5 1,6 1,7 1,8 1,9 2

T [MeV]

0

5

10

15

20

25

ρ
p

g
as

 [
1

0
-1

0
 f

m
-3

]

Superfluid EXP + LDM

Normal EXP + LDM

0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1 1,1 1,2 1,3 1,4 1,5 1,6 1,7 1,8 1,9 2

T [MeV]

-50,5

-50

-49,5

-49

-48,5

-48

-47,5

-47

-46,5

µ
p
 [

M
eV

]

Superfluid EXP + LDM

Normal EXP + LDM

Burrello S., Colonna M., Gulminelli F., Raduta A., Aymard F.Impact of pairing on properties of stellar matter



Thermodynamical properties of stellar matter
Extended NSE model

Inclusion of pairing on neutron gas
Specific heat of NS inner crust

Main results: clusters distribution (LDM vs. EXP)

T ≈ 0→ Single Nucleus Approximation

Higher T → wide clusters distribution

EXP + LDM: sharp transition heavy/light clusters dominance

LDM: smooth transition heavy/light clusters dominance
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Specific heat of NS inner crust

Main results: energy and specific heat
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Main results: importance of β-equilibrium
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Summary

Heat capacity in the NS inner crust

Complete distribution of nuclear species in thermal and β-equilibrium

Pairing contribution of unbound neutrons in BCS approximation

Clusters distribution: - heavy/light dominance transition
- exotic neutron-rich resonant states

Modification of specific heat because of β equilibrium condition

Good agreement of extended NSE model with complete HFB calculations

In medium effects on the clusters surface (in progress...)
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