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ü  quarks strongly coupled 

ü  quarks and gluons confined into coulourless  
     bound states: hadrons (p , n , π…) 

ü  perturbation theory breaks down:   
     need of other formulations, computational techniques 

ü  keep the basic degrees of freedom (quarks, gluons) and develop  
      non-perturbative methods (Lattice QCD) 
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JPARC, DAPHNE, FAIR, GSI, JLAB, … 

Hypernuclei: 
Bound nuclear states  

containing strange baryons  
(hyperons) 
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( finite volume)	  
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For numerical calculations in QCD, the theory is formulated on a (Euclidean) space-time lattice  

((anti) periodic (time) spatial boundary conditions)	  

b L>>1 fm (fundamental scale of QCD)
with   b <<1 fm ⇒ L > 2π mπ

−1

nucleon-nucleon scattering 

L3 ×T
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Significant computational resources required for calculations @             (petascale)  mu,d
phys

sources of systematic errors in the numerical simulation  
finite volume L,   discretization (finite spacing) b, value of the light quark masses

USE UNPHYSICAL VALUES OF THESE PARAMETERS	  

Published works have L ≤ 7 fm, b < ~ 0.1 fm and mπ ≥ 200 MeV  
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Extrapolations to connect with real life 
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mq → mq
physical
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643 × 256

L3×T
   × 3color × 4spin ≈1011  degrees of freedom

only practical way for this type of computation à Monte Carlo integration  

Cost  ≈   1
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LQCD is a non-perturbative implementation of Field Theory,  
which uses the Feynman path-integral approach to evaluate  
transition matrix elements 

oscillating phase 

Our continuous Path-Integral (QCD partition function):

Z = Dϕ(x)∫ e− iSQCD ϕ (x )[ ] = DU Dψ Dψ e− iSQCD U , ψ , ψ[ ]∫
                (Uxµ ~ eigbAxµ )     ↵

each path contributes a phase 	  
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Z = DU∫ Dψ Dψ∫ e−ψQ(U )ψ{ }e−Sg [U ] = DU∫ detQ(U ) e−Sg [U ]

det Qf A( )⎡⎣ ⎤⎦ ≡ det /D A[ ]+m( )
(quark	  matrix)	  

~ P(U) 



Z = DU∫ Dψ Dψ∫ e−ψQ(U )ψ{ }e−Sg [U ] = DU∫ detQ(U ) e−Sg [U ]

det Qf A( )⎡⎣ ⎤⎦ ≡ det /D A[ ]+m( )
(quark	  matrix)	  

~ P(U) 

1. Generate an ensemble of N gauge-field configurations {Ui}	  according 
to the probability distribution P(U) 



When computing expectation values of any given operator O, the 
quark fields in O are re-expressed in terms of quark propagators using 
Wick’s Theorem: write all possible contractions for the fields 
(removing the dependence of quarks as dynamical fields) 
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O = 1
Z

DU Dψ DψO∫ [ψ ,ψ ,U ] e−SE U , ψ , ψ[ ]

expectation values 

� 

π + = d γ 5u only possible (Wick) contractions: 

π †(x)π (y) = u (x)γ 5d(x) d (y)γ 5u(y) y x 

γ 5γ 5



2. Use the N gauge-field configurations previously generated to calculate the  
quark propagators on each configuration Q-1 [Ui]	   

t1 t0 
t 

t1 t0 
t 

3. Contract propagators onto correlation functions Ci (t)           (t0=0) 

Qu
−1(x, y) = u(y)u (x)

y x 
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C(Γν , p,t) = e− i

px1
x1
∑ Γν J(x1,t)J (

x0,0)



C(t)

t

C(t)± error [C(t)]

average over N gauge-field 
configurations 

mass	  

t→∞⎯ →⎯⎯ Z0 e
−E0t

= φ e−Ht n
n
∑ n φ = φ n 2∑ e−EntC(t) = 0 φ(t)φ†(0) 0 φ e−Ht φ

φ(t) =eHtφ e−Ht

How do we get masses? 



1
tJ
log CA(t)

CA(t + tJ )
= E0A (mA ) Generalized effective plots 

for baryons, the noise grows exponentially with time 
poor signal-to-noise ratio 

20 40 60 80 100 120
t �lu⇥

�0.4

�0.2

0.0

0.2

0.4

M

Ξ0 1 / 2( )

tJ=1	  

Baryons, an example:   Ξ0  mass (uss)
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excited states  
contamination 

ground states  
dominate in this region 

 

 
CA(t) ~ Z0A e

−E0t

CA(t + tJ ) ~ Z0A e
−E0 (t+tJ )

  

 nucleons:    

 σ
C

~
exp MN −

3mπ

2
⎛
⎝⎜

⎞
⎠⎟ t

N



NPLQCD, Phys.Rev. D81 (2010) 054505 mπ~390 MeV,  Ls ~ 2.5 fm, b=0.123 fm 



NPLQCD, Phys.Rev. D81 (2010) 054505 mπ~390 MeV,  Ls ~ 2.5 fm, b=0.123 fm 

Greater complexity of multinucleon systems as compared to single meson and baryon calcs 

# Wick contractions at que quark level, to form the correlation function is naively  Nu! Nd! Ns! 
�

€ 

(A + Z)! (2A − Z)!( ) 3 H→ 2880           4 He→ 518400

LQCD calculations involving A > 2 particles 

Expectation is that for A nucleons:   

σ
C

~
exp A MN −

3mπ

2
⎛
⎝⎜

⎞
⎠⎟ t

⎡
⎣⎢

⎤
⎦⎥

N



NPLQCD, Phys.Rev. D81 (2010) 054505 mπ~390 MeV,  Ls ~ 2.5 fm, b=0.123 fm 

NPLQCD, Phys. Rev. D80 (2009) 074501 

mπ~390 MeV  
 Ls ~ 2.5 fm 

NPLQCD, Phys. Rev. D80 (2009) 074501 

✔	  
cheapest 3-baryon system: 	

Ξ0Ξ0n, with  3! 2! 4! = 288  

Wick contractions 
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G(t + tJ )
→ extract ΔE

Effective Mass method 

We can also extract the energy of the interacting system for a given {mπ, L, b} set  
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Beane, Bedaque, Parreño, Savage, Phys. Lett. B585 (2004) 106-114 

Recovering M. Lüscher, Commun. Math. Phys. 105, 153 (1986)    (L>>a) 

infinite volume  
b.s.       p2 = −γ 2

           cotδ (iγ ) = i

B∞ = γ 2

M κ→ γ     for large L

 

finite volume:

cotδ (iγ ) k=iγ = i − i
e−
mγ L

m γ Lm≠

0

∑
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 κ = γ + g1

L
e− γ L + 2e− 2 γ L + …( )k2 < 0, k = iκ

Scattering states: 

 
A =

4π
M

1
pcotδ (p)− ip

Bound states? A  ~ 
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mπ~390 MeV,  Ls ~ 2, 2.5, 3, 4 fm, b=0.123 fm NPLQCD, Phys.Rev. D85 (2012) 054511 
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Going beyond A=2 



infinite volume extrapolations with enough statistics for (hyper) nuclear systems 

 Move to heavier quark masses: 
 resources required to generate configurations and q-propagators are smaller 
 degradation in the signal-to-noise ratio in multinucleon correlation functions is reduced 

calculations at the SU(3)-flavor symmetric point 

no physical light-quark masses yet 
only one lattice spacing 

NPLQCD, PRD 87, 034506 (2013); PRC 88, 024003 (2013) 
physical strange quark mass 
 

             Anisotropic lattices: Nt >> Ns    
                  
            (Nf=2+1 clover-improved Wilson fermion actions) 
 

 higher resolution in the time direction:   better study of noisy states 
          better extraction of excited states 
          reduce the systematic due to fitting  
          (confident plateaus) 

energy splittings in nuclear physics are small  à Need of high statistics calculations 



NPLQCD Phys.Rev. D87 (2013), 034506 

(π, J 2, Jz, s, A, I
2, Iz )

Going beyond A=2 

(no e.m. interactions) 

SU(3) f



For example, for the A=3 system: 
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SU(3) fNPLQCD Phys. Rev. D87 (2013) 3, 034506 
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LQCD calculations of magnetic moments of light nuclei 

Use background magnetic fields  
mπ ~ 800 MeV

NPLQCD, Phys. Rev .Lett. 113 (2014) 25, 252001 

 
e B = 6π

L2 n,

B = ẑ ⋅B (e B ~ 0.046 n GeV2 )
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LQCD calculations of magnetic moments of light nuclei 
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mπ ~ 800 MeV

NPLQCD, Phys. Rev .Lett. 113 (2014) 25, 252001 

LNM = e
2MN

latt
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Light nuclei and hypernuclei from Lattice QCD (A  ≤ 4)!

Can we understand the properties of (small) nuclei directly from QCD? 
 
Calculation of important quantities in nuclear physics with LQCD is only now 
becoming practical, with first calculations of simple multibaryon interactions 
being performed, although at unphysical quark masses.  
 
Present day computing power begins to be sufficient to calculate nuclear 
properties in lattice QCD with near physical quark masses (completed 
calculations @ 430 MeV & on-going calcs. @ 300 MeV)  
 
A chiral extrapolation to the physical pion mass may be possible if sufficiently 
many results at various pion masses are available.  

Also, calculations at different lattice spacings are now at reach (b ~ 0.1, 0.08 fm ) 

LQCD calculations would be specially of interest for systems that are not 
accessible experimentally à Complementary information to experimental 
programs not too far in the future. 

“This is a long term project that can be done given sufficient resources. Once completed 
will definitely be transformative although each individual step may not be.” 
(encouraging referee’s comment) 
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