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1. Introduction
One	  of	  the	  most	  fundamental	  issues	  in	  Nuclear	  Physics
Better	  understanding	  of	  nuclear	  many-‐body	  systems	  from	  realistic	  forces
Realistic	  forces	  reproduce	  NN	  phase	  shifts	  (χ2~1) very	  accurately
(Meson	  Exchange,	  Chiral	  EFT	  theory,	  Quark-‐Model and	  	  (Lattice	  QCD))	  	  	  

Mesons	  and	  baryons	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  constituent	  quark-‐model	  	  	  	  first	  principle	  calculations	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

+	  three-‐body	  force	  (Urbana,	  Illinoi,	  microscopic….	  (2π,	  πρ,	  N	  bar…))

2015/6/21	  -‐2015/6/26 Nucleus	  Nucleus	  2015	  Catania 2

Cited	   from	  the	  BNL	  Website	   (nudat 2)

Exact	  Calculations	   	  
(Faddeev,	  Variational method,	  No-‐core	  shell	  model,	  GFMC	  etc.)	  using	  bare	  NN	  interaction

Model	  Calculations	   (Cluster	  model,	  Shell	  model,	  AMD	  …)
by	  effective	  NN	  interactions	  (Gogny,	  Skyrme,	  G-‐matrix)

Nuclear	  matter
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The	  Importance	  of	  three-‐nucleon	  forces
in	  light	  nuclei	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  in	  the	  symmetric	  nuclear	  matter

S.C.	  Pieper,	  NPA	  751.	  516c	  -‐ 532c	  (2005)	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Z.	  H.	  Li	  et	  al.,	  PRC	  74,	  047304	  (2006).
How	  about	  Quark	  Models	  NN	  interactions?



2.	  Quark-‐Model	  Baryon-‐Baryon	  Interaction	  and	  Few-‐Nucleon	  Systems
Review	  article	  for	  FSS	  and	  fss2	  
Y.	  Fujiwara,	  Y.	  Suzuki,	  and	  C.	  Nakamoto,	  Prog.	  Part.	  Nucl.	  Phys.	  58,	  439	  (2007).

(3q)-‐(3q)	  resonating	  group	  method	  (RGM)
RGM	  equation	  for	  the	  relative	  wave	  function	  χ(R)

nonlocal	  and	  energy	  dependent	  potential
ε :	  the	  energy	  measured	  from	  the	  NN	  threshold.

ψ＝{	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  }
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𝜙(3𝑞)𝜙(3𝑞) 𝐸 −𝐻 𝛢 𝜙(3𝑞)𝜙(3𝑞)𝜒(𝑅) = 0
↔ 𝐻/ + 𝑉2 + 𝑉34 𝜒 𝑅 = 𝜀𝑁𝜒 𝑅
↔ 𝜀 −𝐻/ − 𝑉789 𝜀 𝜒 𝑅 = 0
with	  	  𝑉789 𝜀 = 𝑉2 + 𝑉34 + 𝜀𝑁34

Anti-‐symmetrization is	  the	  origin	  of	  non-‐locality.

𝑁 ≡ 𝜙(3𝑞)𝜙(3𝑞) 𝐴 𝜙(3𝑞)𝜙(3𝑞)
	  	  	  	  	  𝑁34= 1-‐‑N

(3q)-‐(3q)	  Hamiltonian	  H

𝐻 = @ 𝑚B𝑐D +
𝑝BD

2𝑚B
− 𝑇8

H

BIJ

+ 𝑈BL
MN + 𝑈BLOP +@𝑈BL

QR

R

+@𝑈BL
SQR

R

+@𝑈BL
TR

R

Quark	  Part short-‐range	  part
Confinement	  +	  Fermi-‐Breit (OGEP)
Effective	  Meson	  Exchange	  Potential	  (EMEP)
medium-‐ and	  long-‐range	  part
Pseudo-‐scalar,	  Scalar,	  and	  vector	  nonets

χ(R)
φ(3q):	  (0s)3	  wave	  function
with	  common	  width	  parameter

firstly	  solved	  by	  M.	  Oka	  and	  K.	  Yazaki,	  PLB	  90,	  41	  (1980)



Parameters	  
The	  number	  of	  free	  parameter	  for	  fss2	  is	  reasonable.
(20	  parameters)
QM	  parameters
i)	  	  b	  (width	  parameter	  for	  the	  (0s)3 (3q)	  cluster)
ii)	  mud iii)	  	  λ＝ms/mud
iv)	  α	  (quark-‐gluon	  coupling	  constant)
EMEP	  parameters
i)	  	  	  f1PS,S,Ve,Vm	   	  	  	  ii)	  f8PS,S,Ve,Vm	  

iii)	  The	  angle	  of	  the	  singlet-‐octet	  meson	  mixing	  θ
iv)	  Some	  meson	  masses	   𝜖, 𝑆∗, 𝛿, 𝜅
v)	  Other	  parameters	  to	  improve

the	  fit	  of	  NN	  phase	  shifts	  	  𝑐[, 𝑐\]], 𝑐\^
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Y.	  Fujiwara	  et	  al.	  Phys.	  Rev.	  C	  65,	  014002	  (2001).



The	  quark-‐model	  NN	  interaction	  have	  an	  attractive	  feature	  in	  3-‐nucleon	  systems
Triton	  binding	  energy	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  2S1/2 phase	  shifts	  in	  proton-‐deuteron	  elastic	  scattering
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BRIEF REPORTS PHYSICAL REVIEW C 77, 027001 (2008)
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FIG. 1. Calculated 3H binding energies Bt as a function of the
deuteron D-state probability PD . Calculations are made in the isospin
basis, by using the np interaction, for fss2, FSS, Bonn-A, Bonn-B,
Boon-C, and Chiral (denoted by black circles). The group including
CD-Bonn, Nijmegen I, and AV18 (denoted by black diamonds) takes
into account the effect of charge dependence of the interaction. In
the Paris and RSC results (denoted by the open diamonds), the
1S0 interaction is determined from the pp scattering data. Those
energies denoted by black circles go down by about 190 keV when
the charge dependence of the NN force is taken into account.
The calculated values are taken from Refs. [19,20] 6 (RSC, Paris,
Bonn-A, Bonn-B, and Bonn-C), [21,22] (AV18), [21,23] (CD-Bonn),
[24,25] (Nijmegen), and [26] (Chiral). The experimental value, Bt =
8.482 MeV, is shown by the dashed line.

too attractive. The accuracy of the present-day YN interaction
makes it impossible for us to discuss the effect of the !NN
three-body force and the charge-symmetry breaking effect of
the !p and !n interactions.

TABLE II. Hypertriton (3
!H) properties calculated by using

the energy-independent renormalized RGM kernels derived from
the QM fss2 potential. The momentum discretization points used
in the Faddeev calculations are the same as in Ref. [6]. The
deuteron binding energy given by fss2 is εd = 2.2247 MeV (εexp

d =
2.2246 MeV). The column n stands for the number of three-
baryon channels, including the two-baryon systems up to the total
angular momentum J , the column E lists the 3

!H energy measured
from the N + N + ! threshold, and the column B! is the !

separation energy. The column BεK
! is the energy obtained in the

εK prescription. The column P# denotes the probability, given
in percent, of the #NN admixture. The experimental value is
B

exp
! = 130 ± 50 keV.

n E B! BεK
! P#

(MeV) (keV) (keV) (%)

6(S) −2.392 167 137 0.566
15(SD) −2.451 226 198 0.775
30(J ! 1) −2.404 179 178 0.679
54(J ! 2) −2.467 243 273 0.792
78(J ! 3) −2.483 259 285 0.824
102(J ! 4) −2.486 261 288 0.828
126(J ! 5) −2.487 262 289 0.830
150(J ! 6) −2.487 262 289 0.830

We again confirm in Table II that the 15-channel calculation
with S and D states only is a good approximation to the
full calculation. The value of B! is 226 keV in the 15-
channel calculation, and the energy gain extended to the full
calculations is only 36 keV. The corresponding energy gain in
the previous εK prescription is as large as 91 keV. The NN
(εNN ) and !N (ε!N ) expectation values defined by εBN =
⟨P$|h0(BN) + V RGM

BN |P$⟩/⟨P$|P$⟩ and the admixture of
the #NN component (P#) are not much different from the
previous values in the εK prescription. The converged value
of P# is 0.83% for fss2 versus the previous value of 0.80%.
The decomposition of the εNN value into the kinetic-energy
and potential-energy contributions is 19.034−20.723 =
−1.689 MeV, which was previously 19.376–21.032 =
−1.657 MeV.

As to the overbinding of the model fss2, we have discussed
in Ref. [6] that a slight increase of the κ-meson mass will
improve the fit to the experimental value, without changing
good reproduction of the low-energy !N cross-section data.
If we modify the κ-meson mass from the value used in fss2,
mκ = 936 MeV, to 995 MeV, we would obtain B! = 134 keV
with P# = 0.56%, which is very close to the NSC89 prediction
B! = 143 keV with P# = 0.5% [7,8]. The effective range
parameters calculated with this modified interaction are as =
−2.18 fm, rs = 3.03 fm, at = −1.78 fm, and rt = 2.88 fm.
The phase-shift difference is only 2.2◦ at plab = 200 MeV/c.

Rather moderate modification of the present results from
the previous εK prescription is related to a simple structure of
the quark-exchange normalization kernel !K! in the Pauli-
allowed space. For the NN interaction, ! = 1 since there is no
Pauli-forbidden state. For the positive-parity states, the largest
eigenvalue of K in absolute magnitude is 1/9 for the (0s)
harmonic-oscillator state. Although almost Pauli-forbidden
states appear in the P states, such partial waves give minor
contributions to the binding energy of the triton. For the
!N -#N interaction, we have a Pauli-forbidden state classified
by the SU3 label (11)s . Once this component is properly
eliminated, the eigenvalues of !K! also become very small.
These are the main reasons why the present treatment by the
energy-independent renormalized RGM kernel gives results
that are not very much different from the previous energy-
dependent εK prescription. However, the difference between
!(εK)! and W sometimes becomes large in nuclear cluster
systems, because the number of Pauli-forbidden states in
general increases and they play more complicated roles in
determining the structure of nuclear systems. For example, the
ground-state energy of 9Be, calculated in an nαα microscopic
three-cluster model, is −2.61 MeV, whereas it turns out to
be −2.16 MeV in the renormalized RGM approach [10] and
−3.86 MeV in the εK prescription [29].

In summary, we have recalculated the triton and hypertriton
binding energies in a new semimicroscopic three-cluster
equation, using the energy-independent renormalized RGM
kernels of the quark-model baryon-baryon interactions. This
formulation produces slightly less attractive effect on the three-
baryon systems, compared to the previous energy-dependent
treatment of the two-cluster RGM kernels. For the triton
binding energy, the fss2 quark model gives 8.326 MeV,
which is 156 keV smaller than the experimental value of

027001-3

Y.	  Fujiwara	  et	  al.,	  Phys.	  Rev.	  C	  77	  027001	  (2008)
take	  into	  account	  the	  charge	  dependence
do	  not	  take	  into	  account	  the	  charge	  dependence

The	  energy	  deficiency	  by	  fss2	  	  ~350	  keV distribution, except for Ep ¼ 22:7MeV, where we stopped at 4.0. Further improve-
ments led to unphysical fluctuations from a smooth energy dependence in some of
the about 39 phase-shift parameters searched upon. In contrast to ref. [1] we did not
search in a systematic way on I-waves (angular momentum L¼ 6) and mixing
parameters for states with total J larger than 9

2. It was found that searches on these
parameters resulted in practically unchanged values for the s-wave and p-wave
phase-shift parameters focused on in the present work.

The dots with error bars (defined in ref. [1]) in Fig. 10 represent our PSA results
for the doublet and quartet phase shifts 2S1=2 and 4S3=2, respectively. The results
below Ep ¼ 4MeV are from ref. [22]. Our present results above Ep ¼ 10MeV
provide a smooth continuation of the previous work. As expected, the 2S1=2 phase
shift predicted by AV18 (solid curve) is at variance with the experimental result.
However, it is gratifying to notice that the addition of the Urbana 3N force (UR IX)
[13], which is fitted to reproduce the triton binding energy, results in a very good
description (dotted curve) of the PSA determined values for 2S1=2. In contrast to the
lower energies, the theoretically determined 4S3=2 phase shift tends to deviate
slightly from the experimental values at the higher energies studied in the present
work.

Fig. 11 shows the PSA results for the three 4PJ phase shifts in comparison
to the AV18-based predictions. Clearly, the gap between the experimental phase
shifts and the theoretical values (solid curves) continues to grow slightly with
increasing energy, although the discrepancy between the actual data and the

Fig. 10. Theoretical phase shifts (solid curves for real values, dashed curves for imaginary values)

for the 3N angular-momentum L¼ 0 states 2S1=2 and 4S3=2 in comparison to the results obtained in

the present phase-shift analysis (dots with error bars). The dotted curve is based on AV18 plus the

Urbana three-nucleon force. The results below Ep ¼ 4:0MeV are from ref. [22]. The real values for

both 2S1=2 and 4S3=2 have to be increased by 180"

26 Z.-M. Chen et al.

K.	  Fukukawa,	  Doctor	  thesis
Z.M.	  Chen,	  W.	  Tornowand	  A.	  Kievsky,	  Few-‐Body	  
Systems	  35,15	  (2004).

The	  model	  fss2	  reproduces	   the	   2S1/2 pd phase	  shift	  



3.	  Bethe-‐Bruckner-‐Goldstone	  (BBG)	  Expansion	  and	  Equation	  of	  State
The	  lowest	  order	  	  (2	  hole-‐line)	  expansion:	  Bethe-‐Goldstone	  equation
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𝑘J𝑘D 𝐺 𝜔 𝑘b𝑘c d = 𝑘J𝑘D 𝑣 𝑘b𝑘c d + @ 𝑘J𝑘D 𝑣 𝑘bf 𝑘cf

ghi gji

1− ΘO 𝑘bf 1 − ΘO 𝑘cf

𝜔 − 𝑒ghi − 𝑒gji
𝑘bf 𝑘cf 𝐺 𝜔 𝑘b𝑘c d

K.	  A.	  Brueckner and	  J.	  L.	  GammelPhys.	  Rev.	  109,	  1023	  (1958)	  

G	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  =
V

V

G
+

v	  :	  bare	  NN	  interaction
ki:	  momentum	  and	  	  spin-‐isospin variable
|𝑘J𝑘D⟩d=|𝑘J𝑘D⟩-‐|𝑘D𝑘J⟩
ω: starting	  energy

𝑒g =
ℏpgp

D9q
+𝑈 𝑘 :	  	  Single-‐particle	  energy

𝑈 𝑘 = ∑ 𝑘𝑘f 𝐺 𝑒g + 𝑒gi 𝑘𝑘fgistu :	  Single-‐particle	  potential	  

Two	  somewhat	  opposite	  choices
Gap	  (or	  standard)	  choice assume	  U(k)=0	  for	  k>kF
Continuous	  choice	  	  	  	  	  	  	  	  	  	  	   adopt	  the	  above	  expression	  for	  all	  k

Self-‐consistently	  
solved



2015/6/21	  -‐2015/6/26 Nucleus	  Nucleus	  2015	  Catania 8



2015/6/21	  -‐2015/6/26 Nucleus	  Nucleus	  2015	  Catania 9

Contribution	  of	  Each	  Diagram	  (Continuous	  choice	  case)
Symmetric	  Nuclear	  Matter	  (SNM)	   Pure	  Neutron	  Matter	  (PNM)

1. BHF	  calculation	  makes	  the	  SNM	  and	  PNM	  EOS	  rather	  soft
2. Three	  hole-‐line	  contributions	  have	  a	  substantial	  effect	  for	  saturation

(E0,	  ρ0,	  K,	  Esym,	  L	  :	  slope	  of	  the	  symmetry	  energy	  at	  saturation)
Saturation	  properties	  E0 =	  -‐16.3	  MeV,	  ρ0 =	  0.157	  fm-‐3 ,	  K	  =	  219	  MeV,	  Esym =	  31.4	  MeV

3.	  	  	  	  In	  high-‐density	  region,	  the	  bubble	  diagrams	  contributions	  are	  rapidly	  repulsive.
⇨ transition	  to	  quark	  phase?
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Comparison	  with	  other	  calculations
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1. The	  gap	  choice	  EOS	  and	  continuous	  
choice	  EOS	  agree	  well	  up	  to	  0.7	  fm-‐3.	  This	  
fact	  supports	  the	  convergence	  of	  the	  
expansion.

2. EOS	  agree	  well	  up	  to	  0.5	  fm-‐3.	  QM	  
EOS	  are	  isosoft EOS	  and	  similar	  to	  
AV18	  +	  Urbana	  3NF.	  
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Comparison	  with	  phenomenology
The	  pressure	  of	  SNM	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  L	  vs	  S0
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The	  Structure	  of	  Neutron	  Stars
・outer	  crust	  :	  	  nuclei	  and	  electron	  gas	  	  (ρ <	  ρdrip)
・inner	  crust:	  asymmetric	  nuclei,	  neutron	  gas	  and	  electron	  gas	  (ρdrip <	  ρ <	  ρNM)
・outer	  core:	  asymmetric	  nuclear	  matter,	  electron	  and	  muons
・inner	  core:	  Nucleon,	  Hyperon	  meson,	  quarks	  	  (from	  2ρ0〜3ρ0)

Typical	  Values	  	  Radius	  	  10	  ~	  12	  km
Recent	  Observational	  Development	  (2Msun neutron	  star)
2010	  P.	  B.	  Demorest	  et	  al.,	  Nature	  467,	  1081	  (2010).	  	  1.97±0.04	  Msun

The	  mass	  measurement	  using	  the	  Shapiro	  delay	  (the	  delay	  of	  the	  pulsar	  by	  the	  relativistic	  effect)	  
2013	  J.	  Antoniaids et	  al.,	  Science	  340,	  1233232	  (2013).	  2.01±0.04	  Msun

This	  was	  not	  explained	  using	  realistic	  NN+3NF	  and	  YN	  interaction (hyperon	  puzzle)
⇨ YNN,	  YNN,	  YYY	  force?	  	  Transition	  to	  quark	  phase	  ?
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Structure	  Calculation	  of	  Neutron	  Stars
Step	  I:	  Composition	  of	  each	  particle
・Charge	  neutrality	  ∑ 𝜌B𝑞BB = 0
・Beta	  equilibrium	  	  𝜇B = 𝑏B𝜇| − 𝑞B𝜇}

Chemical	  potential	  	  	  𝜇B =
~� ��,��,��,��

~��
Step	  II:	  Tolman-‐Oppenheimer-‐Volkoff equations
S.	  L.	  Shapiro and	  S.	  A.	  Teukolsky,	  Black	  Holes,	  White	  Dwarfs,	  and	  Neutron	  Stars

R.	  C.	  Tolman,	  PR	  55,	  364	  (1939),	  J.	  R.	  Oppenheimer	  and	  G.	  M.	  Volkoff,	  PR	  55,	  374	  (1939)
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𝒅𝒑
𝒅𝒓 = −𝐆

𝝐𝒎
𝒓𝟐 𝟏 +

𝑷
𝜺 𝟏 +

𝟒𝝅𝑷𝒓𝟑

𝒎 𝟏 −
𝟐𝑮𝒎
𝒓

�𝟏

𝒅𝒎
𝒅𝒓 = 𝟒𝝅𝒓𝟐𝝐

To	  close	  the	  equation	  we	  need	  the	  relationship	  
Between	  pressure	  and	  radius	  (Equation	  of	  state).
P=P(ε)

Equation	  of	  state

𝑃 𝜌 = 𝜌D
𝑑
𝑑𝜌

𝜖 𝜌B 𝜌
𝜌

Parabolic	  Approximation
𝐸
𝐴 𝜌, 𝑥� =

𝐸
𝐴 𝜌, 𝑥� = 0.5 + 1− 2𝑥�

D
𝑆 𝜌

I.	  Bombaci,	  U.	  Lombardo,	  Phys.	  Rev.	  C	  44,	  1892	  (1991).
Electron:	  ultra-‐relativistic	  Approximation
Muon:	  non-‐relativistic	  approximation
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(Upper	  panel)	  Proton	  fraction	  xp
In	  the	  continuous	  choice,	  the	  proton	  fraction	  is	  law	  
even	  in	  the	  low-‐density	  region,	  reflecting	  the	  small	  
symmetry	  energy.
⇨ the	  direct	  Urca process	  starts	  does	  not	  happen
(or	  happen	  in	  the	  very	  high-‐density	  region)	  
𝑛 → 𝑝 + 𝑒� +νe 𝑝 + 𝑒� → 𝑛 + 𝜈}
(Middle	  Panel)	  Pressure
Beta-‐Equilibrium	  EOSs	  are	  comparable	  to	  other	  EOS	  
because	  the	  neutron	  fraction	  is	  larger	  than	  other	  
equation.

(Lower	  Panel)	  Sound	  velocity	   (in	  unit	  of	  light	  speed)
We	  can	  find	  that	  QM	  EOS	  is	  not	  superluminal	  until	  
very	  high-‐density	  region.



Mass-‐Radius	  relation
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The	  observed	  mass	  is	  about	  2	  solar	  mass,	  
despite	  the	  EOS	  is	  relatively	  soft.
The	  maximum	  mass	  is	  slightly	  different	  
between	  the	  gap	  case	  and	  continuous	  
case,	  which	  reflects	  the	  stiffness	  in	  the	  
high	  density	  region.
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4.	  Summary
We	  have	  applied	  the	  QM	  NN	  interaction	  fss2	  to	  the	  SNM	  and	  PNM	  EOs	  and	  solved	  the	  TOV	  equations.
0.	  The	  model	  fss2	  gives	  a	  fairly	  better	  description	  in	  the	  low-‐energy	  region,
three-‐ and	  four-‐nucleon	  systems.

1.	  At	  variance	  with	  other	  potentials,	  fss2	  gives	  rather	  repulsive	  3	  hole-‐line	  contributions,
especially	  at	  high	  density	  in	  the	  SNM	  and	  PNM.	  The	  saturation	  properties	  (Saturation	  point,	  
incompressibility,	  and	  the	  symmetry	  energy	  and	  its	  slope) without	  three-‐body	  forces.

2.	  The	  maximum	  mass	  is	  close	  to	  2	  solar	  mass	  in	  both	  gap	  and	  continuous	  choice,
which	  is	  compatible	  with	  experimental	  data.

3.	  At	  the	  high-‐density	  region,	  it	  is	  questionable	  of	  the	  validity	  of	  the	  BBG	  expansion.
⇨ Transition	  to	  quark	  matter	  (How	  far	  are	  EOSs	  valid?)

Outlook
1.	  Low-‐density	  EOS	  (1S0 superfluidity,	  clustering	  phenomena,	  pasta	  structure	  etc.)
2.	  Finite	  nuclei	  calculation	  taking	  into	  3-‐nucleon	  correlations
3.	  Including	  hyperon	  (but	  very	  difficult	  to	  solve	  Bethe-‐Faddeev Equation)
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