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Purpose: to perform a phenomenological analysis of radiative V"P# 
and P"V# decays, with V=$, K!, %, & and P=!, K, !, !’, 
aimed at determining  the gluonic content of the ! and !’ 
wave functions
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'Notation

We work in a basis consisting of the states

|ηq〉 ≡
1√
2
|uū + dd̄〉 |ηs〉 = |ss̄〉 |G〉 ≡ |gluonium〉

|η〉 = Xη|ηq〉 + Yη|ηs〉 + Zη|G〉 ,

|η′〉 = Xη′ |ηq〉 + Yη′ |ηs〉 + Zη′ |G〉 ,

The physical states ! and !’ are assumed to be the linear combinations 

with X
2
η(η′) + Y

2
η(η′) + Z

2
η(η′) = 1 and thus X

2
η(η′) + Y

2
η(η′) ≤ 1

A significant gluonic admixture in a state is possible only if

Z
2
η(η′) = 1 − X

2
η(η′) − Y

2
η(η′) > 0

Assumptions: ' no mixing with !0 (isospin symmetry)

' no mixing with !c states

' no mixing with radial excitations



'Notation

In absence of gluonium (standard picture)

Zη(η′) ≡ 0
|η〉 = cos φP |ηq〉 − sinφP |ηs〉

|η′〉 = sinφP |ηq〉 + cos φP |ηs〉

with Xη = Yη′ ≡ cos φP

Xη′ = −Yη ≡ sinφP

and X
2
η(η′) + Y

2
η(η′) = 1

where &P is the !-!’ mixing angle in the quark-flavour basis related to its octet-singlet
analog through

θP = φP − arctan
√

2 # φP − 54.7◦

Similarly, for the vector states % and & the mixing is given by 

|ω〉 = cos φV |ωq〉 − sinφV |φs〉

|φ〉 = sinφV |ωq〉 + cos φV |φs〉

where %q and &s are the analog non-strange and strange states of !q and !s, respectively.



' Euler angles

|η〉 = Xη|ηq〉 + Yη|ηs〉 + Zη|G〉

|η′〉 = Xη′ |ηq〉 + Yη′ |ηs〉 + Zη′ |G〉

|ι〉 = Xι|ηq〉 + Yι|ηs〉 + Zι|G〉

In presence of gluonium,

glueball-like state
!(1440)?

X2
η + Y 2

η + Z2
η = 1

X2

η′ + Y 2

η′ + Z2

η′ = 1

X2
ι + Y 2

ι + Z2
ι = 1

XηXη′ + YηYη′ + ZηZη′ = 0

XηXι + YηYι + ZηZι = 0

Xη′Xι + Yη′Yι + Zη′Zι = 0

Normalization: Orthogonality:

3 independent parameters: &P, &!G and &!’G

(

η
η′

ι

)

=

(

cφηη′cφηG −sφηη′cφηG −sφηG

sφηη′cφη′G − cφηη′sφη′GsφηG cφηη′cφη′G + sφηη′sφη′GsφηG −sφη′GcφηG

sφηη′sφη′G + cφηη′cφη′GsφηG cφηη′sφη′G − sφηη′cφη′GsφηG cφη′GcφηG

) (

ηq

ηs

G

)



' Euler angles

Xη = cos φP , Yη = − sinφP , Zη = 0 ,

Xη′ = sinφP cos φη′G , Yη′ = cos φP cos φη′G , Zη′ = − sinφη′G .

In the limit &!G=0:

J
H
E
P
0
5
(
2
0
0
7
)
0
0
6

as

|Zη,(η′)| =
√

1 − X2
η,(η′) − Y 2

η,(η′) ,

Yη = −
XηXη′Yη′ +

√

(1 − X2
η′ − Y 2

η′)(1 − X2
η − X2

η′)

1 − X2
η′

. (4.1)

The mixing parameters can also be expressed in terms of three angles, φP , φηG and φη′G,

the two latter weighting the gluonic admixture in the η and η′, respectively. Using this

angular parametrization one gets

Xη = cos φP cos φηG , Xη′ = sin φP cos φη′G − cos φP sin φηG sin φη′G ,

Yη = − sin φP cos φηG , Yη′ = cos φP cos φη′G + sin φP sinφηG sinφη′G ,

Zη = − sinφηG , Zη′ = − sin φη′G cos φηG . (4.2)

Fits to experimental data are performed imposing the constraints in eq. (4.1) or, equiva-

lently, using the decomposition in eq. (4.2).

We start considering the first of the possibilities noted before. Thus, we assume that

the overlap of the P and V wave functions is flavour-independent, i.e. Cq = Cs = CK = Cπ

and hence zq = zs = zK = 1. The fit in this case is very poor, χ2/d.o.f.=31.2/6. The

quality of the fit gets worse when φηG and φη′G are set to zero, χ2/d.o.f.=45.9/8 with

φP = (41.1 ± 1.1)◦.

Clearly, in order to obtain a good fit one has to relax the constraint imposed on the

overlapping parameters. Hence, we begin to discuss the second of the possibilities, that is

to say, to leave the z’s free and restrict the gluon content of the η or η′ meson. However,

as a matter of comparison, we first consider the absence of gluonium in both mesons,

i.e. φηG = φη′G = 0. In addition, we also fix the vector mixing angle φV to its measured

value tan φV = +0.059± 0.004 or φV = (3.4± 0.2)◦ [12] and the ratio of constituent quark

masses to m̄/ms " 1/1.45. The fit in this case is not yet satisfactory, χ2/d.o.f.=14.0/7.

The quality of the fit improves when the ratio m̄/ms is left free, χ2/d.o.f.=7.6/6 with

ms/m̄ = 1.24 ± 0.07. If φV is also left free, the final result of the fit gives χ2/d.o.f.=4.4/5

with

g = 0.72 ± 0.01 GeV−1 , φP = (41.5 ± 1.2)◦ , φV = (3.2 ± 0.1)◦ , (4.3)
ms
m̄ = 1.24 ± 0.07 , zq = 0.86 ± 0.03 , zs = 0.78 ± 0.05 , zK = 0.89 ± 0.03 .

The fitted values for the two mixing angles φP and φV are in good agreement with most

results coming from other analyses using complementary information (see, for instance,

ref. [13] and references therein). Our value for the pseudoscalar mixing angle also agrees

with the latest measurement from KLOE, φP = (41.4 ± 1.0)◦ [1]. The free parameters z’s

are specific of our approach and are not fixed to one as in previous analyses [10, 11]. As

mentioned, if we fix the z’s to unity, the fit gets much worse (χ2/d.o.f.=45.9/8). This shows

that allowing for different overlaps of quark-antiquark wave functions and, in particular,

for those coming from the gluon anomaly affecting only the η and η′ singlet component, is

indeed relevant.
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'Motivation

KLOE Collaboration, Phys. Lett. B648 (2007) 267

φP = (39.7 ± 0.7)◦

Z
2

η′ = 0.14 ± 0.04

R& with Z2=0

Y1=!’"##/!0"##
Y2=!’"$#/%"!0#

Y3=&"!’#/&"!#
Y4=!’"%#/%"!0#



KLOE Collaboration, PLB 541 (2002) 45

!’"$#/%"!0#

!’"##/!0"##&"!’#/&"!#

Z
2
η′ = 0.06

+0.09
−0.06

Gluonium fraction below 15%

'Motivation

'

What are the differences between the two analyses?

' improvement in the precision of the new measurements

' the use of the overlapping parameters relating the pseudoscalar and vector 
wave functions



' A model for VP# M1 transitions

We will work in a conventional quark model context: P and V are simple 
quark-antiquark S-wave bound states

all these hadrons are thus extended objects with characteristics 
spatial extensions fixed by their respective P and V wave functions

SU(2) limit identical spatial extension within each isomultiplet

SU(3) broken constituent quark masses with ms>m and
different spatial extensions for each isomultiplet

Ingredients of the model:

i) a VP# magnetic dipole transition proceeding via quark or antiquark 
spin flip amplitude ∝ (q=eq/2mq

ii) spin-flip V"P conversion amplitude corrected by the relative overlap 
between the P and V wave functions

iii) OZI-rule reduces considerably the possible transitions and overlaps

Cπ ≡ 〈π|ωq〉 = 〈π|ρ〉 CK ≡ 〈K|K∗〉

Cq ≡ 〈ηq|ωq〉 = 〈ηq|ρ〉 Cs ≡ 〈ηs|φs〉
U(1)A anomaly



' A model for VP# M1 transitions

gρ0π0γ = gρ+π+γ = 1

3
g , gωπγ = g cos φV , gφπγ = g sinφV ,

gK∗0K0γ = −

1

3
g zK

(

1 + m̄
ms

)

, gK∗+K+γ = 1

3
g zK

(

2 −

m̄
ms

)

,

gρηγ = g zq Xη , gρη′γ = g zq Xη′ ,

gωηγ = 1

3
g

(

zq Xη cos φV + 2 m̄
ms

zs Yη sinφV

)

,

gωη′γ = 1

3
g

(

zq Xη′ cos φV + 2 m̄
ms

zs Yη′ sinφV

)

,

gφηγ = 1

3
g

(

zq Xη sinφV − 2 m̄
ms

zs Yη cos φV

)

,

gφη′γ = 1

3
g

(

zq Xη′ sinφV − 2 m̄
ms

zs Yη′ cos φV

)

,

Amplitudes:

with gωπγ = g cos φV = e Cπ cos φV /m̄

and zq ≡ Cq/Cπ , zs ≡ Cs/Cπ , zK ≡ CK/Cπ

Γ(V → Pγ) =
1

3

g2
V Pγ

4π
|pγ |

3 =
1

3
Γ(P → V γ)



gluonium not allowed with &P=(41.1±1.1)"

'Data fitting

The overlapping parameters zq,s and the mixing parameters X!(!’) and Y!(!’) 

cannot be determined independently

Thus we start assuming Cq = Cs = CK = Cπ = 1 zq = zs = zK = 1

!2/d.o.f.=31.2/6

Then we leave the overlapping parameters free

g = 0.72 ± 0.01 GeV−1 , φP = (41.5 ± 1.2)◦ , φV = (3.2 ± 0.1)◦ ,

ms

m̄
= 1.24 ± 0.07 , zK = 0.89 ± 0.03 , zq = 0.86 ± 0.03 , zs = 0.78 ± 0.05 .

!2/d.o.f.=4.4/5

gluonium allowed for ! and !’ 

!2/d.o.f.=45.9/8or

Three possibilities:

i) assuming Z!=Z!’=0 from the beginning, we get from !2/d.o.f.=14.0/7 to

ii) Z!=0

iii) Z!’=0

i) Z!=Z!’=0 gluonium not allowed for ! or !’

gluonium allowed only for !’

gluonium allowed only for !



Accepting the absence of gluonium for the ! meson, the gluonic content of 
the !’ wave function amounts to |&!’G|=(12±13)" or (Z!’)2=0.04±0.09 and the 
!-!’ mixing angle is found to be &P=(41.4±1.3)"

'Data fitting

ii) assuming Z!=0 from the beginning, we get

g = 0.72 ± 0.01 GeV−1 , ms

m̄
= 1.24 ± 0.07 , φV = (3.2 ± 0.1)◦ ,

φP = (41.4 ± 1.3)◦ , |φη′G| = (12 ± 13)◦ ,

zK = 0.89 ± 0.03 , zq = 0.86 ± 0.03 , zs = 0.79 ± 0.05 ,

!2/d.o.f.=4.2/4

gluonium

no gluonium



'Data fitting

iii) assuming Z!’ =0 from the beginning, we get

!2/d.o.f.=4.4/4

The current experimental data on VP# transitions indicate within our model
a negligible gluonic content for the ! and !’ mesons

Accepting the absence of gluonium for the !’ meson, the gluonic content of 
the ! wave function amounts to |&!G|≃0" or (Z!)2=0.00±0.12 and the !-!’ 

mixing angle is found to be &P=(41.5±1.3)"

J
H
E
P
0
5
(
2
0
0
7
)
0
0
6

with χ2/d.o.f.=4.2/4. The quality of the fit is similar to the one obtained assuming a

vanishing gluonic admixture for both mesons (χ2/d.o.f.=4.4/5). The fitted values for zq

and zs are compatible with those of eq. (4.3). The result obtained for φη′G suggests a very

small amount of gluonium in the η′ wave function, in fact compatible with zero within 1σ.

Using eq. (A.6) to calculate Zη′ from φη′G gives |Zη′ | = 0.2 ± 0.2. This is one of the main

results of our analysis. Accepting the absence of gluonium for the η meson, the gluonic

content of the η′ wave function amounts to |φη′G| = (12 ± 13)◦ or Z2
η′ = 0.04 ± 0.09.

In other words, our values for φP and φη′G (or Zη′) contrast with those reported by

KLOE recently, φP = (39.7±0.7)◦ and |φη′G| = (22±3)◦ — or Z2
η′ = 0.14±0.04 — [1]. As

indicated in section 1, a possible explanation of this discrepancy could be the use in ref. [1]

of old values for the overlapping parameters that the present analysis tries to update. In

table 1, we also include the theoretical predictions for the various transitions involving η

or η′ calculated from the fitted values in eq. (4.4). As expected, there is no significant

difference between the values obtained allowing for gluonium (Fit 2) or not (Fit 1) in the

η′ wave function. Likewise, we predict the value of the ratio

Rφ ≡
Γ(φ → η′γ)

Γ(φ → ηγ)
= cot2 φP cos2 φη′G

(

1 −
ms

m̄

zq

zs

tan φV

sin 2φP

)2 (

pη′

pη

)3

, (4.5)

to be (4.7±0.6)×10−3, in agreement with the experimental value in ref. [4], (4.8±0.5)×10−3,

and the most recent measurement by KLOE [1], (4.77 ± 0.09stat ± 0.19syst) × 10−3.

For completeness, we perform another fit assuming from the beginning a null gluonic

content for the η′ meson. Consequently, we fix φη′G = 0 and leave φηG free. The results

obtained are the following:

g = 0.72 ± 0.01 GeV−1 , ms
m̄ = 1.24 ± 0.07 , φV = (3.2 ± 0.1)◦ , (4.6)

φP = (41.5 ± 1.3)◦ , |φηG| % 0◦ ,

zq = 0.86 ± 0.04 , zs = 0.78 ± 0.06 , zK = 0.89 ± 0.03 ,

with χ2/d.o.f.=4.4/4. The fitted value for φηG is very close to zero. For that reason, it

is better to express this value in terms of the more common Zη parameter. As a result,

one gets Z2
η = 0.00 ± 0.12, thus showing a vanishing gluonium contribution in the η wave

function. This is a second important result of our analysis which complements the one

discussed after eq. (4.4). To sum up, the current experimental data on V Pγ transitions

seem to indicate within our model a negligible gluonic content for the η and η′ mesons.

A final exercise we have done is to check whether the very recent measurements (not

included in ref. [4]) on ρ,ω,φ → ηγ from the SND Coll. [14] and φ → η′γ from KLOE [1]

modify the results of our analysis. The values of the couplings associated to these new data

are displayed in table 2. As shown, the central values are nearly the same as those from

ref. [4], except for ρ → ηγ, whereas the errors for ρ,ω,φ → ηγ are comparable to the world

averages and the error for φ → η′γ is reduced by a factor of three. Assuming absence of

gluonium in the η and η′ wave functions the results of the fit are

φP = (42.7 ± 0.7)◦ , zq = 0.83 ± 0.03 , zs = 0.79 ± 0.05 , (4.7)

– 7 –



'Data fitting

φP = (42.7 ± 0.7)◦ , zq = 0.83 ± 0.03 , zs = 0.79 ± 0.05 ,

φP = (42.6±1.1)◦ , |φη′G| = (5±21)◦ , zq = 0.83±0.03 , zs = 0.79±0.05 ,

Using the latest experimental data on ($,%,&)"!# (SND) and &"!’# (KLOE), we get

!2/d.o.f.=4.0/5

!2/d.o.f.=4.0/4

gluonium

no gluonium

confirmation of the null gluonic content of the ! and !’ wave functions



ω → ηγ⎞φP

φ → ηγ

ρ → ηγ

Xη

−Yη

42.7
◦

! !"# !"$ !"% !"& '
!

!"#

!"$

!"%

!"&

'

40.3
◦

' Comparison with other approaches

68% CL bands

X
2

η + Y
2

η ≤ 1

Xη = −

1
√

2
Yη =

1
√

3
!=!8

Xη = Yη =
1
√

2

democratic solution

importance of &"!#

importance of the slopes (&V)

#

#



Xη′

⎞

φP

Yη′

φ → η
′
γ

η
′
→ ωγ

η
′
→ ργ

42.7
◦

! !"# !"$ !"% !"& '
!

!"#

!"$

!"%

!"&

'
40.3

◦

' Comparison with other approaches

Xη′ =
√

2Yη′ =
1
√

3

!=!0

importance of constraining even more &"!’##

More refined data for this channel will contribute decisively to clarify this issue



' Comparison with other approaches

PDG’06 data latest data

(φP , Z2

η′) = (42.6◦, 0.01)(φP , Z2

η′) = (41.4◦, 0.04)

&"!#

&"!’#



' Comparison with other approaches

J. L. Rosner, Phys. Rev. D27 (1983) 1101

|Zη| < 0.4



' Comparison with other approaches

E. Kou, Phys. Rev. D63 (2001) 054027

R =
Zη′

Xη′ + Yη′ + Zη′

= (13 ± 13)%

R =
Zη′

Xη′ + Yη′ + Zη′

= 26%



' Comparison with other approaches

R& with Z2=0

Y1=!’"##/!0"##
Y2=!’"$#/%"!0#

Y3=&"!’#/&"!#
Y4=!’"%#/%"!0#

φP = (39.7 ± 0.7)◦

Z
2

η′ = 0.14 ± 0.04

KLOE Collaboration, Phys. Lett. B648 (2007) 267



' Comparison with other approaches

Rφ ≡

Γ(φ → η′γ)

Γ(φ → ηγ)
= cot2 φP cos2 φη′G

(

1 −

ms

m̄

zq

zs

tanφV

sin 2φP

)2 (

pη′

pη

)3

=(4.7±0.6)"10-3

in agreement with (4.8±0.5)"10-3 (PDG’06)  and (4.77±0.09±0.19)"10-3 (KLOE) #



Accepting the absence of gluonium for the ! meson, the gluonic content of 
the !’ wave function amounts to |&!’G|=(12±13)" or (Z!’)2=0.04±0.09 and the 
!-!’ mixing angle is found to be &P=(41.4±1.3)"

The current experimental data on VP# transitions indicate within our model a 
negligible gluonic content for the ! and !’ mesons,

' Summary

We have performed a phenomenological analysis of radiative V"P# and P"V# 
decays with the purpose of determining the gluon content of the ! and !’ mesons

The present approach is based on a conventional SU(3) quark model supplemented 
with two sources of SU(3) breaking, the use of constituent quark masses with ms>m 
and the different overlaps between the P and V wave functions

The use of these different overlapping parameters (a specific feature of our analysis) 
is shown to be of primary importance in order to reach a good agreement

' Conclusions

1)

2)

andZ2
η = 0.00± 0.12 Z2

η′ = 0.04± 0.09



Imposing the absence of gluonium for both mesons one finds &P=(41.5±1.2)", 
in agreement with the former result

The latest experimental data on ($,%,&)"!# and &"!’# decays confirm the 
null gluonic content of the ! and !’ wave functions

' Conclusions

4)

More refined experimental data, particularly for the &"!’# channel, 
will contribute decisively to clarify this issue

5)

3)


