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0. INTEGRABILITY IN COMBINATORICS

· enumerative combinatories = caut objects inclasses

· algebraic combinatories = usealgebraic structures

xExample :Z weight=
**Y

paths [
2N steps

· Weyfalgebra (d u
,
d : Weylgenerators

V

· Representation : Vect & lis , iCE+3 Sk
,
d)=0

Zu = (0) (d+u)2 p)
= q-Catalan number



0. INTEGRABILITY IN COMBINATORICS

·Anexample : central force motion ↑

a p = cast
-

· Integrability = existence of sufficiently many symmetries

· conservation faces thatsimplify the problem discrete
· "flat connections" 3
· commuting operators to be simultaneously
diagonalized . Scontinua



1. DISCRETE INTEGRABILITY



A Planar Maps andgeodesic distance

matiere -C

~=>nantum GravityF
2D LatticeModel Random Tessellationofa

=
space
->

Riemann Surface
map ↓

S->c = matter -> map + :
S-C

vertices Target vertices target

[Gross-Migdal, Brezin-Kazakov, David, Dister-Kawai 981]



Questions/Answers

· Q = generate random tessellations +matter

· A = matrix integrals ->> weighted enumeration
Classicalintegrability = PDE , commuting flaws

· Q = intrinsic geometry ? generate randantessellations
with marked points at prescribedgeodesic distance?

· A = Pcttions with decorated trees -> discrete integratility



Problem= count these objects,
connected

, w/weightg/vetex

·

Dual of a random quadrangulation
g
Area(quadrangulation)IVMap s

=> tetravatentplanarmap with

two marked univalentvertices

ata prescribedgeodesicdistance
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5
↳ re-rooting

↑ ↓
4

& No
3.

Planar
map

Blossom Treew/

· Conservation Lau : #- = 1

· View from the new root:
= geodesicdistance**
"oncanpet,

*



Rn(g) = # Planar 4-valent
maps

with 2marked pts at

distance In
, weightg/ventex

# # # 115// /III/

+ n + +

⑪ =
B IIII/⑪

Rn(g) - 1 +gRn/gIn+ (g) +Ru(g)+ Rn-(z)]
[ Boutter

,
DF
,
Guitter 104]

Recurrence ! Bounda Conditions ?



Rn(g) = # Planar 4-valent
maps

with 2marked pts at

distance & n
, weightg/vetex

# IIIII # 115// /III/
-

t M + +

= is IIII/⑪
Ru(g) = 1 +gRn/gIn+ (g) +Ru(g)+ Rn-(z)]
① R
,(g) =0 ② Ro(q) = R(g) soft of :
R = 1 + 3gR2 = R = 1 - 1 - 129

6q



INTEGRABILITY

Discrete Integral : 4 (x,2) = xy(1-g(+y))- X-y

4)Run
, Rn+1) - 4(Rm-s,R .) = (Rn+-Rn-1)(*S =0 !



INTEGRABILITY

Discrete Integral : 4 (x,2) = xy(1-g(+y))- X-y

4)Run
, Rn+1) - 4(Rm-s,R .) = (Rn+-Rn-1)(*S =0 !

EXACT SOLUTION : DISCRETE SOLITON

Rn = R(g) 1- X+1 1 -xn+Y [BoutierD07]
1 - xn+21 - yn

+3

x+7 +4 =g(g) : R(g) = 1+ 3gR(g) -

continuum limit
, proba, etc.

X(g) = g(1+0(g)) [LeGate
,
Miermont

,
BDG

,
-]



B.. FRISES and FLATCONNECTION

Tijt Tri = Th ,jT + ↑\
i=espace

itj=0[z) I= temps
i,j+1

= 12 I//////, 22
Ti Titic

= 1

Tir,j Ti,j- 1i
,j-

INITIAL CONDITIONS : Tiki =&
·Ti
,j
? donnse

In a

· ⑥ -----
ai

· &
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⑨ %
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CLUSTER ALGEBRA FORMULATION

· quiver · vetex variables
[Fomin Zelrinsky'off

" ---
↑ ↑
mutation



CLUSTER ALGEBRA FORMULATION

· quiver · vetex variables

b

" ---
↑ ↑
mutation

bb = ac + 1

↑ ·

-> iteration untilwe reach (1
,j)
->Tijkais)



COMBINATORIAL SOLUTION

. 41---7 -
1 T



· ---·& 7 -
1

d T

bd-ac = 1

b



9) 100 64 ec..
·

29-
18
· o

· 19
-vi

⑧·2xVVI
··11x9
---

& · · &/7 -
1 T

Integers (despite divisions ! ) => Property ofClusterAlgebra
1

Coxeter - Conway Friezes 3



INTEGRABILITY = CONSERVATION LAWS

9. 100 6 etc---

29-
· 19

18)
⑧·2xVVI
··11x9
---

& · · &-Y 7 -
g

1 T



INTEGRABILITY = CONSERVATION LAWS

9) 100 64 ec..
·

29-
· 19

18)
⑧·2xVVI
··11x9
---

& · · &-Y 7 -
g

1 T

Infinitely many conservation laws !



SOLUTION : CONSTRUCT A FLAT CONNECTION

[DF
,
Redem12]

initial broken line
->

2x2 matrices (EGL2)
-
-

a

⑧

b -> D(a, b) =( Chiang sup . )
⑧

· -> UK,d) =1) Chiang inf.)
·

B)(a,b) U(p,c) V(a, b) D(djc)
⑧ ⑧
a C ·! a



SOLUTION : CONSTRUCT A FLAT CONNECTION

[DF
,
Redem12]

initial broken line
->

2x2 matrices (EGL2)
-
-

a

⑧

b -> D(a, b) =( Chiang sup . )
⑧

· -> UK,d) =1) Chiang inf.)
·

D)(a,b) U(p,c) = Vla, b)D(ja E> bb=ac+
⑧ ⑧
a C ·
a mutation !! Va
·



FLAT CONNECTION

The productalong a line only depends on

starting and ending points !

Proof : brawse through paths by mutations



SOLUTION

(j)

-
Go

,

Bio-- ...
&---↑,ki
-m

⑭ Tij=



PROOF U
,, (a,b)= 1

E(5]Tij D
, , (gb)=

/
①

---

-ai
,

·

& ·

↑ ↑,ki
-m

=
Blue Path TriangT

=

Red Path



INTERPRETATIONS OF THE FLAT CONNECTION:

NETWORKS

weighted graph
12

&

Mahix Product
2

I 2 · #
F

concatenation
2

Ex "flat" broken fine iMVE)--DUDUDU---

=Tij = [pZIZIZIZIZ) xai
Ipathsa steps
(weightofsteps)
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0 . 0 - 0 . 0 . 0 . 0

·o o G · o

(N : ES0, 1
,23)



GENERAL CASE
①

27
a ·wa95 a ,
onas

DDUDU U UDDUDE

aa

Tija
dimer

1 -Ni 2-Ni
configs we (square) = &, wot/exaga)= ai



2
. QUANTUM INTEGRABILITY



A : Lorentzian Triangulations in 1+ 1 Dimension

M
Semi-Random objects

tH/ time ·
time = fixed Lattice (E)

t
· space=

random triangulation
of time stice

7

space



#NUMERATION : TRANSFER MATRIX

Tij = (i,)
i
, jx0

infinite matrix

GENERATINGFUNCTIONwhw/hig
,T

Q : Diagonalize T ?



REMARK THESE ARE TREES !=

Xj
A

↑ =-> I N
i = i

Dual Graph = Givalent Planar rooted tree
"

random brick wall"

Partition function z = (T)ij



MODEL WITH CURVATURE

# weights = g/tangle
a / consecutive pain

a a of triangles DT onAA
Min(i,j)

-2k

Tij(g ,a) =gi()() a
1

fig ,a) (z ,2) = 1 - ag(z+w) - g/l-a)zw



INTEGRABILITY

THM (Integrability) [DF,Guiter]

[T(g ,a) , T(g,a)] =0

=> 4(g ,a) := 1- g(1 -a) = 4(q,a)
ga

Proof: product of infinite matricesE convolution of
their generating functions.



EXACT SOLUTION

New

parameters 3(a
,g)= q+q ; x=ga=

8Tg(xy(,)=

--m+1

m mone-

eigenvalue lefteigenvector right eigenvector
z =HN)ij [DF,Guitter, Kristjansen]



Solution : Generating functionofLorentian Ging , onatime interval
N

Zij = f-g . /LorentyianTriangulationsbetween itriangles && jtiangles
* with N Time slices S

=Iw
#

OU :

·

Zijiqua
-> continuum limit

,
limitdistribution

,
etcc. -- (N++,x=x c=1

(9,a) /= g+q,+ =x)



B. Vertex Models

ICE IN 2DIMENSIONS

Free energy/site
[Lieb'67]

eb
= (4)



Reformulation = 6 Vertex model

orientations of edges + ice rule
= 2 in + 2out ateach vatex

V a V N ~
3 1a) > k > & 3

~ - 1

grid NXN

"Domain Wall"

Bandary Conditions



ALTERNATING SIGN MATRICES (ASM)

V

>-

↑ bijection

⑧ O 001 - 1

[Mills-Robbins -Rumsey82]
[ikupenberg96]



INTEGRABILITY
V nvweights of > > > 3

~ & v - 1configurations - um -
a C

=
matixenties ofan operator Rok ->V~I
V = (2= Vect( ->,4)

V, Vz

V2 =(2 = Vest(1
,
↓I

R(z
,w] : ⑱

V Vi

VQVQVs ->VQVQV, Yang-Baxterequatican



TRIGONOMETRIC SOLUTION OF

THE YANG-BAXTER EQUATION

z,w = spectral parameters

qg
#

V a V N ~
Z 3 1 + z> 7 7) 24 3

~ &
-

- 1

w W z E W zu

1= matrix elements of R S
so what ?



IZERGIN-KOREPIN DETERMINANT

Zb
X

# (zi-zj)(wi-wi)
1jIN

x det )a(zi ,mj)
a(ti

,
w()b(ziwj))
, n

uniform case :

q=
eY
z= =A

zi-/Wi= 1

[Kuperberg96]
= 1

,3,7,
42
,
429
,
----



THE SAGA OF ALTERNATING SIGN MATRICES

=An
ASM

Mbjection Eldergea ↓
F

TSSCPP

GV [Andrews70'

DPP [Andrews80']



TRIANGULAR ICE

same idea
,

but triangular lattice

20 VERTEX MODEL /20 = (s))

"

Domain-Wall" Boundar
Conditions on NXNguid



INTEGRABILITY : desingularize !

carbyas
,
by
,
2)t

zu t
zu 3 tw

2 O

Bt
GV

= I al poidsZ = Z Cr
Z · e

y ap
z

6Vn me ↓
poids (91b1

,
2) =)x( =(x)201

6V, 6V GVs

G

= B

=> Integrable weights for the 20Vertex model
uniform 201 =x(a= 1

,
b=E

,
c= 1) (6)



DomainWall Boundary Partition function

w
, v - - - - En

z,

t
,

zz
+
z

: i
En

ten------ twoN

Z
zor
~ Zov(a ,b ,c)

Z uniform 20VZ(1
,
E
,
1) 6V

,

limit of IzerginKorepin E ENE . !, 3 ,0,433 , 19705...



A REMARKABLE NON-BIJECTION WITH HOLEY AZTES

SQUARE DOMINO TILINGS WYTURN SYMMETRY

E

Thm [PF
,
Guitterig] = zor Profes !



20V DWBCI

grid 3x3

23 configurations





·
>



LIMIT SHAPES

20 V uniform (100x100)

Arctic Curve is Pieceurise Algebraic ![



Arctic Curve for the Holey Aztec DominoTilings wYturn sym

algebraic



CORRESPONDENCE OF LIMITSHAPES

(NE)

M

&
(1)

-

② h



CONCLUSION / CONNECTIONS
StatisticalPhysics
Random surfaces
Vertex Models

Combinatorics ↑
Probabilityexact = Integrability -> UniversatMapsasymptotic ↓ Limitshapes

Algebra
-- ExclusionModels

Orthogonal polynomials T
Geometry

-entersection on ModulispacesChester Algebra cluster varieties

representations representations
non-commutative wacarmutative
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