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Problem 1

(a) Note that the sum is over all the integers, and the spatial momenta are integrated from
—oo to +oo. This implies that the change of variables P — —P leaves the measure invariant. We
then establish the relation
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which implies that Z]] = 0 for odd 7.

(b) We start by noting that the zero-mode n = 0 contributes a scaleless integral that vanishes
in dimensional regularization,
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Then, only the non-zero modes n # 0 give nontrivial contributions. Now, let us scale the loop
momentum p — 27T np to get
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where we have used the fact that all dependence on n appears squared in Eq. . we take 1 to
be even because of (a)), and thus ¥,,.o = 2>, and we get (the analytic continuation of) the
Riemann Zeta function ((2v —n - d). For the spatial integral, we go to spherical coordinates in d

dimensions and write -
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where dQ)4 is an element of d-dimensional solid angle ;. The angular integral can be performed by
choosing a coordinate system where ¢; is the angle to the ith axis, with 0 < ¢; <27, and 0< ¢; <7

for ¢ > 2. Then,
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Through the change of variables p® = ¢/(1-t), the radial integral can be written in terms of Euler’s
beta function,
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The result for the radial integral is
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Taking all these results together, we obtain
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where we have multiplied the factor [1+ (-=1)"7]/2 to make it clear that only even values of 1 give
non-trivial results.

Taking n = 2 and v = 1, we use the function Series[] in Mathematica to expand in Laurent
series around € = 0 to obtain
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(c) Define
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Scaling p - T'p gives I oc T4 = (TQ)T; therefore
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On the other hand, differentiating Eq. (10) directly gives
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Equating Egs. and , we obtain I = (2/d)Z? and thus the desired result.
Problem 2

(a) Solving the derivative, we get
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Writing p? = P2 - (Py)?, we obtain
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Plugging this result into the IBP identity, the recursion relation follows.

Consider Z"7?. We assume that 7 is even (recall (a) in Problem 1), and distinguish two cases.
If v > n+1 (and n > 0 so it makes sense to use the formula), we iterate the recursion relation 1/2+1
times to reduce the upper index to zero,
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If v <n+1 (and v > 1 so it makes sense to use the formula), we iterate the recursion v times to
reduce the lower index to 1, obtaining
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(b) Shifting n - n -2 and v — v — 1 we obtain the desired form of the result,
I} = pi(d,v,n) T,y +pa2(dyv,n) T2, (17)
where (6(x) =1 for x > 0 and zero otherwise)
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Problem 3

(a) We choose P as the quark momentum and @ as the gluon momentum. Plugging in the
Euclidean Feynman rules and summing over quark flavors, we obtain
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where tr (TT?) = §7°/2, and §** = N2 -1 is the dimension of the adjoint representation of SU(N..).
For the Dirac trace, we use the standard result
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Contracting indices and using §** = d + 1 for the spacetime dimension, we get terms of the form
P? and P-(Q in the numerator. Writing
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we can simplify some of the propagators, and after performing changes of variables like Q@ - P - Q)
(with Jacobian equal to 1), we get to the desired result for ps.

(b) Cancelling the (P - Q)? propagator implies that the two-loop integral factorizes into a
product of two one-loop integrals, one in P and the other in . Then, given that at zero tem-
perature gluons are in vacuum (Q = (go,q) with continuous ¢o), then the @ integral is free of any
scales in dimensional regularization and can therefore be set to zero; equivalently, the ultraviolet
and infrared divergences are regulated in the same way using a single € regulator, resulting in 0
upon evaluating the integral.

For the nontrivial integral, we can do the change of variables @ — P — @ (with Jacobian equal
to 1), whereby the Q momentum acquires a fermionic signature (i.e. it now carries a chemical
potential) and thus gives an identical integral as in P. To compute this integral, we write
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The pg integral can be performed using the Residue theorem by closing the complex contour in

the upper half plane, picking up a non-trivial residue at the pole pg = ip when p > u, with residue
1/(2ip). Then
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The angular integral is just the d-dimensional solid angle from Eq. 7 giving
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Writing 6(p—p) =1-60(u —p), we note that the first term is scaleless and thus set to zero; for the
second term, we just integrate p from 0 to p to obtain
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Setting Ny = N, = 3, writing g* = 47 and replacing the result in ps, we get ¢ = —2.

(c) We fix the scale A = 2y, and use 3y = 9 for the one-loop beta function and Agcp = 200 MeV.
At p =400 MeV, we get a,(2 x 400 MeV) ~ 0.5, and thus

pa(p =400 MeV) » pree (1 —0.32). (26)

This is not a particularly small correction to a free gas of quarks. Furthermore, varying the
(arbitrary) scale A by a factor of 2 greatly changes the size of the correction, pointing to a poor
convergence of the perturbative series for these values of quark chemical potentials. This very
simple analysis shows that, even in the extreme environments found in the core of neutron stars,
we expect QCD to stay strongly coupled. Notably, whether QCD stays confined or if a transition
to deconfined quark matter occurs in the inner core of very massive neutron stars is still an open
question.



