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Non-Relativistic EFTs for Heavy Flavor Dynamics

Exercise 1: Warmup: Techniques in HOET

(a) Let v be a unit timelike vector, that is, v?> = 1. Prove the following identities.
o (2) (%)~ (%)
o () (7)o
o (5) (%) +(2) (%),

Solution 1: Warmup: Techniques in HQET

(a) (a) v be a unit timelike vector, that is, v? = 1.

(i)
L g\ (19  [(1+pp+2y
(20 () ().
(242
-(57)
().
where we have used %% = 1 which follows from the properties of the gamma matrices.
(ii)
g\ (LFF\ _ (1 pE§Fy
2 2 ) 4 ’
()
4 Y

0. (2)

(iii) In order to prove the identity, we require the following relation: v#9% = 2v# — 9",
1+ 1+ 1
(52) v () =g r wps b,

= 1 (9 20 4 (20 — o)),
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where to obtain the last line, we have used the identity in Eq. (1). Similarly, we can show

that
(F52)» (F52) =3 0r - = pr ).

=2 (" = 20"+ (20" — ")),

I R T

=20 4 2P0t — M)

Sa-pen
)

Exercise 2: HQET from QCD at order O (1/m2)

Let Q)(z) be the QCD quark field of a heavy quark with mass mg. In the presence of one heavy quark
with momentum p = mquv + k, where v? = 1, define h,(z) and H,(z) by

o) = e (12 Qo).

2
) = (51 ) Qo).
Then we have
Q(z) = e "™V [h,(x) + H,(z)] .

In the kinematic region where £ is much smaller than mg, h, is a large component and /, is a small
component. The tree-level Lagrangian in HQET can be derived from the QCD Lagrangian by eliminat-
ing H, using equations of motion.

(a) Show that in terms of the fields h, and H,, the QCD Lagrangian
EQCD = Q(zlﬁ - mQ)Q
reads
Locp = hyiv - Dh, — H,(iv - D + 2mg)H, + h,ilp , H, + H,ilp  h,
where D!/ = D#* — v#v - D. Note that $h, = h, and y H, = —H,
(b) Derive the equation of motion for H,, by varying the QCD Lagrangian with respect to H,,.

(c) Show that the Lagrangian after eliminating /, by the equation of motion is

ree-leve A T . 1 3
EtHQElT U= hyiv - Dhy, + hvsz—QmQ i Dlwlhv .

. . 2
Consider the HQET Lagrangian at order 1/mg,

. 9 7 arnB g < a A
6ﬁl/m2Q — _%hvv [DJ_J Gaﬁ]hv + %thAUaB{DJJG B}hzw (5)
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(d) Using the conventions D,, = 0, + igA,, [D*, D¥] = igG"", and " = 5[y*,~"] and that D,
1,0).

acts on everything on the right, go to the rest frame of the hadron, i.e. v = (1,0). Show that
_ -
5£1/m2Q = = hy(D - gE — gE-D)h, + %hvs - (D x gE — gE x D)h,, (6)

where

1 /o 0
5= 2 (0 0') '
Here D = V — igA. Note that D acts on everything on the right.

We end this exercise with a comment: In the literature, the nonrelativistic expansion is also obtained
from the Foldy-Wouthuysen transformation. The Foldy-Wouthuysen transformation is a systematic
way to perform the nonrelativistic expansion of the Dirac Hamiltonian. The idea is to perform a uni-
tary transformation in such a way that the resulting Hamiltonian is diagonal in the large and small
components of the heavy fermion field.

Although the nonrelativistic expansion can be achieved systematically this way, radiative corrections
that happen at the quark mass scale are not captured. Therefore, an effective field theory is an operator
expansion multiplied by the so-called matching coefficients. The matching coefficients capture these
radiative corrections of the fundamental theory. They are determined by matching the initial theory
with the effective field theory.

Solution 2: HQET from QCD at order O (1/m2)

(a) Let Q(z) represent the heavy quark field in QCD with mass m¢ and momentum p = mgv + £,
where v2 = 1 and k << mqu. In the kinematic region where % is much smaller than mg, we
define a large component h,,(z) and a small component H,(z) by

1+

h — imQu-T

) Q). )

H,(z) = ¢mavs (#) Q). ®

The above equations imply that the field h, corresponds to the heavy particle while the field H,
corresponds to the heavy anti-particle. In terms of the fields h, and H,, the QCD field Q(z) can
be written as

Q(z) = e7 ™" [hy(x) + Hy(w)] - ©)

The tree-level Lagrangian in HQET can be derived from the QCD Lagrangian by eliminating the
anti-particle field 4, by using the equations of motion. The QCD Lagrangian for the heavy quark
field @ is

Locp = Qi) —mq)Q. (10)

Substituting the expression for Q)(z) in Eq, (9) into above equation, we get

Lqcp = (ilv + F[U) etimQue (Zm — mQ) e imQue (h, + H,),
= (hy + Hy) (moy + ilp — mgq) (h, + H,). (11)
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Since, (#) h, = h, and (#) H, = H,, we have yh, = h,, and ¥H, = —H,., Also, using

these results, we can express h, as

= B'U (ﬂ) ’ (12)

where we have used the following identities involving v-matrices: (7°)% = 1, and y#T = 404440,
Similarly, we have

2
This implies
g (L) (18,
pem (15 ()0 "
b (LR (128
(RS VLS P w

Using the results in Egs. (14) and (15), the Lagrangian in Eq. (11) can be written as
Lqocp =mg (hy + H,) (hy — H,) + (hy + Hy) i) (hy + Hy) — mg (hy + Hy) (hy + H,y),
= —2moH,H, + (h, + H,) i1} (h, + H,),
= —2mgoH,H, + (ﬁv + I:L,) i (Vv - D+ DY) (hy, + Hy),
= —2moH,H, + hyiv - Dh, — Hyiv- DH, + (h, + H,) i, (h, + H,), (16)

where we have used yh, = h,, H, = —H,, D{ = D" —vtv- D,and v - D = 0. The last term
on the right hand side in Eq. (16) can be simplified by using the results from egs. (3) and (4):

BleJ_hv = Bv’YuDih'va

=i (S50 ) et (S5
= hyv, D! h,,
= hyv - D" hy,
= 0. (17)
Similarly, we can show that
H,p, H, =0. (18)

Substituting the results obtained in Egs. (17) and (18) into (16), we have

Lqcp = hyiv - Dh, — H, (iv- D + 2mg) H, + h,ilp | H, + H,ilp | h,. (19)
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(b) The equation of motion for the anti-particle field H, is given by

8LQCD —0
0H, ’
= —(iv- D+ 2mg) H, +ilp  h, =0,
1
=H,=———il) h,. 20
QmQ%—w-DuDL (20)

(c) Using the equation of motion for H, in Eq. (20), we can eliminate the heavy anti-quark field H,
in Lgcep. This corresponds to a tree-level matching between QCD and HQET.

ree A 7 - 1 . 1 .
£hQET = hUZU . th — hvlml (m) (Z’U - D —+ 2m) <m) lej_hlh

_ 1 - 1
- L Ny L Non
+ hoilD, <2m+iv-D) i ho + hoil)s <2m+iv-D) iP b,
_ _ 1
—hiv-D ; I 21
hv’l'U hv"'thmJ_ (2m—i—wD> ZEJ_hU_‘_ ) ( )

where the dots represent the boundary terms that have been dropped, and we have used the
following relation:

= —ihyy,
(22)
T il (Wﬁ) , (23)
where we have used
gT = % —igA,
Integrate _5> _ig A
by parts
=—D. (24)
(d) The components of the electric field £* are defined as
E'=G" = Gy,. (25)
In the rest frame of the hadron, i.e. v = (1, 0), we have
DY =0,
D} =D'=— (D), (26)
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where we are use the convention we use the convention D" = 9 — igA* = (D° —D) and
D = V — igA. Using the above results, the first term on the right-hand side of 6L, Jm2, €N be
written as

=h, (D) E'| h,

=—h,[D-E—E-D]|h,. (27)
Similarly, the second term of 6L, Jm2, can be written as

vaaauu {Di, GaV} hu = Bvo_uu {Di> GOV} hva
= }_lUO.’L] {Di7 GOJ} h/v,
— 2, €k gh {— (D), —EJ} ho,

=2h,S- (D x E—E x D) h,, (28)
where
Oij = B Vi, 5] = 2 h >7J] )
— 2¢iik gk (29)

Using Egs. (27) and (28), we obtain

i -
%hvs - (D x gE — gE x D)h,, (30)

hy(D - gE — gE - D)h, +

5£1/m2Q =

2
mq

Exercise 3: Matching QCD to HOET/NRQCD

You may wonder what the relation/difference between HQET and NRQCD is. NRQCD, ideal for bound
states for a heavy quark-antiquark pair, is constructed by integrating out modes associated with the
scale m. In terms of the NRQCD Lagrangian, the degrees of freedom are A, 1, a 2-component Pauli
spinor annihilating a fermion of mass m4, and , a 2-component Pauli spinor creating an antifermion
of mass ms. Therefore, the expansion is organised in terms of powers of 1/m,; and of the coupling (only
if m > Agcp). NRQCD contains all the operators contained in the HQET Lagrangian describing both
the quark and antiquark sectors. Their difference arises as NRQCD contains 4-fermion operators.

In the frame in which v = (1,0), the HQET (or NRQCD) Lagrangian bilinear in the heavy-quark
field to order 1/m? has the form

) c c
Loty = WliDoY + 5 =D + bl - gBY
+C—D¢T(D-gE—gE-D)¢+iC—S¢TU~(DxgE—gEXD)w
8m?2 8m?2 '

v
0

exercise, we will determine the coefficients ¢y, cp, cp, cg by matching to QCD at one loop.
In order to obtain ¢y, ¢, ¢p, cs, we will match the amplitude 4, ()| AQ)in, where the incoming and
outgoing quarks are on-shell, with momenta p and p’ respectively. The incoming gluon A*, which is

where v is a two-component field defined by h, = < , and m is the mass of the heavy quark. In this
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treated as a background field (by the use of the background-field gauge), has an off-shell momentum
q = p' — p. In QCD, the amplitude has the form

v
o qy

iout(QAQ) i = —igT* A u(p') [Fl(ff)’y“ +iF5(q°) o

} u(p). (31)

The trick to perform the matching in dimensional regularization is to expand the loop integrands in the
external momenta. The matching condition requires one to simply calculate the amplitude in the EFT
at tree level, and drop all the IR-divergent terms in the full theory. To O(«;), the form factors
Fi(¢%) and Fy(q?) to order ¢?, after expanding the external momentum g in the loop integrands, are

e 111 5 1 5
Fl(q2)=1+o‘qK— ——+—10g%)CF+<— ——+—10g%>0,4], (32)

Tm2 3€IR 8 3 2461R 16 24
a, |1 1 1 1 m
FQ(QQ) = — |:§CF + (2613 + 5 - §log —) CA:|
2
asq” | 1 1 1 1 m
T {12CF * (2e,R g T glen )Gl (33)

(a) Use the form of the spinor

E,+m U
=[5 (eha)

so that u corresponds to the spinor for ) in the Feynman rules. Expand Eq. (31) in powers of p
and p’. Show that the result is

iout(QIAQ) i = —igT u’ (A*5° — A® - j)u, (34)
where
i’ = Fi(q) {1 - #qz’ + ﬁa - (p' xp)+ 0(1/?713)]
+ F5(q?) l—ﬁf + 2%20 -(p" xp)+ O(l/m?’)} : (35)
and
= Fi) | =0+ ) 4 g < 00 /)| 4+ Fu() | o xa 0m)] . 69

(b) From Egs. (34), (47), (48), (32), and (33), obtain cp to O(«y). If time permits, find also ¢s, ¢p, cs.

(c) We are interested now in the four fermion sector of NRQED. NRQED is obtained from QED by
integrating out the mass scale. The leading order 4-fermion operators are dimension 6 operators.
The Lagrangian reads

S dU
Vit + ——ylox - xToy
mo 1Mo

L e
NRQED 2 —

Working in the centre of mass frame, in Feynman gauge and choosing for convenience m; =
msy = m, calculate to O(«y), the Wilson coefficients d, and d,. The relevant diagram in QED is
the leading order I/ — I diagram. In NRQCD, the same procedure applies but one must be careful
with the colour matrices. In particular, there are now four operators that denote the spin-singlet
(triplet) of a colour singlet (octet). One finds that at O(«) only the spin triplet colour octet gives
a nonzero result.
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Solution 3: Matching QCD to HQET/NRQCD

(a) We will perform the nonrelativistic expansion of the QCD amplitude in Eq. (31). Expanding the
spinor for the external states in powers of p/m upto O (p?), we obtain

/Ep—i—m( U )
Up — o-
() 2Ep Ep+pu
2 U
P— _—p o« o .
() (s £
p2
<_8m2

— > +0(1/m?), (37)

where u is a two-component spinor. In Dirac basis, the gamma matrices and o*” is given by

7°=< (1] _01), (38)

2
k
ik (% 0
=€ ( 0 Jk) , (41)
where o' are the Pauli matrices, 1 is the identity matrix and we have used [0, 07| = 2ie"*a* to

obtain Eq. (41). Using the above results, we systematically perform the nonrelativistic expansion
of the terms in the QCD amplitude in Eq. (31). Therefore, we have

a(p )7 u (p) = ut(p') (4°)" u (p),

(o (-22) we) (5 0) (CLE) ) onum)

m

/2 2 /
S (T <y (R (Z2) (SR uro(1/m?
u< 8m2)( gm2 )T om om )T (1/m?)
1 2 | 2 1 i g (sijk k| sij 3
:uTu—7<p +p )u*u—i—mzﬁp p’ (ze’ o —l—(W)u—l—(’)(l/m),
i

I ’ 3
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where we have used 0’0’/ = i€/*¢* + 6 and q = p' — p. Similarly, we have

a(p )y (p) = u'(p)y°7 u(p),

S (-2) w2 (6 0 (0 ) (o)) o
(- 8) ) (1 (5. ) o 0m)
= ulo! p u+u*p Zotut O (1/m?)

”kak—l—&”)u—i-u 57;( L k—|—5”)u—i—(9(1/m)

>u+u Q:n <0'><p/> u+uT#(pxa)iu—l—(’)(1/m3),

/\/\/‘\3

2m ) +—u (o-><q) u+(9(1/m) (43)

“u(p),

o) v z) (o 7))

( 8m2>u + O (1/m?)

710'q ” 5
—2 uJr qup io-q ap —|—(9(1/m),
2m
o

o-qo-p P
= S TW%“OW”‘)
1 o
:4_7n2|:( ijk k+62]) lp]_( ijk k+(5”)pq}u—|—0(1/m3),

) .
:—4q—m2uTu+4Lm2[UT(qxp)-au—uT<p/xq)-au]—l—O(l/mg),
@ Ty s O (1/m?
= gulut s |u' (P xp) cu—ul(p'x(-p)) oul+0O(1/m?),

) :
= —4q—m2uTu+ QLmQUT <p, X p> cou+ O (1/m?). (44)
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top ) 1 0 ¢k gk 0 —¢’
ul L2 , _1
2 0 —1 0 ¢k gk 2m

)
<( i) u) i) O (p) 1+ 0 (1)

w2 2
—ciihghgi
' 0 u
:Z<u]L UT—UP> 2m ctik gk gi (a’- )
2 0 el ) \gn v
ic’ p-o
, 2m 2m
—ig® (uT uTaz',fL) | 2 +0O(1/m?),
2 (1- &)
vt ik R R IS S 3
= 2mue”aq]u iq [4m2up au—|—4m2up oo u]+(’)(1/m),
7
— T 3
= —u'o X O (1 45

where the pieces corresponding to ¢ don’t contribute to Eq. (45) because ¢° = E,—E, =
0 4+ O (1/m). Combining the results in Egs. (42), (43), (44), and (45), we obtain the amplitude in
Eq. (31) to be

Ov

A (F (@) )7 ulp) + iFa(q?)u(p') =2 u<p>>

Z‘out<cs2|‘462>in - _igTa om,

i

g

_ pai (Fl () u(p)y ulp) + iFsy(q?)u(p) 273} u(p)) ] ;

= —igTul (A% — A" j)u, (46)

where
)

1
-0 2 2

g 7 (' )+ O(1 /)

+ F5(q?) [—ﬁqz + 2%20 (P xp)+ O(l/m?’)l : (47)

and

§= B | 0+ B) 4 o x s O(1/)| 4 Fa?) | o x a0/ ()

(b) In order to obtain the coefficients ¢y, cp, ¢p, ¢s to O(ag), we need to figure out the tree-level
HQET/NRQCD amplitudes o, (Q|AQ)in. Note that, the field strength tensor G**, the chromo-
electric field E, and the chromo-magnetic field B are defined by

G, = 0,47 — 0, A; — gfabcAi’LAf,, (49)
Eai — GaiO — _aiAaO o aOAai + O (AQ) 7 (50)
Bai — _%EijkGajk7

= (V x A% + 0 (4?), (51)
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The tree-level HQET/NRQCD amplitudes o (Q| AQ)i, are obtained from the Feynman rule for
the vertices corresponding to the coefficients co, cp, cp, cg. Therefore, the Lagrangian pieces
corresponding to these coefficients can be written as

L, = —gT A, (52)

_ % N2
ch - 2m¢ D 1/}7
C .
— —2;¢T (V2—ig(V-A+A-V)—g*A?), (53)

Lop = 2vlo - gBy,
2m
_ 2‘3_;¢Ta g ([V x A+ 0 (4%)) %, (54)

Lop = z50!(D - gE — gE - D)y,
= g— PV (=VAY = 9A) — (-VA" = §A) - V + O (4%)) ¥,
:gC—DQ[v- (-VA°— 3A) v+ 0 (42),

8m
= g2 | VA + OV - Alv+ 0 (A7), (55)
L. = ZCS vl (D x gB - gB x D)y,
_ ZCS2 DwT} % gE) o+ 1/)T0' . (gE X D) 77/1) ,
{ x g (VA" +8A)) - oy
+¢lo - (g(VAY+ 9pA) x V) ¢} +0 (47, (56)

where the covariant derivative is defined by D* = 0 + igA* = (Dy,—D), D = V — igA.
In the above expressions, V acts on everything towards the right and square brackets [ . } in

Egs. (55) and (56) denote derivatives acting only on fields within the brackets. The Feynman rules
corresponding to the Lagrangian in Egs. (52), (53), (54), (55), and (56) are given below

11 of 29



Figure 2: Feynman rule for the Lagrangian in Eq. (53). For an incoming quark the derivative gives
V — ip while for outgoing quark the derivative gives V. — —ip . For an incoming gluon
the derivative gives V — iq.

Kigl(iqk) T* = ——(a x q)IT®

Figure 3: Feynman rule for the Lagrangian in Eq. (54). For an incoming gluon, the derivative gives
V —1q.
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Figure 4: Feynman rule for the Lagrangian in Eq. (55). For an incoming quark the derivative gives
V — ip while for outgoing quark the derivative gives V — —ip . For an incoming gluon
the derivative gives V — iq and 9y — —i¢".

Csg

= am2 ¢ P xpTe

Csg

=34 lox @ +pI'T*

Figure 5: Feynman rule for the Lagrangian in Eq. (56). For an incoming quark the derivative gives
V — ip while for outgoing quark the derivative gives V — —ip . For an incoming gluon
the derivative gives V — iq and 9y — —i¢".

Using the Feynman rules shown in Figs. 1, 2, 3, 4, and 5, we have for the amplitude ,u(Q|AQ)in
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in HQET/NRQCD:

out<Q|AQ>in = —igTaUT

AaO_&( ’)'Aa_~c_F DAY — cD 2 ga0
5, (P TP ig,- (o xa) 24
- —q q-A° —1—2—0' (p/ X p) A

+ %qo [o‘ X (p/ —i—p)} .A“+O(1/m3)]u

= —igT'

A g i (P )}

— A®. (26—; (p + p') +i20—;; (o x q)) + O (1/m?) ] u, (57)

where we have neglected terms involving ¢° because ¢° ~ O (1/m). Equating amplitude ob-
tained in HQET in Eq. (57) to QCD amplitude in Eq. (46), we obtain for the matching condition

Fi(¢?) [1 — 8_;12012 + ﬁa (p’' x p) + O(1/m? )}

+ Fy(q?) {—%WqQ + 27;20' (p' xp)+ O(l/mg)]

:1—%&4— <p ><p>+(9(1/m) (58)

Z4m

2m
:20_;<p+p')+i;—; (o xq)+0(1/m?). (59)

Fi(q?) {%(p +p)+ La‘ X q + O(l/mS)} + (%) {ﬁa’ x q+ O(1/m?)

The form factors F} (¢*) and F (¢?) to order O (¢*) and O () are given by Egs. (32) and (33).
Therefore, defining the form factors as

Fi(¢") = Fi+ F/ 1 + 0 (¢*/m"). (60)

where F; = F; (0) and F|, =

T |2 2 2
Lo [ 1 1 1 m

=%t (=-Z10e™)C 61

2 7T_12 F+(12 ZOgM) A:|) ( )

where Cr = 4/3, C'4 = 3 and we have dropped the terms involving 1/eg for the matching
(see Page 1 for the explanation). Also, since ¢° ~ O (1/m), we have 31—22 = —7?1—22 + O (1/m?).
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Therefore, the matching conditions in Egs. (58) and (59) gives us
2 .
l

/ q 1
F1 +8F1 [—w} +F1 {—WQQ—FWU (p/ X p):|

1 i
Fy|l——q?+
* 2{ a2 o

2 . CS /
q —i—z4—mQ0'- (p X p) (62)

o (P xP)+ o<1/m3>]

CD

-1 L
8m?2

1 7 7
Fi|—/p+p)+—0oxq|+F|—0cxq
2m 2m

2m
_ O N\ L, CF
—2m<p+p>+22m(0><q)- (63)

The above matching conditions give us the following results for the coefficients co, cp, cp, cg to

O(as)

o=F=1 (©4)
cr = I+ Fy,
Qg (1 1 1 m
ot (2 2 % u) CA}’ )
cp = Fy +2F, + 8F],
JI/8 12
— 1+ (Clog ) Cr+ (= +2log =) Cal (66)
T [\ 3 7 2 3 M
Cs:Fl+2F27
—14+ % CF+(1—log@)CA] (67)
T | 2

(c) HQET describes the theory of a heavy quark, whereas NRQCD is used to describe non-relativistic
bound states. The hierarchy of scales used is different to that in HQET, namely

m > mog > ma?
Now, NRQCD is constructed by integrating out modes associated with the scale m. In terms of
the NRQCD Lagrangian, the fields present are A,,, 1, a 2-component Pauli spinor annihilating
a fermion of mass m4, and Yy, a 2-component Pauli spinor creating an antifermion of mass ms.
Therefore, the expansion is organised in terms of powers of 1/m; and of the coupling. NRQCD
contains all the operators contained in HQET Lagrangian describing both the quark and anti-
quark sectors. Their difference arises as NRQCD contains 4-fermion operators

Lxanen > —— v+ —2—lay - ylow + .
mims myma
To keep this simple we work in NRQED. It turns out that the operators above are also the 4-
fermion operators of NRQED. We work in the centre of mass frame and in Feynman gauge. For
convenience, we also set m; = ms = m. Then O(«) scattering amplitude on the QED side of the
matching is given by

2

(—ig®) (2;;2 i (—p)7*u(p)ul (@)1 ' (—q) = iﬁvTaiuuTﬂv (140 (1/m))
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where we have used

=vloclu+0

@—e—
|
)
2

(=)
\QN
=
3

|
—~
o
S
-,
SN—"
— 7 N N

o
1
m

ds = O(a2), d, = —Tag + O(a%)

s

Matching with the NRQED side, we notice it gives

Exercise 4: pNRQED and the dipole transition

In this exercise, we work in the bilinear sector of NRQED. For the lowest lying scales, there is a clear
separation of scales between ma > ma?. This allows integrating out ma: ~ 1/r where r is the relative
coordinate between a heavy quark and antiquark forming the bound state. It turns out

LYM H= LYM

pNRQC NRQCD
LBilinear o LBilinear
pNRQCD — ~NRQCD

Therefore, the bilinear sector of the pNRQED Hamiltonian reads

oo ~ [ &0 !(@) (Du) wla) + O (1/m).

where the photon appearing in the Lagrangian is ultrasoft.

(a) To make explicit the size of each term and to be able to enforce that the photons as ultrasoft,
project the pPNRQED Hamiltonian (only the Bilinear sector) on the Fock space:

[ ool @) (@2)10).
You may use
¥ () |0) = xe () |0) =0
and the fields satisfy equal-time anticommutation relations:
{v:(@),0] (W)} = 0,6" (@~ )
{Xa @)\ (W)} = 050" (@ — ).

We note that . = —ioyx* i.e the charge conjugation of the field y. This is such that y. has
the opposite electric charge sign than 1. This is usually the way particles and antiparticles are
described in QM.
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(b)

(©)

(d)

Then perform a change of variables into the relative coordinate » = x; — x2 and centre of
momentum frame R = #2722 _In this step, you can enforce that the photons are ultrasoft. Recall
r ~ 1/ma. Show that the resulting Hamiltonian is

/ PRA’r¢!(R,7) (er - VA(R)) ¢(R,T)
The associated Lagrangian is then
LyNRQED / P RAr¢' (R, v, t) (idy — er - VA(R)) (R, 7, t)
Perform the field redefinition

1
o(R,r,t) = exp {ie/ dsr-A(R—17/2+ sr,t)} S(r,R,t)
0

and by performing a U(1) gauge transformation on the fields, show that S(r, R, t) is a gauge
singlet. Hint: take ¢(R,r,t) ~ (R +7/2)x.(R —r/2)

Multipole expand the Wilson line to show that the Lagrangian reads
Lonnonn = / &P RS (R, 1) (i0 — er - E(R)) S(R, 7,t) + O(1/m).

In pNRQCD, the degrees of freedom are the singlet and octet states and ultrasoft gluons. There-
fore, the interaction between a singlet and an octet is given as S 57 . gEO +Ot7 - gES .

Solution 4: pNRQED and the dipole transition

(a)

Projecting the Bilinear sector in the restricted Fock space while HS%EQ gp=H %%"Q gp- We get,
0
O [ dard rad o] (1,20 s (@)1 1) B Spt] (02) X (92)60 (019 [0
(68)

with
HOY 1o = —e / d (6 Aot — ' Aox) (x) (69)

where the time derivative is cancelled out through the Legendre transform. The key point is
that, using equal-time anticommutation relations, one realises that only the corresponding delta
functions survive. Therefore,

HOjgsss = /d3$1d3$2 &L (@1, 2) [eAg (1) — eAg (@2) + O(1/m)] ¢yj(w1, 2)

Using the definitions of the relative coordinate and centre of momentum vector, we find that
1 = R+ r/2and o = R — r/2. The Jacobian is equal to one, and the interpolating fields
now trivially become functions of 7 and R. The degrees of freedom of pNRQED contain ultrasoft
photons. This means their energies and momenta scale like ~ ma? and so we expectma ~
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(©)

(d)

1/r > ma?. To see this scaling, compute the root-mean-square momentum expectation value
for a Coulombic wavefunction. Therefore, to enforce ultrasoft photon fields, we multipole expand

Ao (1) = Ay (R+7/2) = Ay (R) + g VA (R)

Ao (22) = Ag (R —1/2) = Ay (R) — g VA (R)

The final result reads

/ BPRPEr (R, 7) (er - VAs(R)) ¢(R, )

The field redefinition is such that we make explicit that there is a Wilson line connecting (R + /2, t)
(ves, even in QED. The reason is clear, we are dealing with nonlocal interpolating fields that are
made gauge invariant with a Wilson line). Under U (1) gauge transformation, the fields transform

as

w(x) s efieA(z)w(x)
Xe(T) = €+ieA(m)XC(x)
Au(x) — Au(x) + auA(fE)

It follows that
(R, 7, 1) ~ Y(R+1/2)x (R — 1r/2) — e MBI/ 2D g (p R 1)emieMEr/20)
Under the same gauge transformation, the Wilson line transforms as

eie f01 dsr-A(R—7/2+sr,t) ds r~VA(R—r/2+sr,t)eie fol dsr-A(R—7/2+s7r,t)

o
— e~ o
ee fol ds %A(R—r/Q-{-sr,t) RE f01 dsr-A(R—7/2+sr,t)

_ efieA(R+T/2,t) ete fol dsr-A(R—7/2+sr,t) efieA(Rfr/Q,t)

With these transformations, we observe that under U(1) transformations S(R, r,t) — S(R, r,t),
i.e, it is a gauge singlet.

The Wilson line may be multipole expanded
e Jo dsT-A(R—r/24srt) _ +ier - A(R,t) + O(?)
This implies
Plidyp! = ST (1 —ier - A(R,1))id, (1 +ier - A(R,t)) S + O(r?)
= S1i0yS + STidy (ier - A(R,t)S) — ST (ier - A(R,t))id, (S)
= STi0yS — ST (er - Oy A(R, 1)) S

But then at order (1/r) we find that
L,NRrOQED = / BRPrP (R, r,t) (i) — er - VAy(R)) o(R, 7, 1)
= /d3Rd3rST(R, r,t) (i0y — er - VAo(R) — er - O0A(R, 1)) S(R,r,t) + O(1/m,r)

where —er - VAy(R) — er - O A(R,t) = 7 - eE since E = (—~V Ay — dyA)'proving the initial

statement.
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The following exercises deal with the nonequilibrium evolution of quarkonium inside
QGP. They are optional if real time thermal field theory and open quantum systems are not
covered in the lectures.

Exercise 5: Heavy quarks in medium

Real-time observables can be directly expressed using the so-called real-time formalism, realised through
the Schwinger-Keldysh contour. This framework can be applied to non-equilibrium evolution but at a
price. The price we pay is a doubling of degrees of freedom

(a) Show that accounting statistical fluctuations, the expectation value of operator O, i.e <@ (t1)> =

Trp (t1) O (1), leads to a doubling in the degrees of freedom. Hint: Evolve the density matrix in
time and use the path integral representation of the matrix of the corresponding time evolution
operator.

Assume thermal equilibrium. Therefore, the density matrix follows the canonical ensemble. We expect
heavy quarks to follow a hierarchy of scales where their mass, m, is much larger than the Temperature
T i.e. m > T'. In the following exercises, we explore the infinite mass limit in equilibrium:

(b) Prove that the Wightman correlators of heavy quarks satisfy the KMS relation and the sum rule

/C;_ko (57O — 5<0) — 1
™

in equilibrium.
(c) Find an expression for the (free) spectral function and the time-ordered correlator.

(d) What is the expression for all the propagators in the infinite mass limit? What happens to the 12
P propag PP
propagator? What is the consequence of this?

Solution 5: Heavy quarks in medium

(a) If the medium is described by states |i) with probabilities p; (o) at o, an expectation value com-
bining both statistical and quantum fluctuations is given by

(O(to)) = Trp (1) O (to)

with p (ty) = Y. pi(to) |¢) (i]. To evaluate the expectation value at a later time ¢;, we evolve the
density operator to a later time p (t1) = U (t1,t0) p (to) U (to, t1). Then the expectation value of
the operator

(O(t)) =Trj (1) O (1)
= Tr U (b1, t0) p (to) U (to, t1) O (t1)
In the field basis

(O(t1)) = 3 (&l U (t1,t0) [65) pon (0] U (11, o) |én) O

’L"j7k7l
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where p;i, = (¢;| p|¢r) and similarly for the operator. Now, interpreting the matrix element of
the time evolution operator in the path integral interpretation

. $1(t1)=0; '
(@1U (b, o) o) = (@il g) = [ " pgeisten
$1(to)=¢;
- d2(t1)=¢ "
(0| U (to,t1) |dn) = (x| 17100 |gy)) = / DpyeiSlea]
b2 (to)=0x

Notice that the second equation follows from unitarity. Then

R $1(t1)=¢: ' P2(t1)=¢1 ' ‘
(O1) =Y /¢ DepyetSlon /¢ DepeiSol-sieal 5. 0,

ijdel Y ®1(to)=a; 2(to)=¢x

The labels 1 and 2 label the time evolution of the ket (1) and bra(2), and by unitarity lead to a
minus sign in the exponent. This labelling is referred to as the doubling of degrees of freedom

(b) The two free Wightman functions are
50 = (1 —np(k?) 276 (K° —m)
S<0) = (nF(kJO)) 21 (k:o — m) ,

where np (k%) =1/ (eko/T - 1). The sum rule

/ C;_]j: (570 = 550) = / Z_Ij: ((1 = np(k)) 218 (K —m) + (ne (k")) 276 (K — m))
= [ % (om5 (5~ m)
—1

and the KMS relation reads

_ekO/TS>(O)(k) — _@_kO/T (]_ — TLF<I€O)) 27T5 (k’o — m)
0 1
_ —K0/T 0
= —e ¥/ <l—e+kO/T+1>27T5(k —m)
+k9/T
. —k:O T e 0
= —e "/ <—€+kO/T - 1) 2md (k° —m)
— —np(k%)275 (K0 —m) = S5O (k) .

(c) By definition, the fermionic spectral function is the Fourier transform of the causal correlator,

pr (K°) = S7O (k) — 5<O(k)
= 2md (k:o — m)

The time ordered correlator is defined in position space as

SO (2) =0 (z) 5> (2) + 60 (—2) SO (2)
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we can then Fourier transform to get

0 _ 4ZE eikm ﬂe—ipr ZEO > —IO <
S(0.k) = [ et [ Ee {0 () 87 ) 40 () 5 )

—iwaz® iwax”
— /d4x cike / &_pe—ipx ;e S> (p) +i dw e oo (p)
(27r)4 2T w + 1€ 21w + 1€

4 —iwaz®
= /d%eikx/ d'p e~ T {z dw e <€p0/TnF(p0)> P(po,p)

(2m)* 2 w + ie

iwaxd

[ dw e

27 w + i€ (nr (")) p(po’p)}
0 (kO —w—p0) 20 i( kO4w—pY)ad
_ dz° dp n 0 0k i d_wu epo/T — 1 d—wu
(27) r(@)p (P, o0 w e 2r w+ e

[ 0 0 ; ! p°/T S
_/%np(p)p(p,k) Zko_p0+i€<€ >+2k0—p0—i6

dp’ 0 ¢ 0 ! !
— e — k _— — -

/(2w)p(p’ ){ko—p°+z‘e+nF(p) KO+ p0 +ie KO —p°—ie

dp® i 0 0_ .0

= @P (»" k) [o—— —np(p”)2mo(k” —p°) ¢,

where the minus sign comes from the Grassmann nature of the fields and in the first line we have
used the integral representation for the heaviside function

oty =i [ (70)

27w + i€’

In the second equality we used 1 — np (x) = €*/Tng (). This expression works for the general

spectral function, but for the free spectral function, p (k°, k) = 274 (k° — m), it gives
)
S k)= ——r k2) 276 (k° — m).
( ) ) ko_m+2~€+nF( )77'( m)
(d) At the infinite mass limit, m — oo,

l

0 - v 0 0
S (k ,k) Sl e—— +np(k”)2w6(k° — m)
1
kO —m + ie
5> — (1 —np(k%) 276 (K° —m)
— 270 (ko — m)
S<® 0

Since the 12-Propagator (choosing ¢ = 0 in the Schwinger-Keldysh contour) vanishes, the fields
decouple. It simplifies the number of diagrams we have to evaluate.
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Exercise 6: Quarkonium potential in medium

We want to study the regime where m > ma, > T > ma?, mp. Integrating out the first two scales
yields pNRQCD. pNRQCD is an EFT designed to study bound states such as Bottomonium. In this
exercise, we are interested in finding contributions to the singlet potential at order 7.

(a) Corrections to the potential arise from dipole transitions S e gﬁO + 017 . gBS . Drawing
a single diagram, explain why only[0V(r)]y, and [6V;(r)],; give non trivial results. Hint: The
potential is given by the self energy of the gauge singlet.

(b) Using the Feynman rules while regularising the theory in Dimensional regularization, evaluate
the LO thermal contribution to the potential. How does it parametrically scale? Hint: The Feyn-
man rules for the singlet and octet and the free gluon propagator in Coulomb gauge read (where
R = (k)" — )

, i 0
singlet / Qoctet 0y _ ab PO+ Vs (—V,)+ie )
S (S )(p7) = (67) ( ( 0_‘_‘/;(_‘/;)) —i >
- L 0
o -(5 5 )
I S O(—k")2m5(k?)
(0) _ ij k2+ie )
Dy (k) = (5 % ) {( 6(—kO)2m5(K?) g

k2 —ie

camsiron () (1 1)}

(c) There are many NLO corrections to this potential. Evaluate the NLO contribution that paramet-
rically scales like AV/T'. This contribution is a unique feature of QCD. Why?

Solution 6: Quarkonium potential in medium

(a) Here the singlet self energy diagram should be drawn. It should be understood that in real time
there are 4 different combinations. Why 4? From the free propagators, it should be realised
that we are only interested in the physical field content. This means we are only interested
in corrections to the 11-propagator. The self energy can have four different combinations of
Schiwnger-Keldysh indices. Starting from pNRQCD Feynman rules in position space:

BV, =iy g [ ate S [(Bro 0 B )]

B _iQQCFdT_ 1“4_d/ (;iﬂ];d —k0 — ZAV + i€ [(’“0)2 Diilk) + EQDOO(’{)} 1
[0V (1)]yy = — [0V ()]},
[0V (r)],, =0

PV (r)]y = iQQCFdrT:MH/ éﬁljdf; (—k" = AV) [(k0)2 Dyi(k) + EZDOO(I%‘)]

where AV = V,—V; > 0. Note that <E“(t)¢(t, 0)%Y Eb(t)> is the chromoelectric field correlator.

To recover the momentum space result, Use wick’s theorem at LO. The wilson line then is trivial.
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(b)

(©)

Using the Feynman rules while regularising the theory in Dimensional regularization, evaluate
the LO thermal contribution to the potential. How does it parametrically scale? Hint: The Feyn-
man rules for the singlet and octet and the free gluon propagator in Coulomb gauge read (where
K = (k)" = k)

Gematet(§etet) (p) = () ( 27r5p(zjovi 130)(+—V)) VT )
o o P +Vs

(—Vo)—ie
- L0
0 2
Dy (k) = ( By )

52
- kzk,] ; H(—kO)QTF(S(lﬂQ)
(0) . ij k2+4-ie .

+2m6 (k*)np (|k°]) ( i 1 )}

Solution: We are interested in caclulating the contribution to the integrals in exercise (a) for
momenta k ~ 7. We note that due to our chosen hierarchy of scale 7' > AV and as a reuslt we
expand in AV/T. At leading order the propagators for both octet and gluons are free. We see
that in dimensional regularization

[6V (r)],, = —ig°C e [ K ! (k) 4o (ks (|k°]) =0
1 It (2m)? —kO + de B

6V (r)]y = ig°Cr

it [ AR s (k) () 4R (K]) = 0
d_ll“b (27T)d7r(_ )( ) 7‘-( )nB(‘ |)_
Parametrically we can see that for d = 4, the leading order thermal contribution scales like
asr*T3. Note that, [ k%np (k) ~ T And that the deltas “uses” one of the itnegrals and also
§(k?) gives an extra ~ 1/ | k.

We are interested in the correction coming from powers of AV/T'. This means we do not expand
the octet propagator. However note that its distribution can be expressed as

i Ny 1 .
B ZPV{k0+AV}+7T5(k +AY)

This means the thermal part reads

2 d
T ied d®k _ 1 0

— -_ A
d—l’u /(27r)d[ ZPV{kO+AV}+7T(5(k + V)}

X [(k0)2 Dui(k) + 1%’2D00(k)} .

[0V (r)lyy = —ig*Cr

Consider the contribution from the delta function (call it A):

A= —iﬂgQCFM/f’d / dd—k(s (K" + AV) [(k;o)2 Dy(k) + EzDoo(k)}

d—1 (2m)d 11
, r2(d—2) , ., [ d% )
= 2O N / gt (0 AV) (K)°5 () (1)
, 2r? Ak
— _ng(JFT @)y (AV)?5 (AV? — E*) ng (AV)

2
= —z'ozsC'Fr2§ (AV)?np (AV),
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where § (AV? — k%) = 16 (AV — |k|) since AV > 0.

1 [

2 [ d'k 1 2
= —gZOFT2§/ (27T)4PV {m} 2m (k‘o) ) (]{32) npg (‘]{ZOD

2 1 1 3

— —gQCFT’2§4—ﬂ_2 dkOPV {/{,‘O—I——AV} (|]€0D np (‘ko})
21 o 2AV 3

_ _(JFr?g%AVT? FAV/T)

where f(z) = [;° dxef—:PVﬁ. The calculation suggests that the leading imaginary con-
tribution to the potential is of order ~ ar? (AV)* T/ (AV) = ar?T? (AV/T)?, coming from
Bose enhancement i.e.np(AV') ~ T/AV. Similarly,

[0V 7))y = =2Im [§V (r)]; -

This contribution originates from the fact that thermal fluctuations can destroy a singlet into
an octet. At zero temperature this process is kinematically not allowed as only static octets can
decay into singlets.

Exercise 7: Caldeira-Legget Model

Consider a quantum mechanical system S coupled to a bath B. The total Hamiltonian is then given as
H = Hg + Hp + Hywhere Hg and Hp denote the free Hamiltonian of the system and Bath and Hj is
the interaction between them.

(a)

Starting from the von Neumann equation for the density matrix, show that the Redfield equation
reads

d

—ps (1) —_/O dsTr [Hy (1), [H (t), ps (t) @ pB]]

and find the Markovian master equation. Hint: Use the Born-Markov approximation

The Caldeira-Legget Model describes the dynamics of a Brownian particle with mass m moving
in a potential V(x). Therefore the hamiltonian of the particle is

P
Ho=*1 1V
7 om V()
The Bath is assumed to consist of a large number of particles modelled as harmonic oscillators.

1 1 1
= 3 (gt + i) = S (1 + 5

n
n

where b , b, are the creation and annihilation operators for the bath modes. We assume that the
position of the Brownian particle is linearly coupled to the coordinates of the bath oscillators

1
Hi=—aB = —leiniL‘n = —xZHM / ST (bn + biL)

Note that x,, are the coupling constants
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(i) Derive the master equation in the Schrodinger picture.

(ii) It turns out that the interaction between the system and the bath can be expressed as four
contributions. In this exercise, we will show how one of these contributions leads to a
contribution to the potential, i.e is of the form i [H.., p(t)]. Working only with the generator
of dissipative dynamics, show that

o) = [ as (500 (o (-9 ps(0)] = 301(0) o (=) (0]

where D(s) = i ([B, B(—s)]), Di(s) = ({ B, B(—s)}) and K is the superoperator acting

on the density matrix.

(iii) Using the Quantum Brownian limit with 7 ~ 1/T" show that

Kps 5 %/dTD(T) 2 {2 ps (O] +

and that it will lead to the renormalization

2
K

Hc:x2§ ”2.

2my,wi;

n

Hint: Use

D(r) = 2/000 dwJ(w) sinwt, Di(1) = 2/00O dwJ(w) coswT coth (hw/kgT)

with J(w) = >

(iv) As you have seen from the lectures, a Lindblad equation is written as

d , 1
aps(t) = —1 [H, ps] + Z Q5 (E,OSFJT — 5 {F]TF“ p5}>
1,3

2
50 (W — wy ), known as the spectral function.

and satisfies the conditions following all the definitions of the density matrix. In this case
F = {z,p}. Show that the Caldeira-Legget Model cannot be recasted as a Lindblad equa-
tion. To recast it as a Lindblad equation, a modification is needed. State the minimal modi-
fication you can do. Hint: the complete answer of part c) is the Caldeira-Legget model

d

apS@) = —1 [H7 ps] - 27 [LL’, {pa ps}] - 2m7T [l’, [:Ev ps]] :

Solution 7: Caldeira-Legget Model

(a) Starting from the interaction picture, the von Neumann equation is

%p (t) = —i[H(t),p(t)]

Integrating both sides we can find the integral form of total density matrix,

P =0 =i [ aslii(s).p(s)
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(b)

This equation is solved recursively, that is insert the integral equation into the von Neumann
equation and take the trace over the degrees of freedom of the bath.

%p (t) = —iTrp {H[ (t),p(0) —i /0 ds [Hr (s),p (s)]}

_ /0 dsTrg [Hy (8), [H; (5), p(s)]

where Trg [H (s), p(0)] = 0, (or rather the implication <H§B)> = () was assumed. Using
T

the Born approximation the spectral density is decomposed into p () ~ ps (t) ® pp. The Born
approximation assumes that the coupling between the bath and the system is small and therefore
the density matrix for the bath is only negligibly affected by the presence of the system of interest.
The Markov approximation is the description on a coarse-grained timescale, and the assumption
is that environmental excitation decays over times that are not resolved. This means replacing
ps (8) withps (t). Therefore we have,

A ACHIURY RN AC IS

_ /0 dsTrp [Hr (t), [Hi (s), ps (t) @ p5]]

The redfield equation is local in time but still depends on the initial time t=0. We make a substi-
tution of s — ¢ — s and let the upper limit to go to infinity. This is fine as long as s ~ 75 > 75.
One of the conditions of quantum Brownian limit.

d

P =— /OOO dsTrp [Hy (1), [H; (t = s), ps (t) © ps]].

i) We can connect operators and the density matrix from interaction picture to the Scroedinger
P Yy p g
picture. The operators are related

OI (t) — 6iHotOI (t) efiHot
and the density matrix is given by p° (t) = e'f0!p (t) e~"H0! Note here the class of notation.
Here the superscript S denotes the schroedinger picture. We then expect
d

d —1
k() = e g (1) il

i d v —i
=e Hgt (dtps( ) + % [H07p5]> e Hgt

Then by assumption [Hg, ps] = 0. At the same time we evolve the Hamiltonian so that the
t-dependence occurs in the exponentials,

[Hi(t — s) = [0 Hy(—s)e ot el oo (1) e~ 0]
— et [y (~s), p° ()]
[H (1), [Hi(t = 5), p()]] = """ [H[ (0), [H1(=5), p(t)] e "
Therefore, we can see that the evolution of the density matrix in Schrodinger picture is
d s

G080 = —ilHs.psl = [ asTun 1 (). [H: 5) .. (0 ]

—i[Hs, ps] + Kp(t)
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(i) Starting from — [ dsTrp [H; (t), [H; (s), ps (t) ® pp]], and substituting the form of H (t)
and we may drop the argument for = (0) = z, we get

- / " AT [Hy (1) [Hi (5) . pa (1) © pi]] = — / " dsTrp (2B, [o(—5)B(~s), ps (1) © p5]
Focusing on the trace

Trg [2B, [2(~s)B(~s), ps () @ pp]) = Trp [¢B, x(—5)B(~s)p, (1) © ps]
~Trp [¢B, p, (t) ® pp(—5)B(—s)

Then
Tro (2B, a(—3)B(—s)ps (1) ® pi) = 2(—3)pu (1) Top [BB(—s)ps)
— x(=s)ps (t) 2Trp [B(—s)ppB]
— wa(—)pa (1) — a(—5)pn (1)
= (BB(=s))q [z, 2(—=5)ps (t)]
Trp[2B, ps (t) ® ppa(—s)B(=s)] = = (B(=s)B)y [z, ps (1) 2(—s5)]
Using
(BB(=9))y = & (B.B(=s)]) +  ({B.B(=s)}
= ZID(s) + £ Du(s)
(B(~)B)y = 5D(s) + 5 Da(s)

we group together expressions in D and D;. This recovers what we set out to prove. For
example collecting terms proportional to

2 D(s) ([z, 2(=)ps ()] + [, () 2(=5)]) = £D(5) ([, {(s). pu (1)}

(iii) Consider the Brownian limit 7¢ > 7. This implies 7' > AFE therefore

x(_s) — 67iHSsxeiHss
=z —i[Hg,x]s+ ..
B p
=r— —s
m

Plugging this to the previous equation we get
Kos =35 | dsD) o dzp®) = 5 [ dssD) o o, pl0))
0 0
1 o0 oo
—-/ dsDi(s) [, 3/ ds sD(s) [z, [z, p(t)]]
2 0 2 0
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Focussing only on the first part, we look into the integral with the Bath correlator and using
the hint
/ dsD(s) =i / ds / dwJ(w) sinws
0 0 0

:i/ de(w)/ dssinws
0 0

oo

:i/ dwJ(w) lim Im dselwtic)s
0

e—0 0

:i/ de(w)limIm{ - }
0 e—=0 w + 1€
2

Y A J(w) . Ko
= ZA dpr =1 Z m
with [z, {z, p(t)}] = [2?, p(t)] and where J(w) is odd. Everything together reads

i [ p(0)] = i [He (1)

2m,w?

N | .

which is a term that modifies the potential.

(iv) Starting from the Caldeira-Legget model we find

—iy [z, {p, ps}| = —iv ([, pps] + [x, psp))
= —iry (xpps — PPsT + TPsp — PspT)

where

. , 1 1
—i7y (zpps — ppsx) = iy (ppsw -5 {xp, ps} — 3 [zp, ps]>

. . 1 1
—iy (xpsp — pspx) = —iy | Tpsp — 3 {px, ps} + 3 [zp, ps] | -

It satisfies the form given in the exercise with an extra term -iy/2 [zp + px, ps|. This is a
Hamiltonian contribution and is not expected to play a role in dissipation, just like the term
in part (c). Finally,

1
—2mAT [z, [z, ps]] = 4m~T <x,05$ ~ 5 {2, ps})

Therefore we can recast in the form given on the exercise sheet. Despite being able to write
the Caldeira-Legget in this form, we remark that positivity is not fulfilled. Positivity of the
density matrix implies that deta;; > 0. Instead we have

Am~T  —i
deta;; = det ( " v )
vy 0
=<0
To recast Caldera-Legget in terms of a Lindblad equation, we must introduce a term like
222 [p, [p, ps|] which contributes as; to the determinant. Its value must be at least

det ( my T —iy ) 0
vy 22

Am~yTagy — 72 =0

a9g — ——.

AmT
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Note that in our hierarchy of scales 7' > E and therefore this term is negligible.
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