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Exercise 1: Warmup: Techniques in HQET
(a) Let v be a unit timelike vector, that is, v2 = 1. Prove the following identities.

(i)
(

1±/v
2

)(
1±/v
2

)
=
(

1±/v
2

)
.

(ii)
(

1±/v
2

)(
1∓/v
2

)
= 0.

(iii)
(

1±/v
2

)
γµ
(

1±/v
2

)
= ±

(
1±/v
2

)
vµ
(

1±/v
2

)
.

Solution 1: Warmup: Techniques in HQET
(a) (a) v be a unit timelike vector, that is, v2 = 1.

(i) (
1± /v
2

)(
1± /v
2

)
=

(
1 + /v/v ± 2/v

4

)
,

=

(
2± 2/v

4

)
,

=

(
1± /v
2

)
, (1)

where we have used /v/v = 1 which follows from the properties of the gamma matrices.
(ii) (

1± /v
2

)(
1∓ /v
2

)
=

(
1− /v/v ± /v ∓ /v

4

)
,

=

(
1− /v/v

4

)
,

= 0. (2)

(iii) In order to prove the identity, we require the following relation: γµ/v = 2vµ − /vγµ.(
1 + /v

2

)
γµ
(
1 + /v

2

)
=

1

4
(γµ + γµ/v + /vγµ + /vγµ/v) ,

=
1

4
(γµ + 2vµ + /v (2vµ − /vγµ)) ,

=
1

4
(γµ + 2vµ + 2/vvµ − γµ) ,

=
1

2
(1 + /v) vµ,

=

(
1 + /v

2

)
vµ
(
1 + /v

2

)
, (3)
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where to obtain the last line, we have used the identity in Eq. (1). Similarly, we can show
that (

1− /v
2

)
γµ
(
1− /v
2

)
=

1

4
(γµ − γµ/v − /vγµ + /vγµ/v) ,

=
1

4
(γµ − 2vµ + /v (2vµ − /vγµ)) ,

=
1

4
(γµ − 2vµ + 2/vvµ − γµ) ,

= −1

2
(1− /v) vµ,

= −
(
1− /v
2

)
vµ
(
1− /v
2

)
. (4)

Exercise 2: HQET from QCD at order O
(
1/m2

)
Let Q(x) be the QCD quark field of a heavy quark with massmQ. In the presence of one heavy quark
with momentum p = mQv + k, where v2 = 1, define hv(x) and Hv(x) by

hv(x) = eimQv·x
(
1 + /v

2

)
Q(x) ,

Hv(x) = eimQv·x
(
1− /v
2

)
Q(x) .

Then we have

Q(x) = e−imQv·x [hv(x) +Hv(x)] .

In the kinematic region where k is much smaller than mQ, hv is a large component and Hv is a small
component. The tree-level Lagrangian in HQET can be derived from the QCD Lagrangian by eliminat-
ing Hv using equations of motion.

(a) Show that in terms of the fields hv and Hv, the QCD Lagrangian

LQCD = Q̄(i /D −mQ)Q

reads

LQCD = h̄viv ·Dhv − H̄v(iv ·D + 2mQ)Hv + h̄vi /D⊥Hv + H̄vi /D⊥hv ,

where Dµ
⊥ ≡ Dµ − vµv ·D. Note that /vhv = hv and /vHv = −Hv

(b) Derive the equation of motion for Hv by varying the QCD Lagrangian with respect to H̄v.

(c) Show that the Lagrangian after eliminating Hv by the equation of motion is

Ltree-level
HQET = h̄viv ·Dhv + h̄vi /D⊥

1

2mQ + iv ·D
i /D⊥hv .

Consider the HQET Lagrangian at order 1/m2
Q

δL1/m2
Q
= − g

8m2
Q

h̄vv
α[Dβ

⊥, Gαβ]hv +
ig

8m2
Q

h̄vvλσαβ{Dα
⊥, G

λβ}hv . (5)
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(d) Using the conventions Dµ ≡ ∂µ + igAµ, [Dµ, Dν ] = igGµν , and σµν ≡ i
2
[γµ, γν ] and that Dµ

acts on everything on the right, go to the rest frame of the hadron, i.e. v = (1,0). Show that

δL1/m2
Q
=

1

8m2
Q

h̄v(D · gE− gE ·D)hv +
i

4m2
Q

h̄vS · (D× gE− gE×D)hv , (6)

where

S =
1

2

(
σ 0
0 σ

)
.

Here D ≡∇− igA. Note thatD acts on everything on the right.

We end this exercise with a comment: In the literature, the nonrelativistic expansion is also obtained
from the Foldy-Wouthuysen transformation. The Foldy-Wouthuysen transformation is a systematic
way to perform the nonrelativistic expansion of the Dirac Hamiltonian. The idea is to perform a uni-
tary transformation in such a way that the resulting Hamiltonian is diagonal in the large and small
components of the heavy fermion field.

Although the nonrelativistic expansion can be achieved systematically this way, radiative corrections
that happen at the quark mass scale are not captured. Therefore, an effective field theory is an operator
expansion multiplied by the so-called matching coefficients. The matching coefficients capture these
radiative corrections of the fundamental theory. They are determined by matching the initial theory
with the effective field theory.

Solution 2: HQET from QCD at order O
(
1/m2

)
(a) Let Q(x) represent the heavy quark field in QCD with mass mQ and momentum p = mQv + k,

where v2 = 1 and k << mQv. In the kinematic region where k is much smaller than mQ, we
define a large component hv(x) and a small component Hv(x) by

hv(x) = eimQv·x
(
1 + /v

2

)
Q(x) , (7)

Hv(x) = eimQv·x
(
1− /v
2

)
Q(x) . (8)

The above equations imply that the field hv corresponds to the heavy particle while the field Hv

corresponds to the heavy anti-particle. In terms of the fields hv and Hv, the QCD field Q(x) can
be written as

Q(x) = e−imQv·x [hv(x) +Hv(x)] . (9)

The tree-level Lagrangian in HQET can be derived from the QCD Lagrangian by eliminating the
anti-particle fieldHv by using the equations of motion. The QCD Lagrangian for the heavy quark
field Q is

LQCD = Q̄(i /D −mQ)Q. (10)

Substituting the expression for Q(x) in Eq, (9) into above equation, we get

LQCD =
(
h̄v + H̄v

)
e+imQv·x

(
i /D −mQ

)
e−imQv·x (hv +Hv) ,

=
(
h̄v + H̄v

) (
mQ/v + i /D −mQ

)
(hv +Hv) . (11)
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Since,
(

1+/v

2

)
hv = hv and

(
1−/v
2

)
Hv = Hv, we have /vhv = hv, and /vHv = −Hv., Also, using

these results, we can express h̄v as

h̄v = h†vγ
0,

= h†v

(
1 + /v

2

)†

γ0,

= h†vγ
0γ0
(
1 + /v

2

)†

γ0,

= h̄v

(
1 + /v

2

)
, (12)

where we have used the following identities involving γ-matrices: (γ0)2 = 1, and γµ† = γ0γµγ0.
Similarly, we have

H̄v = H̄v

(
1− /v
2

)
, (13)

This implies

H̄vhv = H̄v

(
1− /v
2

)(
1 + /v

2

)
hv = 0, (14)

h̄vHv = h̄v

(
1 + /v

2

)(
1− /v
2

)
Hv = 0, (15)

Using the results in Eqs. (14) and (15), the Lagrangian in Eq. (11) can be written as

LQCD = mQ

(
h̄v + H̄v

)
(hv −Hv) +

(
h̄v + H̄v

)
i /D (hv +Hv)−mQ

(
h̄v + H̄v

)
(hv +Hv) ,

= −2mQH̄vHv +
(
h̄v + H̄v

)
i /D (hv +Hv) ,

= −2mQH̄vHv +
(
h̄v + H̄v

)
iγµ (v

µv ·D +Dµ
⊥) (hv +Hv) ,

= −2mQH̄vHv + h̄viv ·Dhv − H̄viv ·DHv +
(
h̄v + H̄v

)
i /D⊥ (hv +Hv) , (16)

where we have used /vhv = hv, /vHv = −Hv, Dµ
⊥ = Dµ − vµv ·D, and v ·D⊥ = 0. The last term

on the right hand side in Eq. (16) can be simplified by using the results from eqs. (3) and (4):

h̄v /D⊥hv = h̄vγµD
µ
⊥hv,

= h̄v

(
1 + /v

2

)
γµD

µ
⊥

(
1 + /v

2

)
hv,

= h̄vvµD
µ
⊥hv,

= h̄vv ·Dµ
⊥hv,

= 0. (17)

Similarly, we can show that
H̄v /D⊥Hv = 0. (18)

Substituting the results obtained in Eqs. (17) and (18) into (16), we have

LQCD = h̄viv ·Dhv − H̄v (iv ·D + 2mQ)Hv + h̄vi /D⊥Hv + H̄vi /D⊥hv. (19)
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(b) The equation of motion for the anti-particle field Hv is given by

∂LQCD

∂H̄v

= 0,

⇒ − (iv ·D + 2mQ)Hv + i /D⊥hv = 0,

⇒ Hv =
1

2mQ + iv ·D
i /D⊥hv. (20)

(c) Using the equation of motion for Hv in Eq. (20), we can eliminate the heavy anti-quark field Hv

in LQCD. This corresponds to a tree-level matching between QCD and HQET.

Ltree
HQET = h̄viv ·Dhv − h̄vi /D⊥

(
1

2m+ iv ·D

)
(iv ·D + 2m)

(
1

2m+ iv ·D

)
i /D⊥hv,

+ h̄vi /D⊥

(
1

2m+ iv ·D

)
i /D⊥hv + h̄vi /D⊥

(
1

2m+ iv ·D

)
i /D⊥hv,

= h̄viv ·Dhv + h̄vi /D⊥

(
1

2m+ iv ·D

)
i /D⊥hv + · · · , (21)

where the dots represent the boundary terms that have been dropped, and we have used the
following relation:

H̄v = −ih†v
(←−
/D⊥

)†( 1

2m− iv ·
←−
D †

)
γ0,

= −ih†vγ†µ
(←−
Dµ

⊥

)†
γ0
(

1

2m− iv ·
←−
D †

)
,

= −ih̄vγµ
(←−
Dµ

⊥

)†( 1

2m− iv ·
←−
D †

)
,

(22)
Integrate−−−−−→
by parts

h̄vi /D⊥

(
1

2m+ iv ·D

)
, (23)

where we have used
←−
D † =

←−
∂ − igA,

Integrate−−−−−→
by parts

−
−→
∂ − igA,

= −D. (24)

(d) The components of the electric field Ei are defined as

Ei = Gi0 = G0i. (25)

In the rest frame of the hadron, i.e. v = (1,0), we have

D0
⊥ = 0,

Di
⊥ = Di = − (D)i , (26)
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where we are use the convention we use the convention Dµ ≡ ∂µ − igAµ = (D0,−D) and
D ≡ ∇ − igA. Using the above results, the first term on the right-hand side of δL1/m2

Q
can be

written as

h̄vv
α [Dµ

⊥, Gαµ]hv = h̄v
[
Di

⊥, G0i

]
hv,

= h̄v

[
(D)i , Ei

]
hv,

= −h̄v [D · E− E ·D]hv. (27)

Similarly, the second term of δL1/m2
Q
can be written as

h̄vvασµν {Dµ
⊥, G

αν}hv = h̄vσµν
{
Dµ

⊥, G
0ν
}
hv,

= h̄vσij
{
Di

⊥, G
0j
}
hv,

= 2h̄vϵ
ijkSk

{
− (D)i ,−Ej

}
hv,

= 2h̄v S · (D× E− E×D)hv, (28)

where

σij =
i

2
[γi, γj] =

i

2

[
γi, γj

]
,

= 2ϵijkSk (29)

Using Eqs. (27) and (28), we obtain

δL1/m2
Q
=

1

8m2
Q

h̄v(D · gE− gE ·D)hv +
i

4m2
Q

h̄vS · (D× gE− gE×D)hv , (30)

Exercise 3: Matching QCD to HQET/NRQCD
You may wonder what the relation/difference between HQET and NRQCD is. NRQCD, ideal for bound
states for a heavy quark-antiquark pair, is constructed by integrating out modes associated with the
scale m. In terms of the NRQCD Lagrangian, the degrees of freedom are Aµ, ψ, a 2-component Pauli
spinor annihilating a fermion of mass m1, and χ, a 2-component Pauli spinor creating an antifermion
of massm2. Therefore, the expansion is organised in terms of powers of 1/mi and of the coupling (only
ifm≫ ΛQCD). NRQCD contains all the operators contained in the HQET Lagrangian describing both
the quark and antiquark sectors. Their difference arises as NRQCD contains 4-fermion operators.
In the frame in which v = (1,0), the HQET (or NRQCD) Lagrangian bilinear in the heavy-quark

field to order 1/m2 has the form

Lψ†ψ = ψ†iD0ψ +
c2
2m

ψ†D2ψ +
cF
2m

ψ†σ · gBψ

+
cD
8m2

ψ†(D · gE− gE ·D)ψ +
icS
8m2

ψ†σ · (D× gE− gE×D)ψ ,

where ψ is a two-component field defined by hv =
(
ψ
0

)
, andm is the mass of the heavy quark. In this

exercise, we will determine the coefficients c2, cF , cD, cS by matching to QCD at one loop.
In order to obtain c2, cF , cD, cS , we will match the amplitude out⟨Q|AQ⟩in, where the incoming and

outgoing quarks are on-shell, with momenta p and p′ respectively. The incoming gluon Aµ, which is
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treated as a background field (by the use of the background-field gauge), has an off-shell momentum
q = p′ − p. In QCD, the amplitude has the form

iout⟨Q|AQ⟩in = −igT aAaµū(p′)
[
F1(q

2)γµ + iF2(q
2)
σµνqv
2m

]
u(p) . (31)

The trick to perform the matching in dimensional regularization is to expand the loop integrands in the
external momenta. The matching condition requires one to simply calculate the amplitude in the EFT
at tree level, and drop all the IR-divergent terms in the full theory. To O(αs), the form factors
F1(q

2) and F2(q
2) to order q2, after expanding the external momentum q in the loop integrands, are

F1(q
2) = 1 +

αsq
2

πm2

[(
− 1

3ϵIR
− 1

8
+

1

3
log

m

µ

)
CF +

(
− 5

24ϵIR
− 1

16
+

5

24
log

m

µ

)
CA

]
, (32)

F2(q
2) =

αs
π

[
1

2
CF +

(
1

2ϵIR
+

1

2
− 1

2
log

m

µ

)
CA

]
+
αsq

2

πm2

[
1

12
CF +

(
1

2ϵIR
+

1

12
− 1

2
log

m

µ

)
CA

]
. (33)

(a) Use the form of the spinor

u(p) =

√
Ep +m

2Ep

(
u

σ·p
Ep+m

u

)
,

so that u corresponds to the spinor for ψ in the Feynman rules. Expand Eq. (31) in powers of p
and p′. Show that the result is

iout⟨Q|AQ⟩in = −igT au†(Aa0j0 −Aa · j)u , (34)

where

j0 = F1(q
2)

[
1− 1

8m2
q2 +

i

4m2
σ · (p′ × p) +O(1/m3)

]
+ F2(q

2)

[
− 1

4m2
q2 +

i

2m2
σ · (p′ × p) +O(1/m3)

]
, (35)

and

j = F1(q
2)

[
1

2m
(p+ p′) +

i

2m
σ × q+O(1/m3)

]
+ F2(q

2)

[
i

2m
σ × q+O(1/m3)

]
. (36)

(b) From Eqs. (34), (47), (48), (32), and (33), obtain cF to O(αS). If time permits, find also c2, cD, cS .

(c) We are interested now in the four fermion sector of NRQED. NRQED is obtained from QED by
integrating out the mass scale. The leading order 4-fermion operators are dimension 6 operators.
The Lagrangian reads

LNRQED ∋
ds

m1m2

ψ†χχ†ψ +
dv

m1m2

ψ†σχ · χ†σψ

Working in the centre of mass frame, in Feynman gauge and choosing for convenience m1 =
m2 = m, calculate to O(αs), the Wilson coefficients dv and ds. The relevant diagram in QED is
the leading order ll̄→ ll̄ diagram. In NRQCD, the same procedure applies but onemust be careful
with the colour matrices. In particular, there are now four operators that denote the spin-singlet
(triplet) of a colour singlet (octet). One finds that atO(αs) only the spin triplet colour octet gives
a nonzero result.
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Solution 3: Matching QCD to HQET/NRQCD

(a) We will perform the nonrelativistic expansion of the QCD amplitude in Eq. (31). Expanding the
spinor for the external states in powers of p/m upto O (p2), we obtain

u(p) =

√
Ep +m

2Ep

(
u

σ·p
Ep+m

u

)

=

(
1− p2

8m2
+ · · ·

)(
u

σ·p
2m

(
1− p2

4m2 + · · ·
)
u

)

=


(
1− p2

8m2

)
u

σ·p
2m

u

+O
(
1/m3

)
, (37)

where u is a two-component spinor. In Dirac basis, the gamma matrices and σµν is given by

γ0 =

(
1 0
0 −1

)
, (38)

γi =

(
0 σi

−σi 0

)
, (39)

σ0i =
i

2

[
γ0, γi

]
,

= i

(
0 σi

σi 0

)
, (40)

σij =
i

2

[
γi, γj

]
,

= ϵijk
(

σk 0
0 σk

)
, (41)

where σi are the Pauli matrices, 1 is the identity matrix and we have used [σi, σj] = 2iϵijkσk to
obtain Eq. (41). Using the above results, we systematically perform the nonrelativistic expansion
of the terms in the QCD amplitude in Eq. (31). Therefore, we have

ū(p
′
)γ0u (p) = u†(p

′
)
(
γ0
)2
u (p) ,

=
(
u†
(
1− p

′2

8m2

)
u†σ·p′

2m

)(1 0
0 −1

)2
((

1− p2

8m2

)
u

σ·p
2m

u

)
+O

(
1/m3

)
,

= u†
(
1− p

′2

8m2

)(
1− p2

8m2

)
u+ u†

(
σ · p′

2m

)(σ · p
2m

)
u+O

(
1/m3

)
,

= u†u− 1

8m2

(
p2 + p

′2
)
u†u+

1

4m2
u†p

′ipj
(
iϵijkσk + δij

)
u+O

(
1/m3

)
,

= u†u− 1

8m2
q2u†u+

i

4m2
u†
(
p

′ × p
)
· σ u+O

(
1/m3

)
, (42)
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where we have used σiσj = iϵijkσk + δij and q = p
′ − p. Similarly, we have

ū(p
′
)γiu (p) = u†(p

′
)γ0γi u (p) ,

=
(
u†
(
1− p

′2

8m2

)
u†σ·p′

2m

)(1 0
0 −1

)(
0 σi

−σi 0

)((
1− p2

8m2

)
u

σ·p
2m

u

)
+O

(
1/m3

)
,

=
(
u†
(
1− p

′2

8m2

)
u†σ·p′

2m

)( σi p·σ
2m
u

σi
(
1− p2

8m2

)
u

)
+O

(
1/m3

)
,

= u†σi
p · σ
2m

u+ u†
p

′ · σ
2m

σi u+O
(
1/m3

)
,

= u†
pj

2m

(
iϵijkσk + δij

)
u+ u†

p
′j

2m

(
iϵijkσk + δij

)
u+O

(
1/m3

)
,

= u†
1

2m

(
pi + p

′i
)
u+ u†

i

2m

(
σ × p

′
)i
u+ u†

i

2m
(p× σ)i u+O

(
1/m3

)
,

=
1

2m
u†
(
pi + p

′i
)
u+

i

2m
u† (σ × q)i u+O

(
1/m3

)
. (43)

i ū(p
′
)
σ0νqν
2m

u(p) = i ū(p
′
)
σ0iqi
2m

u(p),

= i
(
u†
(
1− p

′2

8m2

)
u†σ·p′

2m

)(1 0
0 −1

)(
0 iσi

iσi 0

)(
−qi

2m

)
((

1− p2

8m2

)
u

σ·p
2m

u

)
+O

(
1/m3

)
,

= i
(
u† u†σ·p′

2m

)( 0 −iσ·q
2m

iσ·q
2m

0

)(
u

σ·p
2m

u

)
+O

(
1/m3

)
,

= u†
σ · q
2m

σ · p
2m

u− u†σ · p
′

2m

σ · q
2m

u+O
(
1/m3

)
,

=
1

4m2

[(
iϵijkσk + δij

)
qipj −

(
iϵijkσk + δij

)
p
′iqj
]
u+O

(
1/m3

)
,

= − q2

4m2
u†u+

i

4m2

[
u† (q× p) · σ u− u†

(
p

′ × q
)
· σ u

]
+O

(
1/m3

)
,

= − q2

4m2
u†u+

i

4m2

[
u†
(
p

′ × p
)
· σ u− u†

(
p

′ × (−p)
)
· σ u

]
+O

(
1/m3

)
,

= − q2

4m2
u†u+

i

2m2
u†
(
p

′ × p
)
· σ u+O

(
1/m3

)
. (44)
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i ū(p
′
)
σiνqν
2m

u(p) = i ū(p
′
)
σijqj
2m

u(p) + i ū(p
′
)
σi0q0
2m

u(p),

= i
(
u†
(
1− p

′2

8m2

)
u†σ·p′

2m

)(1 0
0 −1

)(
ϵijkσk 0
0 ϵijkσk

)(
−qj

2m

)
((

1− p2

8m2

)
u

σ·p
2m

u

)
− i ū(p′

)
σ0iq0
2m

u(p) +O
(
1/m3

)
,

= i
(
u† u†σ·p′

2m

)(−ϵijkσkqj

2m
0

0 ϵijkσkqj

2m

)(
u

σ·p
2m

u

)

− iq0
(
u† u†σ·p′

2m

)
iσi

2m
p·σ
2m
u

iσi

2m

(
1− p2

8m2

)
u

+O
(
1/m3

)
,

= − i

2m
u†ϵijkσkqj u− iq0

[
i

4m2
u†p · σ u+ i

4m2
u†p

′ · σσi u
]
+O

(
1/m3

)
,

=
i

2m
u†σ × qu+O

(
1/m3

)
, (45)

where the pieces corresponding to q0 don’t contribute to Eq. (45) because q0 = Ep′ − Ep =
0 +O (1/m). Combining the results in Eqs. (42), (43), (44), and (45), we obtain the amplitude in
Eq. (31) to be

iout⟨Q|AQ⟩in = −igT a
[
Aa0

(
F1(q

2)ū(p′)γ0 u(p) + iF2(q
2)ū(p′)

σ0νqv
2m

u(p)

)

− Aai
(
F1(q

2)ū(p′)γi u(p) + iF2(q
2)ū(p′)

σiνqv
2m

u(p)

)]
,

= −igT au†(Aa0j0 −Aa · j)u, (46)

where

j0 = F1(q
2)

[
1− 1

8m2
q2 +

i

4m2
σ · (p′ × p) +O(1/m3)

]
+ F2(q

2)

[
− 1

4m2
q2 +

i

2m2
σ · (p′ × p) +O(1/m3)

]
, (47)

and

j = F1(q
2)

[
1

2m
(p+ p′) +

i

2m
σ × q+O(1/m3)

]
+ F2(q

2)

[
i

2m
σ × q+O(1/m3)

]
. (48)

(b) In order to obtain the coefficients c2, cF , cD, cS to O(αS), we need to figure out the tree-level
HQET/NRQCD amplitudes out⟨Q|AQ⟩in. Note that, the field strength tensor Gµν , the chromo-
electric field E, and the chromo-magnetic field B are defined by

Ga
µν = ∂µA

a
ν − ∂νAaµ − gfabcAbµAcν , (49)

Eai = Gai0 = −∂iAa0 − ∂0Aai +O
(
A2
)
, (50)

Bai = −1

2
ϵijkGajk,

= (∇×Aa)i +O
(
A2
)
, (51)
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The tree-level HQET/NRQCD amplitudes out⟨Q|AQ⟩in are obtained from the Feynman rule for
the vertices corresponding to the coefficients c2, cF , cD, cS . Therefore, the Lagrangian pieces
corresponding to these coefficients can be written as

LA0 = −gψ†A0ψ, (52)

Lc2 =
c2
2m

ψ†D2ψ,

=
c2
2m

ψ† (∇2 − ig (∇ ·A+A ·∇)− g2A2
)
ψ, (53)

LcF =
cF
2m

ψ†σ · gBψ,

=
cF
2m

ψ†σ · g
(
[∇×Aa] +O

(
A2
))
ψ, (54)

LcD =
cD
8m2

ψ†(D · gE− gE ·D)ψ,

= g
cD
8m2

ψ† (∇ · (−∇A0 − ∂0A
)
−
(
−∇A0 − ∂0A

)
·∇+O

(
A2
))
ψ,

= g
cD
8m2

[
∇ ·

(
−∇A0 − ∂0A

) ]
ψ +O

(
A2
)
,

= −g cD
8m2

[
∇2A0 + ∂0∇ ·A

]
ψ +O

(
A2
)
, (55)

Lcs =
icS
8m2

ψ†σ · (D× gE− gE×D)ψ,

= − icS
8m2

(([
Dψ†]× gE) · σψ + ψ†σ · (gE×D)ψ

)
,

=
icS
8m2

{([
∇ψ†]× g (∇A0 + ∂0A

))
· σψ

+ ψ†σ ·
(
g
(
∇A0 + ∂0A

)
×∇

)
ψ

}
+O

(
A2
)
, (56)

where the covariant derivative is defined by Dµ = ∂µ + igAµ = (D0,−D), D = ∇ − igA.
In the above expressions, ∇ acts on everything towards the right and square brackets

[
· · ·
]
in

Eqs. (55) and (56) denote derivatives acting only on fields within the brackets. The Feynman rules
corresponding to the Lagrangian in Eqs. (52), (53), (54), (55), and (56) are given below

11 of 29



Figure 1: Feynman rule for the Lagrangian in Eq. (52).

Figure 2: Feynman rule for the Lagrangian in Eq. (53). For an incoming quark the derivative gives
∇ → ip while for outgoing quark the derivative gives ∇ → −ip′ . For an incoming gluon
the derivative gives∇→ iq.

Figure 3: Feynman rule for the Lagrangian in Eq. (54). For an incoming gluon, the derivative gives
∇→ iq.
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Figure 4: Feynman rule for the Lagrangian in Eq. (55). For an incoming quark the derivative gives
∇ → ip while for outgoing quark the derivative gives ∇ → −ip′ . For an incoming gluon
the derivative gives∇→ iq and ∂0 → −iq0.

Figure 5: Feynman rule for the Lagrangian in Eq. (56). For an incoming quark the derivative gives
∇ → ip while for outgoing quark the derivative gives ∇ → −ip′ . For an incoming gluon
the derivative gives∇→ iq and ∂0 → −iq0.

Using the Feynman rules shown in Figs. 1, 2, 3, 4, and 5, we have for the amplitude out⟨Q|AQ⟩in
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in HQET/NRQCD:

out⟨Q|AQ⟩in = −igT au†
[
Aa0 − c2

2m

(
p+ p

′
)
·Aa − i cF

2m
(σ × q) ·Aa − cD

8m2
q2Aa0

+
cD
8m2

q0q ·Aa + i
cs
4m2

σ ·
(
p

′ × p
)
Aa0

+
cs
8m2

q0
[
σ ×

(
p

′
+ p

)]
· Aa +O

(
1/m3

) ]
u,

= −igT au†
[
Aa0

{
1− cD

8m2
q2 + i

cs
4m2

σ ·
(
p

′ × p
)}

−Aa ·
( c2
2m

(
p+ p

′
)
+ i

cF
2m

(σ × q)
)
+O

(
1/m3

) ]
u, (57)

where we have neglected terms involving q0 because q0 ∼ O (1/m). Equating amplitude ob-
tained in HQET in Eq. (57) to QCD amplitude in Eq. (46), we obtain for the matching condition

F1(q
2)

[
1− 1

8m2
q2 +

i

4m2
σ · (p′ × p) +O(1/m3)

]
+ F2(q

2)

[
− 1

4m2
q2 +

i

2m2
σ · (p′ × p) +O(1/m3)

]
= 1− cD

8m2
q2 + i

cs
4m2

σ ·
(
p

′ × p
)
+O

(
1/m3

)
, (58)

F1(q
2)

[
1

2m
(p+ p′) +

i

2m
σ × q+O(1/m3)

]
+ F2(q

2)

[
i

2m
σ × q+O(1/m3)

]
=

c2
2m

(
p+ p

′
)
+ i

cF
2m

(σ × q) +O
(
1/m3

)
. (59)

The form factors F1 (q
2) and F2 (q

2) to order O (q2) and O (αs) are given by Eqs. (32) and (33).
Therefore, defining the form factors as

Fi
(
q2
)
= Fi + F

′

i

q2

m2
+O

(
q4/m4

)
, (60)

where Fi ≡ Fi (0) and F
′
i ≡

dFi(q2)
d(q2/m2)

∣∣∣∣∣
q2=0

, we have

F1 = 1,

F
′

1 =
αs
π

[(
−1

8
+

1

3
log

m

µ

)
CF +

(
− 1

16
+

5

24
log

m

µ

)
CA

]
,

F2 =
αs
π

[
1

2
CF +

(
1

2
− 1

2
log

m

µ

)
CA

]
,

F
′

2 =
αs
π

[
1

12
CF +

(
1

12
− 1

2
log

m

µ

)
CA

]
, (61)

where CF = 4/3, CA = 3 and we have dropped the terms involving 1/ϵIR for the matching
(see Page 1 for the explanation). Also, since q0 ∼ O (1/m), we have q2

m2 = − q2

m2 + O (1/m3).
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Therefore, the matching conditions in Eqs. (58) and (59) gives us

F1 + 8F
′

1

[
− q2

8m2

]
+ F1

[
− 1

8m2
q2 +

i

4m2
σ · (p′ × p)

]
+ F2

[
− 1

4m2
q2 +

i

2m2
σ · (p′ × p) +O(1/m3)

]
= 1− cD

8m2
q2 + i

cs
4m2

σ ·
(
p

′ × p
)

(62)

F1

[
1

2m
(p+ p′) +

i

2m
σ × q

]
+ F2

[
i

2m
σ × q

]
=

c2
2m

(
p+ p

′
)
+ i

cF
2m

(σ × q) . (63)

The above matching conditions give us the following results for the coefficients c2, cF , cD, cS to
O(αS)

c2 = F1 = 1, (64)
cF = F1 + F2,

= 1 +
αs
π

[
1

2
CF +

(
1

2
− 1

2
log

m

µ

)
CA

]
, (65)

cD = F1 + 2F2 + 8F
′

1,

= 1 +
αs
π

[(
8

3
log

m

µ

)
CF +

(
1

2
+

2

3
log

m

µ

)
CA

]
, (66)

cs = F1 + 2F2,

= 1 +
αs
π

[
CF +

(
1− log

m

µ

)
CA

]
. (67)

(c) HQET describes the theory of a heavy quark, whereas NRQCD is used to describe non-relativistic
bound states. The hierarchy of scales used is different to that in HQET, namely

m≫ mαs ≫ mα2
s

Now, NRQCD is constructed by integrating out modes associated with the scale m. In terms of
the NRQCD Lagrangian, the fields present are Aµ, ψ, a 2-component Pauli spinor annihilating
a fermion of mass m1, and χ, a 2-component Pauli spinor creating an antifermion of mass m2.
Therefore, the expansion is organised in terms of powers of 1/mi and of the coupling. NRQCD
contains all the operators contained in HQET Lagrangian describing both the quark and anti-
quark sectors. Their difference arises as NRQCD contains 4-fermion operators

LNQRCD ∋
ds

m1m2

ψ†χχ†ψ +
dv

m1m2

ψ†σχ · χ†σψ + ...

To keep this simple we work in NRQED. It turns out that the operators above are also the 4-
fermion operators of NRQED. We work in the centre of mass frame and in Feynman gauge. For
convenience, we also setm1 = m2 = m. Then O(α) scattering amplitude on the QED side of the
matching is given by(

−ig2
) −i
(2m)2

v†(−p)γ0γµu(p)u†(q)γ0γµv†(−q) = i
−g2

4m2
v†σiuu†σiv (1 +O (1/m))
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where we have used

v = v†γ0

v†(−p)γ0γ0u(p) =
(
0 v†

)( u
0

)
+O(

1

m
) = O

(
1

m

)
v†(−p)γ0γiu(p) =

(
0 v†

)( 0 σi

σi 0

)(
u
0

)
+O(

1

m
)

= v†σiu+O

(
1

m

)
Matching with the NRQED side, we notice it gives

ds = O(α2
s), dv = −παs +O(α2

S)

Exercise 4: pNRQED and the dipole transition
In this exercise, we work in the bilinear sector of NRQED. For the lowest lying scales, there is a clear
separation of scales betweenmα≫ mα2. This allows integrating outmα ∼ 1/r where r is the relative
coordinate between a heavy quark and antiquark forming the bound state. It turns out

LYMpNRQCD = LYMNRQCD

LBilinearpNRQCD = LBilinearNRQCD

Therefore, the bilinear sector of the pNRQED Hamiltonian reads

H
O(1)
NRQED ∼

∫
d3xψ†(x) (iD0)ψ(x) +O (1/m) ,

where the photon appearing in the Lagrangian is ultrasoft.

(a) To make explicit the size of each term and to be able to enforce that the photons as ultrasoft,
project the pNRQED Hamiltonian (only the Bilinear sector) on the Fock space:∫

d3x1d
3x2ϕij(x1,x2)ψ

†
i (x1)χ

†
c,j (x2) |0⟩ .

You may use

ψ (x) |0⟩ = χc (x) |0⟩ = 0

and the fields satisfy equal-time anticommutation relations:{
ψi (x) , ψ

†
j (y)

}
= δijδ

3 (x− y){
χci (x) , χ

†
cj (y)

}
= δijδ

3 (x− y) .

We note that χc = −iσ2χ∗ i.e the charge conjugation of the field χ. This is such that χc has
the opposite electric charge sign than ψ. This is usually the way particles and antiparticles are
described in QM.
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(b) Then perform a change of variables into the relative coordinate r ≡ x1 − x2 and centre of
momentum frameR ≡ x1+x2

2
. In this step, you can enforce that the photons are ultrasoft. Recall

r ∼ 1/mα. Show that the resulting Hamiltonian is∫
d3Rd3rϕ†(R, r) (er · ∇A0(R))ϕ(R, r)

The associated Lagrangian is then

LpNRQED

∫
d3Rd3rϕ†(R, r, t) (i∂0 − er · ∇A0(R))ϕ(R, r, t)

(c) Perform the field redefinition

ϕ(R, r, t) = exp

{
ie

∫ 1

0

dsr ·A (R− r/2 + sr, t)

}
S(r,R, t)

and by performing a U(1) gauge transformation on the fields, show that S(r,R, t) is a gauge
singlet. Hint: take ϕ(R, r, t) ∼ ψ(R+ r/2)χc(R− r/2)

(d) Multipole expand the Wilson line to show that the Lagrangian reads

LpNRQED =

∫
d3Rd3rS†(R, r, t) (i∂0 − er · E(R))S(R, r, t) +O(1/m).

In pNRQCD, the degrees of freedom are the singlet and octet states and ultrasoft gluons. There-
fore, the interaction between a singlet and an octet is given as S†−→r · g

−→
EO +O†−→r · g

−→
ES.

Solution 4: pNRQED and the dipole transition

(a) Projecting the Bilinear sector in the restricted Fock space while Hbilin
pNRQED = Hbilin.

NRQED. We get,

⟨0|
∫
d3x1d

3x2d
3y1d

3y2ϕ
†
ij(x1,x2)χcj(x2)ψi (x1)H

O(1)
NRQEDψ

†
l (y1)χ

†
cm(y2)ϕlm(y1,y2) |0⟩

(68)

with

H
O(1)
NRQED = −e

∫
d3x

(
ψ†A0ψ − χ†A0χ

)
(x) (69)

where the time derivative is cancelled out through the Legendre transform. The key point is
that, using equal-time anticommutation relations, one realises that only the corresponding delta
functions survive. Therefore,

HBilinear
pNRQED =

∫
d3x1d

3x2 ϕ
†
ij(x1,x2) [eA0 (x1)− eA0 (x2) +O(1/m)]ϕij(x1,x2)

(b) Using the definitions of the relative coordinate and centre of momentum vector, we find that
x1 = R + r/2 and x2 = R − r/2. The Jacobian is equal to one, and the interpolating fields
now trivially become functions of r andR. The degrees of freedom of pNRQED contain ultrasoft
photons. This means their energies and momenta scale like ∼ mα2 and so we expectmα ∼
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1/r ≫ mα2. To see this scaling, compute the root-mean-square momentum expectation value
for a Coulombic wavefunction. Therefore, to enforce ultrasoft photon fields, wemultipole expand

A0 (x1) = A0 (R+ r/2) = A0 (R) +
r

2
· ∇A0 (R)

A0 (x2) = A0 (R− r/2) = A0 (R)− r

2
· ∇A0 (R)

The final result reads ∫
d3Rd3rϕ†(R, r) (er · ∇A0(R))ϕ(R, r)

(c) Thefield redefinition is such thatwemake explicit that there is aWilson line connecting (R± r/2, t)
(yes, even in QED. The reason is clear, we are dealing with nonlocal interpolating fields that are
made gauge invariant with aWilson line). UnderU(1) gauge transformation, the fields transform
as

ψ(x)→ e−ieΛ(x)ψ(x)

χc(x)→ e+ieΛ(x)χc(x)

Aµ(x)→ Aµ(x) + ∂µΛ(x)

It follows that

ϕ(R, r, t) ∼ ψ(R+ r/2)χc(R− r/2)→ e−ieΛ(R+r/2,t)ϕ(r,R, t)e−ieΛ(R−r/2,t)

Under the same gauge transformation, the Wilson line transforms as

eie
∫ 1
0 ds r·A(R−r/2+sr,t) → e−ie

∫ 1
0 ds r·∇Λ(R−r/2+sr,t)eie

∫ 1
0 ds r·A(R−r/2+sr,t)

= e−ie
∫ 1
0 ds d

ds
Λ(R−r/2+sr,t)eie

∫ 1
0 ds r·A(R−r/2+sr,t)

= e−ieΛ(R+r/2,t)eie
∫ 1
0 ds r·A(R−r/2+sr,t)e−ieΛ(R−r/2,t)

With these transformations, we observe that under U(1) transformationsS(R, r, t)→ S(R, r, t),
i.e, it is a gauge singlet.

(d) The Wilson line may be multipole expanded

eie
∫ 1
0 ds r·A(R−r/2+sr,t) = 1 + ier ·A(R, t) +O(r2)

This implies

ϕ†i∂0ϕ
† = S† (1− ier ·A(R, t)) i∂0 (1 + ier ·A(R, t))S +O(r2)

= S†i∂0S + S†i∂0 (ier ·A(R, t)S)− S† (ier ·A(R, t)) i∂0 (S)

= S†i∂0S − S† (er · ∂0A(R, t))S

But then at order (1/r) we find that

LpNRQED =

∫
d3Rd3rϕ†(R, r, t) (i∂0 − er · ∇A0(R))ϕ(R, r, t)

=

∫
d3Rd3rS†(R, r, t) (i∂0 − er · ∇A0(R)− er · ∂0A(R, t))S(R, r, t) +O(1/m, r)

where −er · ∇A0(R)− er · ∂0A(R, t) = r · eE since Ei = (−∇A0 − ∂0A)iproving the initial
statement.
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The following exercises deal with the nonequilibrium evolution of quarkonium inside
QGP. They are optional if real time thermal field theory and open quantum systems are not
covered in the lectures.

Exercise 5: Heavy quarks in medium
Real-time observables can be directly expressed using the so-called real-time formalism, realised through
the Schwinger-Keldysh contour. This framework can be applied to non-equilibrium evolution but at a
price. The price we pay is a doubling of degrees of freedom

(a) Show that accounting statistical fluctuations, the expectation value of operatorO, i.e
〈
Ô (t1)

〉
=

Tr ρ̂ (t1) Ô (t1), leads to a doubling in the degrees of freedom. Hint: Evolve the density matrix in
time and use the path integral representation of the matrix of the corresponding time evolution
operator.

Assume thermal equilibrium. Therefore, the density matrix follows the canonical ensemble. We expect
heavy quarks to follow a hierarchy of scales where their mass,m, is much larger than the Temperature
T i.e. m≫ T . In the following exercises, we explore the infinite mass limit in equilibrium:

(b) Prove that the Wightman correlators of heavy quarks satisfy the KMS relation and the sum rule∫
dk0

2π

(
S>,(0) − S<,(0)

)
= 1

in equilibrium.

(c) Find an expression for the (free) spectral function and the time-ordered correlator.

(d) What is the expression for all the propagators in the infinite mass limit? What happens to the 12
propagator? What is the consequence of this?

Solution 5: Heavy quarks in medium

(a) If the medium is described by states |i⟩ with probabilities pi(t0) at t0, an expectation value com-
bining both statistical and quantum fluctuations is given by〈

Ô (t0)
〉
= Tr ρ̂ (t0) Ô (t0)

with ρ̂ (t0) ≡
∑

i pi(t0) |i⟩ ⟨i|. To evaluate the expectation value at a later time t1, we evolve the
density operator to a later time ρ̂ (t1) = U (t1, t0) ρ̂ (t0)U (t0, t1). Then the expectation value of
the operator 〈

Ô (t1)
〉
= Tr ρ̂ (t1) Ô (t1)

= TrU (t1, t0) ρ̂ (t0)U (t0, t1) Ô (t1)

In the field basis 〈
Ô (t1)

〉
=
∑
i,j,k,l

⟨ϕi|U (t1, t0) |ϕj⟩ ρjk ⟨ϕk|U (t1, t0) |ϕl⟩Oli
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where ρjk ≡ ⟨ϕj| ρ |ϕk⟩ and similarly for the operator. Now, interpreting the matrix element of
the time evolution operator in the path integral interpretation

⟨ϕi|U (t1, t0) |ϕj⟩ = ⟨ϕi| e−iH(t1−t0) |ϕj⟩ =
∫ ϕ1(t1)=ϕi

ϕ1(t0)=ϕj

Dϕ1e
iS[ϕ1]

⟨ϕk|U (t0, t1) |ϕl⟩ = ⟨ϕk| eiH(t1−t0) |ϕl⟩ =
∫ ϕ2(t1)=ϕl

ϕ2(t0)=ϕk

Dϕ2e
iS[ϕ2]

Notice that the second equation follows from unitarity. Then〈
Ô (t1)

〉
=
∑
i,j,k,l

∫ ϕ1(t1)=ϕi

ϕ1(t0)=ϕj

Dϕ1e
iS[ϕ1]

∫ ϕ2(t1)=ϕl

ϕ2(t0)=ϕk

Dϕ2e
iS[ϕ1]−iS[ϕ2]ρjkOli

The labels 1 and 2 label the time evolution of the ket (1) and bra(2), and by unitarity lead to a
minus sign in the exponent. This labelling is referred to as the doubling of degrees of freedom

(b) The two free Wightman functions are

S>,(0) =
(
1− nF (k0)

)
2πδ

(
k0 −m

)
S<,(0) = −

(
nF (k

0)
)
2πδ

(
k0 −m

)
,

where nF (k0) = 1/
(
ek

0/T + 1
)
. The sum rule∫

dk0

2π

(
S>,(0) − S<,(0)

)
=

∫
dk0

2π

((
1− nF (k0)

)
2πδ

(
k0 −m

)
+
(
nF (k

0)
)
2πδ

(
k0 −m

))
=

∫
dk0

2π

(
2πδ

(
k0 −m

))
= 1,

and the KMS relation reads

−ek0/TS>(0)(k) = −e−k0/T
(
1− nF (k0)

)
2πδ

(
k0 −m

)
= −e−k0/T

(
1− 1

e+k0/T + 1

)
2πδ

(
k0 −m

)
= −e−k0/T

(
e+k

0/T

e+k0/T + 1

)
2πδ

(
k0 −m

)
= −nF (k0)2πδ

(
k0 −m

)
= S<,(0) (k) .

(c) By definition, the fermionic spectral function is the Fourier transform of the causal correlator,

ρF
(
k0
)
= S>(0)(k)− S<(0)(k)

= 2πδ
(
k0 −m

)
The time ordered correlator is defined in position space as

S(0) (x) = θ (x)S>,(0) (x) + θ (−x)S<,(0) (x)
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we can then Fourier transform to get

S
(
k0,k

)
=

∫
d4x eikx

∫
d4p

(2π)4
e−ipx

{
θ
(
x0
)
S> (p) + θ

(
−x0

)
S< (p)

}
=

∫
d4x eikx

∫
d4p

(2π)4
e−ipx

{
i

∫
dω

2π

e−iωx
0

ω + iϵ
S> (p) + i

∫
dω

2π

eiωx
0

ω + iϵ
S< (p)

}

=

∫
d4x eikx

∫
d4p

(2π)4
e−ipx

{
i

∫
dω

2π

e−iωx
0

ω + iϵ

(
ep

0/TnF (p
0)
)
ρ
(
p0,p

)
−i
∫
dω

2π

eiωx
0

ω + iϵ

(
nF (p

0)
)
ρ
(
p0,p

)}

=

∫
dx0

∫
dp0

(2π)
nF (p

0)ρ
(
p0,k

){
i

∫
dω

2π

ei(k
0−ω−p0)x0

ω + iϵ

(
ep

0/T
)
− i
∫
dω

2π

ei(k
0+ω−p0)x0

ω + iϵ

}

=

∫
dp0

(2π)
nF (p

0)ρ
(
p0,k

){
i

1

k0 − p0 + iϵ

(
ep

0/T
)
+ i

1

k0 − p0 − iϵ

}
=

∫
dp0

(2π)
ρ
(
p0,k

){ i

k0 − p0 + iϵ
+ nF (p

0)

(
− i

k0 + p0 + iϵ
− i

k0 − p0 − iϵ

)}
=

∫
dp0

(2π)
ρ
(
p0,k

){ i

k0 − p0 + iϵ
− nF (p0)2πδ(k0 − p0)

}
,

where the minus sign comes from the Grassmann nature of the fields and in the first line we have
used the integral representation for the heaviside function

θ(t) = i

∫
dω

2π

e−iωt

ω + iϵ
. (70)

In the second equality we used 1− nF (x) = ex/TnF (x). This expression works for the general
spectral function, but for the free spectral function, ρ (k0,k) = 2πδ (k0 −m), it gives

S
(
k0,k

)
=

i

k0 −m+ iϵ
+ nF (k

0)2πδ(k0 −m).

(d) At the infinite mass limit,m→∞,

S
(
k0,k

)
=

i

k0 −m+ iϵ
+ nF (k

0)2πδ(k0 −m)

→ i

k0 −m+ iϵ

S>,(0) =
(
1− nF (k0)

)
2πδ

(
k0 −m

)
→ 2πδ

(
k0 −m

)
S<,(0) → 0

Since the 12-Propagator (choosing σ = 0 in the Schwinger-Keldysh contour) vanishes, the fields
decouple. It simplifies the number of diagrams we have to evaluate.
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Exercise 6: Quarkonium potential in medium
We want to study the regime wherem≫ mαs ≫ T ≫ mα2

s,mD. Integrating out the first two scales
yields pNRQCD. pNRQCD is an EFT designed to study bound states such as Bottomonium. In this
exercise, we are interested in finding contributions to the singlet potential at order T .

(a) Corrections to the potential arise from dipole transitions S†−→r · g
−→
EO + O†−→r · g

−→
ES. Drawing

a single diagram, explain why only[δVs(r)]21 and [δVs(r)]11 give non trivial results. Hint: The
potential is given by the self energy of the gauge singlet.

(b) Using the Feynman rules while regularising the theory in Dimensional regularization, evaluate
the LO thermal contribution to the potential. How does it parametrically scale? Hint: The Feyn-
man rules for the singlet and octet and the free gluon propagator in Coulomb gauge read (where
k2 = (k0)

2 − k⃗2)

Ssinglet(Soctet)(p0) = (δab)

(
i

p0+Vs(−Vo)+iϵ 0

2πδ (p0 + Vs(−Vo)) −i
p0+Vs(−Vo)−iϵ

)

D
(0)
00 (k⃗) =

( i

k⃗2
0

0 − i

k⃗2

)
D

(0)
ij (k) =

(
δij − kikj

k⃗2

){(
i

k2+iϵ
θ(−k0)2πδ(k2)

θ(−k0)2πδ(k2) −i
k2−iϵ

)
+2πδ(k2)nB

(∣∣k0∣∣)( 1 1
1 1

)}
(c) There are many NLO corrections to this potential. Evaluate the NLO contribution that paramet-

rically scales like ∆V/T . This contribution is a unique feature of QCD. Why?

Solution 6: Quarkonium potential in medium

(a) Here the singlet self energy diagram should be drawn. It should be understood that in real time
there are 4 different combinations. Why 4? From the free propagators, it should be realised
that we are only interested in the physical field content. This means we are only interested
in corrections to the 11-propagator. The self energy can have four different combinations of
Schiwnger-Keldysh indices. Starting from pNRQCD Feynman rules in position space:

[δV (r)]11 = −ig
2 TF
NC

r2

d− 1

∫ ∞

0

dt e−it∆V
[〈
E⃗a(t)ϕ(t, 0)adjab E⃗

b(t)
〉]

11

= −ig2CF
r2

d− 1
µ4−d

∫
ddk

(2π)d
i

−k0 −∆V + iϵ

[(
k0
)2
Dii(k) + k⃗2D00(k)

]
11

[δV (r)]22 = − [δV (r)]∗11
[δV (r)]12 = 0

[δV (r)]21 = ig2CF
r2

d− 1
µ4−d

∫
ddk

(2π)d
δ
(
−k0 −∆V

) [(
k0
)2
Dii(k) + k⃗2D00(k)

]
21

where∆V = Vo−Vs > 0. Note that
〈
E⃗a(t)ϕ(t, 0)adjab E⃗

b(t)
〉
is the chromoelectric field correlator.

To recover the momentum space result, Use wick’s theorem at LO. The wilson line then is trivial.
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(b) Using the Feynman rules while regularising the theory in Dimensional regularization, evaluate
the LO thermal contribution to the potential. How does it parametrically scale? Hint: The Feyn-
man rules for the singlet and octet and the free gluon propagator in Coulomb gauge read (where
k2 = (k0)

2 − k⃗2)

Ssinglet(Soctet)(p0) = (δab)

(
i

p0+Vs(−V0)+iϵ 0

2πδ (p0 + Vo(−Vo)) −i
p0+Vs(−V0)−iϵ

)

D
(0)
00 (k⃗) =

( i

k⃗2
0

0 − i

k⃗2

)
D

(0)
ij (k) =

(
δij − kikj

k⃗2

){(
i

k2+iϵ
θ(−k0)2πδ(k2)

θ(−k0)2πδ(k2) −i
k2−iϵ

)
+2πδ(k2)nB

(∣∣k0∣∣)( 1 1
1 1

)}
Solution: We are interested in caclulating the contribution to the integrals in exercise (a) for
momenta k ∼ T . We note that due to our chosen hierarchy of scale T ≫ ∆V and as a reuslt we
expand in ∆V/T . At leading order the propagators for both octet and gluons are free. We see
that in dimensional regularization

[δV (r)]11 = −ig
2CF

r2

d− 1
µ4−d

∫
ddk

(2π)d
i

−k0 + iϵ

(
k0
)2

4πδ(k2)nB
(∣∣k0∣∣) = 0

[δV (r)]21 = ig2CF
r2

d− 1
µ4−d

∫
ddk

(2π)d
2πδ

(
−k0

) (
k0
)2

4πδ(k2)nB
(∣∣k0∣∣) = 0

Parametrically we can see that for d = 4, the leading order thermal contribution scales like
αsr

2T 3. Note that,
∫
kdnB (k) ∼ T d+1And that the deltas “uses” one of the itnegrals and also

δ(k2) gives an extra ∼ 1/ |k|.

(c) We are interested in the correction coming from powers of∆V/T . This means we do not expand
the octet propagator. However note that its distribution can be expressed as

i

−k0 −∆V + iϵ
= −iPV

{
1

k0 +∆V

}
+ πδ

(
k0 +∆V

)
This means the thermal part reads

[δV (r)]11 = −ig
2CF

r2

d− 1
µ4−d

∫
ddk

(2π)d

[
−iPV

{
1

k0 +∆V

}
+ πδ

(
k0 +∆V

)]
×
[(
k0
)2
Dii(k) + k⃗2D00(k)

]
11

Consider the contribution from the delta function (call it A):

A = −iπg2CF
r2(d− 2)

d− 1
µ4−d

∫
ddk

(2π)d
δ
(
k0 +∆V

) [(
k0
)2
Dii(k) + k⃗2D00(k)

]
11

= −2iπ2g2CF
r2(d− 2)

d− 1
µ4−d

∫
ddk

(2π)d
δ
(
k0 +∆V

) (
k0
)2
δ
(
k2
)
nB
(∣∣k0∣∣)

= −iπg2CF
2r2

3

∫
d3k

(2π)3
(∆V )2 δ

(
∆V 2 − k2

)
nB (∆V )

= −iαsCF r2
2

3
(∆V )3 nB (∆V ) ,
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where δ
(
∆V 2 − k2

)
= 1

2∆V
δ (∆V − |k|) since ∆V > 0.

B = −g2CF
r2

d− 1
µ4−d

∫
ddk

(2π)d

[
PV

{
1

k0 +∆V

}] [(
k0
)2
Dii(k) + k⃗2D00(k)

]
11

= −g2CF r2
2

3

∫
d4k

(2π)4
PV

{
1

k0 +∆V

}
2π
(
k0
)2
δ
(
k2
)
nB
(∣∣k0∣∣)

= −g2CF r2
2

3

1

4π2

∫
dk0PV

{
1

k0 +∆V

}(∣∣k0∣∣)3 nB (∣∣k0∣∣)
= −g2CF r2

2

3

1

4π2

∫ ∞

0

dk0PV
{

2∆V

(k0)2 −∆V 2

}(∣∣k0∣∣)3 nB (∣∣k0∣∣)
= −CF r2

4

3

αs
π
∆V T 2f(∆V/T )

where f(x) =
∫∞
0

dx x3

ex−1
PV 1

x2−z2 . The calculation suggests that the leading imaginary con-
tribution to the potential is of order ∼ αsr

2 (∆V )3 T/ (∆V ) = αsr
2T 3 (∆V/T )2, coming from

Bose enhancement i.e.nB(∆V ) ∼ T/∆V . Similarly,

[δV (r)]21 = −2iIm [δV (r)]11 .

This contribution originates from the fact that thermal fluctuations can destroy a singlet into
an octet. At zero temperature this process is kinematically not allowed as only static octets can
decay into singlets.

Exercise 7: Caldeira-Legget Model
Consider a quantum mechanical system S coupled to a bath B. The total Hamiltonian is then given as
H = HS +HB +HIwhere HS and HB denote the free Hamiltonian of the system and Bath and HI is
the interaction between them.

(a) Starting from the von Neumann equation for the density matrix, show that the Redfield equation
reads

d

dt
ρS (t) = −

∫ t

0

dsTr [HI(t), [HI(t), ρS (t)⊗ ρB]]

and find the Markovian master equation. Hint: Use the Born-Markov approximation

(b) The Caldeira-Legget Model describes the dynamics of a Brownian particle with massm moving
in a potential V(x). Therefore the hamiltonian of the particle is

HS =
p2

2m
+ V (x)

The Bath is assumed to consist of a large number of particles modelled as harmonic oscillators.

HE =
∑
n

(
1

2mn

p2n +
1

2
mnω

2
nx

2
n

)
=
∑
n

ω

(
b†nbn +

1

2

)
where b†n, bn are the creation and annihilation operators for the bath modes. We assume that the
position of the Brownian particle is linearly coupled to the coordinates of the bath oscillators

HI = −xB = −x
∑

κnxn = −x
∑

κn

√
1

2mnωn

(
bn + b†n

)
Note that κn are the coupling constants
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(i) Derive the master equation in the Schrodinger picture.
(ii) It turns out that the interaction between the system and the bath can be expressed as four

contributions. In this exercise, we will show how one of these contributions leads to a
contribution to the potential, i.e is of the form i [Hc, ρ(t)]. Working only with the generator
of dissipative dynamics, show that

Kρ(t) =
∫ ∞

0

ds

(
i

2
D(τ) [x, {x (−s) , ρS(t)}]−

1

2
D1(τ) [x, [x (−s) , ρS(t)]]

)
where D(s) = i ⟨[B,B (−s)]⟩, D1(s) = ⟨{B,B (−s)}⟩ and K is the superoperator acting
on the density matrix.

(iii) Using theQuantum Brownian limit with τ ∼ 1/T show that

KρS ∋
i

2

∫
dτD(τ) [x, {x, ρS(t)}] + ...

and that it will lead to the renormalization

Hc = x2
∑ κ2n

2mnω2
n

.

Hint: Use

D(τ) = 2

∫ ∞

0

dωJ(ω) sinωτ, D1(τ) = 2

∫ ∞

0

dωJ(ω) cosωτ coth (ℏω/kBT )

with J(ω) =
∑ κ2n

2mnωn
δ (ω − ωn), known as the spectral function.

(iv) As you have seen from the lectures, a Lindblad equation is written as

d

dt
ρs(t) = −i [H, ρs] +

∑
i,j

aij

(
FiρsF

†
j −

1

2

{
F †
j Fi, ρs

})
and satisfies the conditions following all the definitions of the density matrix. In this case
F = {x, p}. Show that the Caldeira-Legget Model cannot be recasted as a Lindblad equa-
tion. To recast it as a Lindblad equation, a modification is needed. State the minimal modi-
fication you can do. Hint: the complete answer of part c) is the Caldeira-Legget model

d

dt
ρs(t) = −i [H, ρs]− iγ [x, {p, ρs}]− 2mγT [x, [x, ρs]] .

Solution 7: Caldeira-Legget Model

(a) Starting from the interaction picture, the von Neumann equation is

d

dt
ρ (t) = −i [HI (t) , ρ (t)]

Integrating both sides we can find the integral form of total density matrix,

ρ (t) = ρ (0)− i
∫ t

0

ds [HI (s) , ρ (s)]
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This equation is solved recursively, that is insert the integral equation into the von Neumann
equation and take the trace over the degrees of freedom of the bath.

d

dt
ρ (t) = −iTrB

[
HI (t) , ρ (0)− i

∫ t

0

ds [HI (s) , ρ (s)]

]
= −

∫ t

0

dsTrB [HI (t) , [HI (s) , ρ (s)]]

where TrB [HI (s) , ρ (0)] = 0, (or rather the implication
〈
H

(B)
I

〉
T
= 0) was assumed. Using

the Born approximation the spectral density is decomposed into ρ (t) ≈ ρS (t) ⊗ ρB . The Born
approximation assumes that the coupling between the bath and the system is small and therefore
the densitymatrix for the bath is only negligibly affected by the presence of the system of interest.
The Markov approximation is the description on a coarse-grained timescale, and the assumption
is that environmental excitation decays over times that are not resolved. This means replacing
ρS (s)withρs (t). Therefore we have,

d

dt
ρ (t) = −iTrB

[
HI (t) , ρ (0)− i

∫ t

0

ds [HI (s) , ρ (s)]

]
= −

∫ t

0

dsTrB [HI (t) , [HI (s) , ρs (t)⊗ ρB]]

The redfield equation is local in time but still depends on the initial time t=0. We make a substi-
tution of s→ t− s and let the upper limit to go to infinity. This is fine as long as s ∼ τR ≫ τB .
One of the conditions of quantum Brownian limit.

d

dt
ρ (t) = −

∫ ∞

0

dsTrB [HI (t) , [HI (t− s) , ρs (t)⊗ ρB]] .

(b) (i) We can connect operators and the densitymatrix from interaction picture to the Scroedinger
picture. The operators are related

OI (t) = eiH0tOI (t) e−iH0t

and the densitymatrix is given by ρS (t) = eiH0tρS (t) e−iH0t. Note here the class of notation.
Here the superscript S denotes the schroedinger picture. We then expect

d

dt
ρIS(t) =

d

dt
eiH0tρSS (t) e

−iH0t

= eiH0t

(
d

dt
ρSS(t) +

i

ℏ
[H0, ρS]

)
e−iH0t

Then by assumption [HE, ρS] = 0. At the same time we evolve the Hamiltonian so that the
t-dependence occurs in the exponentials,

[HI(t− s), ρ(t)] =
[
eiH0tHI(−s)eiH0t, eiH0tρS (t) e−iH0t

]
= eiH0t

[
HI(−s), ρS (t)

]
[HI (t) , [HI(t− s), ρ(t)]] = eiH0t [HI (0) , [HI(−s), ρ(t)]] e−iH0t

Therefore, we can see that the evolution of the density matrix in Schrodinger picture is

d

dt
ρSS(t) = −i [HS, ρS]−

∫ ∞

0

dsTrB [HI (t) , [HI (s) , ρs (t)⊗ ρB]]

= −i [HS, ρS] +Kρ(t)
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(ii) Starting from−
∫∞
0

dsTrB [HI (t) , [HI (s) , ρs (t)⊗ ρB]], and substituting the form ofHI (t)
and we may drop the argument for x (0) ≡ x, we get

−
∫ ∞

0

dsTrB [HI (t) , [HI (s) , ρs (t)⊗ ρB]] = −
∫ ∞

0

dsTrB [xB, [x(−s)B(−s), ρs (t)⊗ ρB]]

Focusing on the trace

TrB [xB, [x(−s)B(−s), ρs (t)⊗ ρB]] = TrB [xB, x(−s)B(−s)ρs (t)⊗ ρB]
−TrB [xB, ρs (t)⊗ ρBx(−s)B(−s)]

Then

TrB [xB, x(−s)B(−s)ρs (t)⊗ ρB] = xx(−s)ρs (t) TrB [BB(−s)ρB]
− x(−s)ρs (t)xTrB [B(−s)ρBB]

= xx(−s)ρs (t)− x(−s)ρs (t)x
= ⟨BB(−s)⟩T [x, x(−s)ρs (t)]

TrB [xB, ρs (t)⊗ ρBx(−s)B(−s)] = −⟨B(−s)B⟩T [x, ρs (t)x(−s)]

Using

⟨BB(−s)⟩T =
1

2
⟨[B,B(−s)]⟩+ 1

2
⟨{B,B(−s)}⟩

=
−i
2
D(s) +

1

2
D1(s)

⟨B(−s)B⟩T =
i

2
D(s) +

1

2
D1(s)

we group together expressions in D and D1. This recovers what we set out to prove. For
example collecting terms proportional to

− i
2
D(s) ([x, x(−s)ρs (t)] + [x, ρs (t)x(−s)]) =

i

2
D(s) ([x, {x(−s), ρs (t)}])

(iii) Consider the Brownian limit τS ≫ τE . This implies T ≫ ∆E therefore

x(−s) = e−iHSsxeiHSs

= x− i [HS, x] s+ ...

= x− p

m
s

Plugging this to the previous equation we get

KρS =
i

2

∫ ∞

0

dsD(s) [x, {x, ρ(t)}]− i

2

∫ ∞

0

ds sD(s) [x, {x, ρ(t)}]

− 1

2

∫ ∞

0

dsD1(s) [x, [x, ρ(t)]]−
i

2

∫ ∞

0

ds sD(s) [x, [x, ρ(t)]]
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Focussing only on the first part, we look into the integral with the Bath correlator and using
the hint

i

2

∫ ∞

0

dsD(s) = i

∫ ∞

0

ds

∫ ∞

0

dωJ(ω) sinωs

= i

∫ ∞

0

dωJ(ω)

∫ ∞

0

ds sinωs

= i

∫ ∞

0

dωJ(ω) lim
ϵ→0

Im

∫ ∞

0

dsei(ω+iϵ)s

= i

∫ ∞

0

dωJ(ω) lim
ϵ→0

Im

{
i

ω + iϵ

}
= i

∫ ∞

0

dωP J(ω)
ω

= i
∑ κ2n

2mnω2
n

with [x, {x, ρ(t)}] = [x2, ρ(t)] and where J(ω) is odd. Everything together reads

i
∑ κ2n

2mnω2
n

[
x2, ρ(t)

]
= i [Hc, ρ(t)]

which is a term that modifies the potential.
(iv) Starting from the Caldeira-Legget model we find

−iγ [x, {p, ρs}] = −iγ ([x, pρs] + [x, ρsp])

= −iγ (xpρs − pρsx+ xρsp− ρspx) ,

where

−iγ (xpρs − pρsx) = iγ

(
pρsx−

1

2
{xp, ρs} −

1

2
[xp, ρs]

)
−iγ (xρsp− ρspx) = −iγ

(
xρsp−

1

2
{px, ρs}+

1

2
[xp, ρs]

)
.

It satisfies the form given in the exercise with an extra term -iγ/2 [xp+ px, ρs]. This is a
Hamiltonian contribution and is not expected to play a role in dissipation, just like the term
in part (c). Finally,

−2mγT [x, [x, ρs]] = 4mγT

(
xρsx−

1

2

{
x2, ρs

})
Therefore we can recast in the form given on the exercise sheet. Despite being able to write
the Caldeira-Legget in this form, we remark that positivity is not fulfilled. Positivity of the
density matrix implies that detaij ≥ 0. Instead we have

detaij = det

(
4mγT −iγ
iγ 0

)
= −γ2 < 0

To recast Caldera-Legget in terms of a Lindblad equation, we must introduce a term like
a22
2
[p, [p, ρs]] which contributes a22 to the determinant. Its value must be at least

det

(
4mγT −iγ
iγ a22

)
= 0

4mγTa22 − γ2 = 0

a22 =
γ

4mT
.
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Note that in our hierarchy of scales T ≫ E and therefore this term is negligible.
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