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Exercise 1: Warmup: Techniques in HQET

(a) Let v be a unit timelike vector, that is, v2 = 1. Prove the following identities.

(i)
(

1±/v
2

)(
1±/v
2

)
=
(

1±/v
2

)
.

(ii)
(

1±/v
2

)(
1∓/v
2

)
= 0.

(iii)
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2

)
γµ
(

1±/v
2

)
= ±

(
1±/v
2

)
vµ
(

1±/v
2

)
.

Exercise 2: HQET from QCD at order O
(
1/m2

)
Let Q(x) be the QCD quark field of a heavy quark with massmQ. In the presence of one heavy quark
with momentum p = mQv + k, where v2 = 1, define hv(x) and Hv(x) by

hv(x) = eimQv·x
(
1 + /v

2

)
Q(x) ,

Hv(x) = eimQv·x
(
1− /v

2

)
Q(x) .

Then we have

Q(x) = e−imQv·x [hv(x) +Hv(x)] .

In the kinematic region where k is much smaller than mQ, hv is a large component and Hv is a small
component. The tree-level Lagrangian in HQET can be derived from the QCD Lagrangian by eliminat-
ing Hv using equations of motion.

(a) Show that in terms of the fields hv and Hv, the QCD Lagrangian

LQCD = Q̄(i /D −mQ)Q

reads

LQCD = h̄viv ·Dhv − H̄v(iv ·D + 2mQ)Hv + h̄vi /D⊥Hv + H̄vi /D⊥hv ,

where Dµ
⊥ ≡ Dµ − vµv ·D. Note that /vhv = hv and /vHv = −Hv

(b) Derive the equation of motion for Hv by varying the QCD Lagrangian with respect to H̄v.

(c) Show that the Lagrangian after eliminating Hv by the equation of motion is

Ltree-level
HQET = h̄viv ·Dhv + h̄vi /D⊥

1

2mQ + iv ·D
i /D⊥hv .
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Consider the HQET Lagrangian at order 1/m2
Q

δL1/m2
Q
= − g

8m2
Q

h̄vv
α[Dβ

⊥, Gαβ]hv +
ig

8m2
Q

h̄vvλσαβ{Dα
⊥, G

λβ}hv . (1)

(d) Using the conventions Dµ ≡ ∂µ + igAµ, [Dµ, Dν ] = igGµν , and σµν ≡ i
2
[γµ, γν ] and that Dµ

acts on everything on the right, go to the rest frame of the hadron, i.e. v = (1,0). Show that

δL1/m2
Q
=

1

8m2
Q

h̄v(D · gE− gE ·D)hv +
i

4m2
Q

h̄vS · (D× gE− gE×D)hv , (2)

where

S =
1

2

(
σ 0
0 σ

)
.

Here D ≡ ∇− igA. Note thatD acts on everything on the right.

We end this exercise with a comment: In the literature, the nonrelativistic expansion is also obtained
from the Foldy-Wouthuysen transformation. The Foldy-Wouthuysen transformation is a systematic
way to perform the nonrelativistic expansion of the Dirac Hamiltonian. The idea is to perform a uni-
tary transformation in such a way that the resulting Hamiltonian is diagonal in the large and small
components of the heavy fermion field.

Although the nonrelativistic expansion can be achieved systematically this way, radiative corrections
that happen at the quark mass scale are not captured. Therefore, an effective field theory is an operator
expansion multiplied by the so-called matching coefficients. The matching coefficients capture these
radiative corrections of the fundamental theory. They are determined by matching the initial theory
with the effective field theory.

Exercise 3: Matching QCD to HQET/NRQCD
You may wonder what the relation/difference between HQET and NRQCD is. NRQCD, ideal for bound
states for a heavy quark-antiquark pair, is constructed by integrating out modes associated with the
scale m. In terms of the NRQCD Lagrangian, the degrees of freedom are Aµ, ψ, a 2-component Pauli
spinor annihilating a fermion of mass m1, and χ, a 2-component Pauli spinor creating an antifermion
of massm2. Therefore, the expansion is organised in terms of powers of 1/mi and of the coupling (only
ifm≫ ΛQCD). NRQCD contains all the operators contained in the HQET Lagrangian describing both
the quark and antiquark sectors. Their difference arises as NRQCD contains 4-fermion operators.

In the frame in which v = (1,0), the HQET (or NRQCD) Lagrangian bilinear in the heavy-quark
field to order 1/m2 has the form

Lψ†ψ = ψ†iD0ψ +
c2
2m

ψ†D2ψ +
cF
2m

ψ†σ · gBψ

+
cD
8m2

ψ†(D · gE− gE ·D)ψ +
icS
8m2

ψ†σ · (D× gE− gE×D)ψ ,

where ψ is a two-component field defined by hv =
(
ψ
0

)
, andm is the mass of the heavy quark. In this

exercise, we will determine the coefficients c2, cF , cD, cS by matching to QCD at one loop.
In order to obtain c2, cF , cD, cS , we will match the amplitude out⟨Q|AQ⟩in, where the incoming and

outgoing quarks are on-shell, with momenta p and p′ respectively. The incoming gluon Aµ, which is
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treated as a background field (by the use of the background-field gauge), has an off-shell momentum
q = p′ − p. In QCD, the amplitude has the form

iout⟨Q|AQ⟩in = −igT aAaµū(p′)
[
F1(q

2)γµ + iF2(q
2)
σµνqv
2m

]
u(p) . (3)

The trick to perform the matching in dimensional regularization is to expand the loop integrands in the
external momenta. The matching condition requires one to simply calculate the amplitude in the EFT
at tree level, and drop all the IR-divergent terms in the full theory. To O(αs), the form factors
F1(q

2) and F2(q
2) to order q2, after expanding the external momentum q in the loop integrands, are

F1(q
2) = 1 +

αsq
2

πm2

[(
− 1

3ϵIR
− 1

8
+

1

3
log

m

µ

)
CF +

(
− 5

24ϵIR
− 1

16
+

5

24
log

m

µ

)
CA

]
, (4)

F2(q
2) =

αs
π

[
1

2
CF +

(
1

2ϵIR
+

1

2
− 1

2
log

m

µ

)
CA

]
+
αsq

2

πm2

[
1

12
CF +

(
1

2ϵIR
+

1

12
− 1

2
log

m

µ

)
CA

]
. (5)

(a) Use the form of the spinor

u(p) =

√
Ep +m

2Ep

(
u

σ·p
Ep+m

u

)
,

so that u corresponds to the spinor for ψ in the Feynman rules. Expand Eq. (3) in powers of p
and p′. Show that the result is

iout⟨Q|AQ⟩in = −igT au†(Aa0j0 −Aa · j)u , (6)

where

j0 = F1(q
2)

[
1− 1

8m2
q2 +

i

4m2
σ · (p′ × p) +O(1/m3)

]
+ F2(q

2)

[
− 1

4m2
q2 +

i

2m2
σ · (p′ × p) +O(1/m3)

]
, (7)

and

j = F1(q
2)

[
1

2m
(p+ p′) +

i

2m
σ × q+O(1/m3)

]
+ F2(q

2)

[
i

2m
σ × q+O(1/m3)

]
. (8)

(b) From Eqs. (6), (7), (8), (4), and (5), obtain cF to O(αS). If time permits, find also c2, cD, cS .

(c) We are interested now in the four fermion sector of NRQED. NRQED is obtained from QED by
integrating out the mass scale. The leading order 4-fermion operators are dimension 6 operators.
The Lagrangian reads

LNRQED ∋ ds
m1m2

ψ†χχ†ψ +
dv

m1m2

ψ†σχ · χ†σψ

Working in the centre of mass frame, in Feynman gauge and choosing for convenience m1 =
m2 = m, calculate to O(αs), the Wilson coefficients dv and ds. The relevant diagram in QED is
the leading order ll̄ → ll̄ diagram. In NRQCD, the same procedure applies but onemust be careful
with the colour matrices. In particular, there are now four operators that denote the spin-singlet
(triplet) of a colour singlet (octet). One finds that atO(αs) only the spin triplet colour octet gives
a nonzero result.

3 of 7



Exercise 4: pNRQED and the dipole transition
In this exercise, we work in the bilinear sector of NRQED. For the lowest lying scales, there is a clear
separation of scales betweenmα ≫ mα2. This allows integrating outmα ∼ 1/r where r is the relative
coordinate between a heavy quark and antiquark forming the bound state. It turns out

LYMpNRQCD = LYMNRQCD

LBilinearpNRQCD = LBilinearNRQCD

Therefore, the bilinear sector of the pNRQED Hamiltonian reads

H
O(1)
NRQED ∼

∫
d3xψ†(x) (iD0)ψ(x) +O (1/m) ,

where the photon appearing in the Lagrangian is ultrasoft.
(a) To make explicit the size of each term and to be able to enforce that the photons as ultrasoft,

project the pNRQED Hamiltonian (only the Bilinear sector) on the Fock space:∫
d3x1d

3x2ϕij(x1,x2)ψ
†
i (x1)χ

†
c,j (x2) |0⟩ .

You may use
ψ (x) |0⟩ = χc (x) |0⟩ = 0

and the fields satisfy equal-time anticommutation relations:{
ψi (x) , ψ

†
j (y)

}
= δijδ

3 (x− y){
χci (x) , χ

†
cj (y)

}
= δijδ

3 (x− y) .

We note that χc = −iσ2χ∗ i.e the charge conjugation of the field χ. This is such that χc has
the opposite electric charge sign than ψ. This is usually the way particles and antiparticles are
described in QM.

(b) Then perform a change of variables into the relative coordinate r ≡ x1 − x2 and centre of
momentum frameR ≡ x1+x2

2
. In this step, you can enforce that the photons are ultrasoft. Recall

r ∼ 1/mα. Show that the resulting Hamiltonian is∫
d3Rd3rϕ†(R, r) (er · ∇A0(R))ϕ(R, r)

The associated Lagrangian is then

LpNRQED

∫
d3Rd3rϕ†(R, r, t) (i∂0 − er · ∇A0(R))ϕ(R, r, t)

(c) Perform the field redefinition

ϕ(R, r, t) = exp

{
ie

∫ 1

0

dsr ·A (R− r/2 + sr, t)

}
S(r,R, t)

and by performing a U(1) gauge transformation on the fields, show that S(r,R, t) is a gauge
singlet. Hint: take ϕ(R, r, t) ∼ ψ(R+ r/2)χc(R− r/2)

(d) Multipole expand the Wilson line to show that the Lagrangian reads

LpNRQED =

∫
d3Rd3rS†(R, r, t) (i∂0 − er · E(R))S(R, r, t) +O(1/m).

In pNRQCD, the degrees of freedom are the singlet and octet states and ultrasoft gluons. There-
fore, the interaction between a singlet and an octet is given as S†−→r · g

−→
EO +O†−→r · g

−→
ES.
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The following exercises deal with the nonequilibrium evolution of quarkonium inside
QGP. They are optional if real time thermal field theory and open quantum systems are not
covered in the lectures.

Exercise 5: Heavy quarks in medium
Real-time observables can be directly expressed using the so-called real-time formalism, realised through
the Schwinger-Keldysh contour. This framework can be applied to non-equilibrium evolution but at a
price. The price we pay is a doubling of degrees of freedom

(a) Show that accounting statistical fluctuations, the expectation value of operatorO, i.e
〈
Ô (t1)

〉
=

Tr ρ̂ (t1) Ô (t1), leads to a doubling in the degrees of freedom. Hint: Evolve the density matrix in
time and use the path integral representation of the matrix of the corresponding time evolution
operator.

Assume thermal equilibrium. Therefore, the density matrix follows the canonical ensemble. We expect
heavy quarks to follow a hierarchy of scales where their mass,m, is much larger than the Temperature
T i.e. m≫ T . In the following exercises, we explore the infinite mass limit in equilibrium:

(b) Prove that the Wightman correlators of heavy quarks satisfy the KMS relation and the sum rule∫
dk0

2π

(
S>,(0) − S<,(0)

)
= 1

in equilibrium.

(c) Find an expression for the (free) spectral function and the time-ordered correlator.

(d) What is the expression for all the propagators in the infinite mass limit? What happens to the 12
propagator? What is the consequence of this?

Exercise 6: Quarkonium potential in medium
We want to study the regime wherem ≫ mαs ≫ T ≫ mα2

s,mD. Integrating out the first two scales
yields pNRQCD. pNRQCD is an EFT designed to study bound states such as Bottomonium. In this
exercise, we are interested in finding contributions to the singlet potential at order T .

(a) Corrections to the potential arise from dipole transitions S†−→r · g
−→
EO + O†−→r · g

−→
ES. Drawing

a single diagram, explain why only[δVs(r)]21 and [δVs(r)]11 give non trivial results. Hint: The
potential is given by the self energy of the gauge singlet.

(b) Using the Feynman rules while regularising the theory in Dimensional regularization, evaluate
the LO thermal contribution to the potential. How does it parametrically scale? Hint: The Feyn-
man rules for the singlet and octet and the free gluon propagator in Coulomb gauge read (where
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k2 = (k0)
2 − k⃗2)

Ssinglet(Soctet)(p0) = (δab)

(
i

p0+Vs(−Vo)+iϵ 0

2πδ (p0 + Vs(−Vo)) −i
p0+Vs(−Vo)−iϵ

)

D
(0)
00 (k⃗) =

( i

k⃗2
0

0 − i

k⃗2

)
D

(0)
ij (k) =

(
δij − kikj

k⃗2

){(
i

k2+iϵ
θ(−k0)2πδ(k2)

θ(−k0)2πδ(k2) −i
k2−iϵ

)
+2πδ(k2)nB

(∣∣k0∣∣)( 1 1
1 1

)}
(c) There are many NLO corrections to this potential. Evaluate the NLO contribution that paramet-

rically scales like ∆V/T . This contribution is a unique feature of QCD. Why?

Exercise 7: Caldeira-Legget Model
Consider a quantum mechanical system S coupled to a bath B. The total Hamiltonian is then given as
H = HS +HB +HIwhere HS and HB denote the free Hamiltonian of the system and Bath and HI is
the interaction between them.

(a) Starting from the von Neumann equation for the density matrix, show that the Redfield equation
reads

d

dt
ρS (t) = −

∫ t

0

dsTr [HI(t), [HI(t), ρS (t)⊗ ρB]]

and find the Markovian master equation. Hint: Use the Born-Markov approximation

(b) The Caldeira-Legget Model describes the dynamics of a Brownian particle with massm moving
in a potential V(x). Therefore the hamiltonian of the particle is

HS =
p2

2m
+ V (x)

The Bath is assumed to consist of a large number of particles modelled as harmonic oscillators.

HE =
∑
n

(
1

2mn

p2n +
1

2
mnω

2
nx

2
n

)
=
∑
n

ω

(
b†nbn +

1

2

)
where b†n, bn are the creation and annihilation operators for the bath modes. We assume that the
position of the Brownian particle is linearly coupled to the coordinates of the bath oscillators

HI = −xB = −x
∑

κnxn = −x
∑

κn

√
1

2mnωn

(
bn + b†n

)
Note that κn are the coupling constants
(i) Derive the master equation in the Schrodinger picture.

6 of 7



(ii) It turns out that the interaction between the system and the bath can be expressed as four
contributions. In this exercise, we will show how one of these contributions leads to a
contribution to the potential, i.e is of the form i [Hc, ρ(t)]. Working only with the generator
of dissipative dynamics, show that

Kρ(t) =
∫ ∞

0

ds

(
i

2
D(τ) [x, {x (−s) , ρS(t)}]−

1

2
D1(τ) [x, [x (−s) , ρS(t)]]

)
where D(s) = i ⟨[B,B (−s)]⟩, D1(s) = ⟨{B,B (−s)}⟩ and K is the superoperator acting
on the density matrix.

(iii) Using theQuantum Brownian limit with τ ∼ 1/T show that

KρS ∋ i

2

∫
dτD(τ) [x, {x, ρS(t)}] + ...

and that it will lead to the renormalization

Hc = x2
∑ κ2n

2mnω2
n

.

Hint: Use

D(τ) = 2

∫ ∞

0

dωJ(ω) sinωτ, D1(τ) = 2

∫ ∞

0

dωJ(ω) cosωτ coth (ℏω/kBT )

with J(ω) =
∑ κ2n

2mnωn
δ (ω − ωn), known as the spectral function.

(iv) As you have seen from the lectures, a Lindblad equation is written as

d

dt
ρs(t) = −i [H, ρs] +

∑
i,j

aij

(
FiρsF

†
j −

1

2

{
F †
j Fi, ρs

})
and satisfies the conditions following all the definitions of the density matrix. In this case
F = {x, p}. Show that the Caldeira-Legget Model cannot be recasted as a Lindblad equa-
tion. To recast it as a Lindblad equation, a modification is needed. State the minimal modi-
fication you can do. Hint: the complete answer of part c) is the Caldeira-Legget model

d

dt
ρs(t) = −i [H, ρs]− iγ [x, {p, ρs}]− 2mγT [x, [x, ρs]] .
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