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QCD on the lattice

� The lattice regularization is the only currently known framework where QCD 
can be defined and investigated non-perturbatively.

� In 1974 Wilson proposed to regularize QCD 
by making continuous space-time discrete
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: cutoff in momenta
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 a
f (x),  

a
f (x) : quarks and anti-quarks are defined at the lattice sites
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f (y)
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Aµ(x)
connection between different 
points in space-time
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G(x, y) = exp

"
i

Z

Cxy

A · ds
#
2 group SU(3)

the link field:
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 a
f (y)

: lattice spacing

: cutoff in momenta

<latexit sha1_base64="HocneFdpWTOUxA/BQ1lt5jQ0+hI=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4KkmR2i6EohuXFewDmhAmk2k7dDIJ8xBKKLjxV9y4UMStP+HOv3HSVlHRAxfOnHMvc+8JU0alcpx3a2FxaXlltbBWXN/Y3Nq2d3bbMtECkxZOWCK6IZKEUU5aiipGuqkgKA4Z6YSji9zv3BAhacKv1TglfowGnPYpRspIgb0/CDIv1h7XkzMvIkyhr3dgl5yyY1Ctwpy4Ncc1pF6vVSp16E4txymBOZqB/eZFCdYx4QozJGXPdVLlZ0goihmZFD0tSYrwCA1Iz1COYiL9bHrDBB4ZJYL9RJjiCk7V7xMZiqUcx6HpjJEayt9eLv7l9bTq1/yM8lQrwvHso75mUCUwDwRGVBCs2NgQhAU1u0I8RAJhZWIrmhA+L4X/k3al7FbL7tVJqXE+j6MADsAhOAYuOAUNcAmaoAUwuAX34BE8WXfWg/VsvcxaF6z5zB74Aev1A1o8mKQ=</latexit>

gµ⌫ = �µ⌫ : Euclidean metric
<latexit sha1_base64="s+WLUNKyKP+r0H5A9CqysW2JmbA=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hdkg6+YW8OIxAfOAZAmzk9lkzOzsMjMrhCVf4MWDIl79JG/+jZOHoKIFDUVVN91dYSq4Nhh/OGvrG5tb24Wd4u7e/sFh6ei4rZNMUdaiiUhUNySaCS5Zy3AjWDdVjMShYJ1wcj33O/dMaZ7IWzNNWRCTkeQRp8RYqUkGpTKuYAvPQ3Pi+ti1pFbzq9UachcWxmVYoTEovfeHCc1iJg0VROuei1MT5EQZTgWbFfuZZimhEzJiPUsliZkO8sWhM3RulSGKEmVLGrRQv0/kJNZ6Goe2MyZmrH97c/Evr5eZyA9yLtPMMEmXi6JMIJOg+ddoyBWjRkwtIVRxeyuiY6IINTabog3h61P0P2lXK65X8ZqX5bq/iqMAp3AGF+DCFdThBhrQAgoMHuAJnp0759F5cV6XrWvOauYEfsB5+wQbQY0j</latexit>a
<latexit sha1_base64="RksVvdG9x37PGrWgpaDREcwT/0Y=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4sWSKjNNdwY3LCvYB7VgyaaaNzSRDkhHK0H9w40IRt/6PO//GTFtBRQ9cOJxzL/feEyacaYPQh1NYWV1b3yhulra2d3b3yvsHbS1TRWiLSC5VN8SaciZoyzDDaTdRFMchp51wcpn7nXuqNJPixkwTGsR4JFjECDZWauPb7MydDcoVVEUWngdz4vrItaRe92u1OnTnFkIVsERzUH7vDyVJYyoM4VjrnosSE2RYGUY4nZX6qaYJJhM8oj1LBY6pDrL5tTN4YpUhjKSyJQycq98nMhxrPY1D2xljM9a/vVz8y+ulJvKDjIkkNVSQxaIo5dBImL8Oh0xRYvjUEkwUs7dCMsYKE2MDKtkQvj6F/5N2rep6Ve/6vNLwl3EUwRE4BqfABRegAa5AE7QAAXfgATyBZ0c6j86L87poLTjLmUPwA87bJ24fjwk=</latexit>

a�1

<latexit sha1_base64="lvksSZfgKkTFD3U6ku5II5aXhtc="></latexit>

Uµ(x) = exp

"
i

Z x+aµ̂

x
Aµ(y)dyµ

#
2 SU(3)



QCD on the lattice

� The lattice regularization is the only currently known framework where QCD 
can be defined and investigated non-perturbatively.

� In 1974 Wilson proposed to regularize QCD 
by making continuous space-time discrete

<latexit sha1_base64="4t9lUUSbQ6lcEPqY9hvM3oeLJ5Y=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8kWqe2t6MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zM82PBtcH4w8mtrW9sbuW3Czu7e/sHxcOjjo4SRVmbRiJSPZ9oJrhkbcONYL1YMRL6gnX96XXmd++Z0jySt2YWMy8kY8kDTomxUosMiyVcxhbVKsqIW8OuJfV6rVKpI3dhYVyCFZrD4vtgFNEkZNJQQbTuuzg2XkqU4VSweWGQaBYTOiVj1rdUkpBpL10cOkdnVhmhIFK2pEEL9ftESkKtZ6FvO0NiJvq3l4l/ef3EBDUv5TJODJN0uShIBDIRyr5GI64YNWJmCaGK21sRnRBFqLHZFGwIX5+i/0mnUnarZbd1UWpcreLIwwmcwjm4cAkNuIEmtIECgwd4gmfnznl0XpzXZWvOWc0cww84b58cqY0o</latexit>a
� In this framework quantum fields have to be properly defined: 

<latexit sha1_base64="8BP+8fpU5tFxmCsS4GESOKB8Gvk="></latexit>

 a
f (x),  

a
f (x) : quarks and anti-quarks are defined at the lattice sites

<latexit sha1_base64="PiSNjf7SKRdvTzAe7UHcBJjHM7k=">AAAB73icdVBNSwMxEJ31s9avqkcvwSLUS9ktUttb1YvHCvYD2qVk02wbmmTXJCuW0j/hxYMiXv073vw3ZtsKKvpg4PHeDDPzgpgzbVz3w1laXlldW89sZDe3tnd2c3v7TR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0WXqt+6o0iySN2YcU1/ggWQhI9hYqX3e64qkcH/Sy+XdomtRLqOUeBXXs6RarZRKVeTNLNfNwwL1Xu69249IIqg0hGOtO54bG3+ClWGE02m2m2gaYzLCA9qxVGJBtT+Z3TtFx1bpozBStqRBM/X7xAQLrccisJ0Cm6H+7aXiX14nMWHFnzAZJ4ZKMl8UJhyZCKXPoz5TlBg+tgQTxeytiAyxwsTYiLI2hK9P0f+kWSp65aJ3fZqvXSziyMAhHEEBPDiDGlxBHRpAgMMDPMGzc+s8Oi/O67x1yVnMHMAPOG+fmwuPtA==</latexit>

Aµ(x)
connection between different 
points in space-time

<latexit sha1_base64="4oTVBYk5G3aBFewzCgiS7NzkKu8="></latexit>

G(x, y) = exp

"
i

Z

Cxy

A · ds
#
2 group SU(3)

the link field:

<latexit sha1_base64="lPhU6/yybO5kF1saY2uqDAa+tE4=">AAACDnicdVDLSsNAFJ34tr6qLt0MFkE3JSlS213RjUsF+4Amlsn0pg5OJmFmIpaQL3Djr7hxoYhb1+78GydpBRU9MHA4577m+DFnStv2hzUzOze/sLi0XFpZXVvfKG9udVSUSAptGvFI9nyigDMBbc00h14sgYQ+h65/fZL73RuQikXiQo9j8EIyEixglGgjDcp7qVsMSUcSQGRuZIrzWakbK5YNgkuyf3uQDcoVu2ob1Os4J07DdgxpNhu1WhM7hWXbFTTF2aD87g4jmoQgNOVEqb5jx9pLidSMcshKbqIgJvSajKBvqCAhKC8tLsnwnlGGOIikeULjQv3ekZJQqXHom8qQ6Cv128vFv7x+ooOGlzIRJxoEnSwKEo51hPNs8JBJoJqPDSFUMnMrpldEEqpNgiUTwtdP8f+kU6s69apzflhpHU/jWEI7aBftIwcdoRY6RWeojSi6Qw/oCT1b99aj9WK9TkpnrGnPNvoB6+0TTiydiQ==</latexit>

 
a
f (x)

<latexit sha1_base64="dzaqFsgbVmrR64XCQ99IoYjMFrw=">AAAB73icdVBNSwMxEM3Wr1q/qh69BItQLyVbpLa3ohePFdy20C4lm2bb0CS7JlmxLP0TXjwo4tW/481/Y7atoKIPBh7vzTAzL4g50wahDye3srq2vpHfLGxt7+zuFfcP2jpKFKEeiXikugHWlDNJPcMMp91YUSwCTjvB5DLzO3dUaRbJGzONqS/wSLKQEWys1PUGfZGU708HxRKqIItaDWbErSPXkkajXq02oDu3ECqBJVqD4nt/GJFEUGkIx1r3XBQbP8XKMMLprNBPNI0xmeAR7VkqsaDaT+f3zuCJVYYwjJQtaeBc/T6RYqH1VAS2U2Az1r+9TPzL6yUmrPspk3FiqCSLRWHCoYlg9jwcMkWJ4VNLMFHM3grJGCtMjI2oYEP4+hT+T9rViluruNdnpebFMo48OALHoAxccA6a4Aq0gAcI4OABPIFn59Z5dF6c10VrzlnOHIIfcN4+Abnnj8g=</latexit>

Uµ(x)

� Matter fields at different lattice points are connected by a path-ordered 
products of links   

<latexit sha1_base64="TFnJ0kqwzK/XAt/PLujmKvEgd5w=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAR6qYkRWq7K7pxWcE+oIlhMpm0QycPZiZCCHXjr7hxoYhb/8Kdf+MkraCiBy4czrl37tzjxowKaRgfWmlpeWV1rbxe2djc2t7Rd/f6Iko4Jj0csYgPXSQIoyHpSSoZGcacoMBlZOBOL3J/cEu4oFF4LdOY2AEah9SnGEklOfpBZhWPZJx4MysW1PFvUC09mTl61agbCs0mzInZMkxF2u1Wo9GGZmEZRhUs0HX0d8uLcBKQUGKGhBiZRiztDHFJMSOzipUIEiM8RWMyUjREARF2ViyfwWOleNCPuKpQwkL9PpGhQIg0cFVngORE/PZy8S9vlEi/ZWc0jBNJQjxf5CcMygjmcUCPcoIlSxVBmFP1V4gniCMsVWgVFcLXpfB/0m/UzWbdvDqtds4XcZTBITgCNWCCM9ABl6ALegCDO/AAnsCzdq89ai/a67y1pC1m9sEPaG+fWe6Xeg==</latexit>

 a
f (y)

: lattice spacing

: cutoff in momenta

<latexit sha1_base64="HocneFdpWTOUxA/BQ1lt5jQ0+hI=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4KkmR2i6EohuXFewDmhAmk2k7dDIJ8xBKKLjxV9y4UMStP+HOv3HSVlHRAxfOnHMvc+8JU0alcpx3a2FxaXlltbBWXN/Y3Nq2d3bbMtECkxZOWCK6IZKEUU5aiipGuqkgKA4Z6YSji9zv3BAhacKv1TglfowGnPYpRspIgb0/CDIv1h7XkzMvIkyhr3dgl5yyY1Ctwpy4Ncc1pF6vVSp16E4txymBOZqB/eZFCdYx4QozJGXPdVLlZ0goihmZFD0tSYrwCA1Iz1COYiL9bHrDBB4ZJYL9RJjiCk7V7xMZiqUcx6HpjJEayt9eLv7l9bTq1/yM8lQrwvHso75mUCUwDwRGVBCs2NgQhAU1u0I8RAJhZWIrmhA+L4X/k3al7FbL7tVJqXE+j6MADsAhOAYuOAUNcAmaoAUwuAX34BE8WXfWg/VsvcxaF6z5zB74Aev1A1o8mKQ=</latexit>

gµ⌫ = �µ⌫ : Euclidean metric
<latexit sha1_base64="s+WLUNKyKP+r0H5A9CqysW2JmbA=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hdkg6+YW8OIxAfOAZAmzk9lkzOzsMjMrhCVf4MWDIl79JG/+jZOHoKIFDUVVN91dYSq4Nhh/OGvrG5tb24Wd4u7e/sFh6ei4rZNMUdaiiUhUNySaCS5Zy3AjWDdVjMShYJ1wcj33O/dMaZ7IWzNNWRCTkeQRp8RYqUkGpTKuYAvPQ3Pi+ti1pFbzq9UachcWxmVYoTEovfeHCc1iJg0VROuei1MT5EQZTgWbFfuZZimhEzJiPUsliZkO8sWhM3RulSGKEmVLGrRQv0/kJNZ6Goe2MyZmrH97c/Evr5eZyA9yLtPMMEmXi6JMIJOg+ddoyBWjRkwtIVRxeyuiY6IINTabog3h61P0P2lXK65X8ZqX5bq/iqMAp3AGF+DCFdThBhrQAgoMHuAJnp0759F5cV6XrWvOauYEfsB5+wQbQY0j</latexit>a
<latexit sha1_base64="RksVvdG9x37PGrWgpaDREcwT/0Y=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4sWSKjNNdwY3LCvYB7VgyaaaNzSRDkhHK0H9w40IRt/6PO//GTFtBRQ9cOJxzL/feEyacaYPQh1NYWV1b3yhulra2d3b3yvsHbS1TRWiLSC5VN8SaciZoyzDDaTdRFMchp51wcpn7nXuqNJPixkwTGsR4JFjECDZWauPb7MydDcoVVEUWngdz4vrItaRe92u1OnTnFkIVsERzUH7vDyVJYyoM4VjrnosSE2RYGUY4nZX6qaYJJhM8oj1LBY6pDrL5tTN4YpUhjKSyJQycq98nMhxrPY1D2xljM9a/vVz8y+ulJvKDjIkkNVSQxaIo5dBImL8Oh0xRYvjUEkwUs7dCMsYKE2MDKtkQvj6F/5N2rep6Ve/6vNLwl3EUwRE4BqfABRegAa5AE7QAAXfgATyBZ0c6j86L87poLTjLmUPwA87bJ24fjwk=</latexit>

a�1

<latexit sha1_base64="lvksSZfgKkTFD3U6ku5II5aXhtc="></latexit>

Uµ(x) = exp

"
i

Z x+aµ̂

x
Aµ(y)dyµ

#
2 SU(3)



The action: the gauge sector
� The plaquette

<latexit sha1_base64="N4mXqy92Dt1zss2eP7lMMOu5MH0=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkitb0VvXhswX5Au5Rsmm1js9klyYpl6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5fiy4Nhh/OCura+sbm7mt/PbO7t5+4eCwraNEUdaikYhU1yeaCS5Zy3AjWDdWjIS+YB1/cpX5nTumNI/kjZnGzAvJSPKAU2Ks1LwfFIq4hC0qFZQRt4pdS2q1arlcQ+7cwrgISzQGhff+MKJJyKShgmjdc3FsvJQow6lgs3w/0SwmdEJGrGepJCHTXjo/dIZOrTJEQaRsSYPm6veJlIRaT0PfdobEjPVvLxP/8nqJCapeymWcGCbpYlGQCGQilH2NhlwxasTUEkIVt7ciOiaKUGOzydsQvj5F/5N2ueRWSm7zvFi/XMaRg2M4gTNw4QLqcA0NaAEFBg/wBM/OrfPovDivi9YVZzlzBD/gvH0CP4WNPw==</latexit>x
<latexit sha1_base64="m549AlL/Gl0UhlmX+9jIyyzHar0=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kWqe2t6MVjRWsL7VKyabYNTbJLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5YSK4sRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUU9aisYh1JySGCa5Yy3IrWCfRjMhQsHY4vsz89j3Thsfq1k4SFkgyVDzilFgn3fRk2i+WcBk7VKsoI34N+47U67VKpY78uYVxCZZo9ovvvUFMU8mUpYIY0/VxYoMp0ZZTwWaFXmpYQuiYDFnXUUUkM8F0fuoMnThlgKJYu1IWzdXvE1MijZnI0HVKYkfmt5eJf3nd1Ea1YMpVklqm6GJRlApkY5T9jQZcM2rFxBFCNXe3IjoimlDr0im4EL4+Rf+Tu0rZr5b967NS42IZRx6O4BhOwYdzaMAVNKEFFIbwAE/w7Anv0XvxXhetOW85cwg/4L19Arabjhk=</latexit>µ

<latexit sha1_base64="NiR0aqDzC7qHVSQlT7FWrrYVq+0=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKcwGyeMW9OIxonlAsoTZyWwyZHZ2mZkVwpJP8OJBEa9+kTf/xtkkgooWNBRV3XR3+bHg2mD84eTW1jc2t/LbhZ3dvf2D4uFRR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Crzu/dMaR7JOzOLmReSseQBp8RY6XYgk2GxhMvYolpFGXHr2LWk0ahXKg3kLiyMS7BCa1h8H4wimoRMGiqI1n0Xx8ZLiTKcCjYvDBLNYkKnZMz6lkoSMu2li1Pn6MwqIxREypY0aKF+n0hJqPUs9G1nSMxE//Yy8S+vn5ig7qVcxolhki4XBYlAJkLZ32jEFaNGzCwhVHF7K6ITogg1Np2CDeHrU/Q/6VTKbrXs3lyUmperOPJwAqdwDi7UoAnX0II2UBjDAzzBsyOcR+fFeV225pzVzDH8gPP2Cbggjho=</latexit>⌫

<latexit sha1_base64="6q8xxmi1mI33aryVhVxkzhYB7zA="></latexit>

Uµ⌫(x) = Uµ(x)U⌫(x+ aµ̂)U⌫(x+ a⌫̂)†U⌫(x)
† = exp

⇥
ia2Fµ⌫(x) +O(a3)

⇤

<latexit sha1_base64="qnEhftZLEkZ0BBgFKA+/T0wyPgA="></latexit>

SG =
2

g20

X

x

X

µ<⌫

Re Tr [1� Uµ⌫(x)] �!
a4

2g20

X

x

X

µ⌫

Tr [Fµ⌫(x)Fµ⌫(x)]<latexit sha1_base64="h6q6BwT+ggsPoK1XENgh8xRzuZg=">AAAB9XicdVBNSwMxEM36WetX1aOXYBE8lWyR2t6KXjxWsB/QriWbZtvQ7GZJZi1l6f/w4kERr/4Xb/4bs20FFX0w8Hhvhpl5fiyFAUI+nJXVtfWNzdxWfntnd2+/cHDYMirRjDeZkkp3fGq4FBFvggDJO7HmNPQlb/vjq8xv33NthIpuYRpzL6TDSASCUbDSHe1pMRwB1VpNMOkXiqRELCoVnBG3SlxLarVquVzD7twipIiWaPQL772BYknII2CSGtN1SQxeSjUIJvks30sMjykb0yHvWhrRkBsvnV89w6dWGeBAaVsR4Ln6fSKloTHT0LedIYWR+e1l4l9eN4Gg6qUiihPgEVssChKJQeEsAjwQmjOQU0so08LeitmIasrABpW3IXx9iv8nrXLJrZTcm/Ni/XIZRw4doxN0hlx0geroGjVQEzGk0QN6Qs/OxHl0XpzXReuKs5w5Qj/gvH0CpZ+Snw==</latexit>

a ! 0

Wilson 
action

<latexit sha1_base64="lOZog39Feyat4/KlAHV2eqdIJwA="></latexit>

SG = �
X

x

X

µ<⌫

Re Tr

⇢
1

3
[1� Uµ⌫(x)]

�
; � =

6

g20
usually rewritten as

� The Yang-Mills theory is defined and SU(3)-gauge-invariant: 

We finally have to remove the regulator: the continuum limit  

the gauge coupling is the handle to change the lattice spacing

vanishing gauge coupling<latexit sha1_base64="9VJLygYsZo1MvOI7Af+J9StShek=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq5IU6WNXcOOygm2FdiiZNG1DM8mQZJQ69EvcuFDErZ/izr8x01ZQ0QMXDufcy733hLHgxiL04eXW1jc2t/LbhZ3dvf2if3DYMSrRlLWpEkrfhMQwwSVrW24Fu4k1I1EoWDecXmR+95Zpw5W8trOYBREZSz7ilFgnDfwi6Ws+nliitbqDCA78EiojhDDGMCO4VkWONBr1Cq5DnFkOJbBCa+C/94eKJhGTlgpiTA+j2AYp0ZZTweaFfmJYTOiUjFnPUUkiZoJ0cfgcnjplCEdKu5IWLtTvEymJjJlFoeuMiJ2Y314m/uX1EjuqBymXcWKZpMtFo0RAq2CWAhxyzagVM0cI1dzdCumEaEKty6rgQvj6FP5POpUyrpbx1XmpiVZx5MExOAFnAIMaaIJL0AJtQEECHsATePbuvUfvxXtdtua81cwR+AHv7RNofpLh</latexit>

a ! 0

� The physics must stay the same: dimensionful 
quantities             diverge in lattice units      in 
the continuum limit 

<latexit sha1_base64="FH4GR6ldCc1FL0IYGbZ6bPajnAI=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXNSnSx0IouHFZwT6gHUomzbShSWZIMmIZ+hFuXCji1u9x59+YaSuo6IELh3Pu5d57glhwYxH68FZW19Y3NnNb+e2d3b39wsFh20SJpqxFIxHpbkAME1yxluVWsG6sGZGBYJ1gcpX5nTumDY/UrZ3GzJdkpHjIKbFO6vTv+SU+l4NCEZUQQhhjmBFcrSBH6vVaGdcgziyHIliiOSi894cRTSRTlgpiTA+j2Pop0ZZTwWb5fmJYTOiEjFjPUUUkM346P3cGT50yhGGkXSkL5+r3iZRIY6YycJ2S2LH57WXiX14vsWHNT7mKE8sUXSwKEwFtBLPf4ZBrRq2YOkKo5u5WSMdEE2pdQnkXwten8H/SLpdwpYRvLooNtIwjB47BCTgDGFRBA1yDJmgBCibgATyBZy/2Hr0X73XRuuItZ47AD3hvn9KXjzE=</latexit>

⇠ = 1/m
<latexit sha1_base64="X+VmUUlebZ81vaN84oi3ZPIMHxk=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU02K9ONW8OKxgtsW2lKyadqGZrNLkhVL6W/w4kERr/4gb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUNFGiGfdZJCPdDqjhUijuW2Elb8ea0zCQvBVMrlK/dce1EZG6tdOY90I6UmIoGLVO8rv34oL28wVcxBgTQlBKSKWMHanVqiVSRSS1HAqwQqOff+8OIpaEXFkmqTEdgmPbm1FtBZN8nusmhseUTeiIdxxVNOSmN1scO0dnThmgYaRdKYsW6veJGQ2NmYaB6wypHZvfXir+5XUSO6z2ZkLFieWKLRcNE4lshNLP0UBozqycOkKZFu5WxMZUU2ZdPjkXwten6H/SLBVJuUhuLgt1vIojCydwCudAoAJ1uIYG+MBAwAM8wbOnvEfvxXtdtma81cwx/ID39gnMM46j</latexit>
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The action: the quark sector

� Putting fermions on the lattice is not straightforward: Wilson fermions, staggered 
fermions, variants, …
� Wilson fermions: fully theoretically solid
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� The lattice action is gauge-invariant:
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Leading and driving role of the Rome groups

APE project: top performing 
supercomputers

Many fundamental contributions 
Flavour Physics to mention one…

Image courtesy from 
G. Martinelli’s talk



Why the QCD EoS at high T matters
� At the hadronic scale, T∼ 100 MeV, 
EoS is relevant in understanding the 
results on the QGP formation at the 
heavy ion colliders

� Understand the QCD dynamics as 
the temperature changes

J. N. Guenther, 
EPJA 57 (2021) 136
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QCD phase diagram

Chronology of the 
Universe

Particle Era

It determined the cooling rate of the 
Universe with an impact on primordial 
Gravitational Waves 
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evolution of the early Universe



� At the hadronic scale, T∼ 100 MeV, 
EoS is relevant in understanding the 
results on the QGP formation at the 
heavy ion colliders

� Understand the QCD dynamics as 
the temperature changes
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It determined the cooling rate of the 
Universe with an impact on primordial 
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� At high T, up to the electroweak scale 
T∼ 100 GeV, EoS controlled the 
evolution of the early Universe
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Why the QCD EoS at high T matters



A glimpse of the large range of energy we are spanning …

� At the hadronic scale, T ∼ 100 MeV 
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… illustrating the extreme scale separation involved.  



� The EoS describes the thermal properties of the QCD plasma at equilibrium 
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e(T ) = Ts(T )� p(T )

pressure entropy density energy density

� For QCD with 2+1 flavours 
we have results for 
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T . 1 GeV

S. Borsanyi et al., JHEP 11 (2010) 077
S. Borsanyi et al., PLB 730 (2014) 99  
A. Bazavov et al., PRD 90 (2014) 094503
A. Bazavov et al., PRD 97 (2018) 014510

Stefan-
Boltzmann 

limit



� The EoS describes the thermal properties of the QCD plasma at equilibrium 
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p(T ) = �f(T ) = �T

V
logZQCD
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s(T ) =
@ p(T )

@ T
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e(T ) = Ts(T )� p(T )

pressure entropy density energy density

� For QCD with 2+1 flavours 
we have results for 
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T . 1 GeV

S. Borsanyi et al., JHEP 11 (2010) 077
S. Borsanyi et al., PLB 730 (2014) 99  
A. Bazavov et al., PRD 90 (2014) 094503
A. Bazavov et al., PRD 97 (2018) 014510

� For high T: lack of NP results;  
thanks to asymptotic freedom 

Stefan-Boltzmann 
limit

➔

perturbative approach
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p(T )
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O(ĝ6)computed up to
E. Braaten, L. Yaffe, L. McLerran, 
R. Pisarski, E. Shutyak, J.P. Blaziot, 
E. Iancu, M. Laine, K. Kajantie, …

Stefan-
Boltzmann 

limit

� Even at T∼100 GeV, perturbation theory converges 
poorly and non-perturbative contributions appear at 



Unexplored high-T regime: numerical challenges

G. Boyd et al. 
NPB 469 (1996) 419➔

� Algorithmic challenge: the integral method is based on computing p(T) from 
the trace anomaly                                   of the energy-momentum tensor 

<latexit sha1_base64="s2QDQCsecp4EN9OO5nY4Qt6PwmQ="></latexit>

⇥(T )

T 4
= T

d

dT

✓
p(T )

T 4

◆ <latexit sha1_base64="PbcRk/vK8sY1jiYBPMDd93oN7B4="></latexit>

p(T )

T 4
=

p(T0)

T 4
0

+

Z T

T0

⇥(T 0)

T 05 dT 0

successful but two scales, T0 and T, are involved and it can be numerically 
demanding if they are much separated 
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⇥(T ) = e(T )� 3 p(T )

� Theoretical issue: we lack knowledge of a non-pert. renormalization strategy for 
covering the broad range of T from the hadron scale to the electroweak scale  

strategy to overcome these difficulties 

L. Giusti and H. Meyer, 
PRL 2011, JHEP 2011 and 2013

� Formulate thermal QCD in a moving reference frame:         is the primary observable 
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s(T )

L. Giusti and M. Pepe, PRL 2014, 
PRD 2015, PLB 2017

� Use the non-pert. running of a renormalized coupling             to determine  
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g2R(µ)
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M. Dalla Brida et al., 
JHEP 04 (2022) 034



Non-perturbative renormalization strategy

� The problem: renormalize the theory at very high T with a hadronic scheme is 
challenging 
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a ⌧ 1

T
⌧ 1

Mhad
⌧ L

a very fine lattice and a very large system 

� The solution: use finite volume schemes, like the Schrödinger Functional, to 
define a non-perturbative ren. coupling              at             and exploit step-scaling 
techniques to move to high energies non-perturbatively. 

M Lüscher et al. 
NPB 359 (1991) 221
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1
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1

<latexit sha1_base64="da7Vq2b4/6x5wCFCI+6gzpK88Ug=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTuELLeAF48JmAWSIfR0epI2PQvdPUIY8gVePCji1U/y5t/Yk0RQ0QcFj/eqqKrnxVJog/GHs7G5tb2zm9vL7x8cHh0XTk67OkoU4x0WyUj1Paq5FCHvGGEk78eK08CTvOfNrjO/d8+VFlF4a+YxdwM6CYUvGDVWapNRoYhLGGNCCMoIqVWxJY1GvUzqiGSWRRHWaI0K78NxxJKAh4ZJqvWA4Ni4KVVGMMkX+WGieUzZjE74wNKQBly76fLQBbq0yhj5kbIVGrRUv0+kNNB6Hni2M6Bmqn97mfiXN0iMX3dTEcaJ4SFbLfITiUyEsq/RWCjOjJxbQpkS9lbEplRRZmw2eRvC16fof9Itl0i1RNqVYrOyjiMH53ABV0CgBk24gRZ0gAGHB3iCZ+fOeXRenNdV64aznjmDH3DePgHFVYzj</latexit>

1

<latexit sha1_base64="HBw4I6etuqunza6vr8V70B6419Y=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJSmlj13BjcsK9gHtUDJppg3NJEOSEcown+HGhSJu/Rp3/o2ZtoKKHrhwOOde7r0niAU3FqEPb2Nza3tnt7BX3D84PDounZz2jEo0ZV2qhNKDgBgmuGRdy61gg1gzEgWC9YP5de7375k2XMk7u4iZH5Gp5CGnxDppOAo1oSnO0mo2LpVRBSGEMYY5wY06cqTValZxE+LcciiDNTrj0vtoomgSMWmpIMYMMYqtnxJtORUsK44Sw2JC52TKho5KEjHjp8uTM3jplAkMlXYlLVyq3ydSEhmziALXGRE7M7+9XPzLGyY2bPopl3FimaSrRWEioFUw/x9OuGbUioUjhGruboV0RlwK1qVUdCF8fQr/J71qBdcr+LZWbtfWcRTAObgAVwCDBmiDG9ABXUCBAg/gCTx71nv0XrzXVeuGt545Az/gvX0Cg/iRYQ==</latexit>

1

2
<latexit sha1_base64="pkMA7wrZ8YC+YcN5JC8T0SLkKlQ=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJSmlj13BjcsK9gHtUDJppg3NJEOSEcown+HGhSJu/Rp3/o2ZtoKKHrhwOOde7r0niAU3FqEPb2Nza3tnt7BX3D84PDounZz2jEo0ZV2qhNKDgBgmuGRdy61gg1gzEgWC9YP5de7375k2XMk7u4iZH5Gp5CGnxDppOAo1oSnO0lo2LpVRBSGEMYY5wY06cqTValZxE+LcciiDNTrj0vtoomgSMWmpIMYMMYqtnxJtORUsK44Sw2JC52TKho5KEjHjp8uTM3jplAkMlXYlLVyq3ydSEhmziALXGRE7M7+9XPzLGyY2bPopl3FimaSrRWEioFUw/x9OuGbUioUjhGruboV0RlwK1qVUdCF8fQr/J71qBdcr+LZWbtfWcRTAObgAVwCDBmiDG9ABXUCBAg/gCTx71nv0XrzXVeuGt545Az/gvX0ChwKRYw==</latexit>

1

4

<latexit sha1_base64="/Y4LcdstrJa6R6+8yUp7XZo0Uao=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPoTuELLeAF48JmAWSIfR0epI2PQvdPUIY8gVePCji1U/y5t/Yk0RQ0QcFj/eqqKrnxVJog/GHs7G5tb2zm9vL7x8cHh0XTk67OkoU4x0WyUj1Paq5FCHvGGEk78eK08CTvOfNrjO/d8+VFlF4a+YxdwM6CYUvGDVWapdHhSIuYYwJISgjpFbFljQa9TKpI5JZFkVYozUqvA/HEUsCHhomqdYDgmPjplQZwSRf5IeJ5jFlMzrhA0tDGnDtpstDF+jSKmPkR8pWaNBS/T6R0kDreeDZzoCaqf7tZeJf3iAxft1NRRgnhodstchPJDIRyr5GY6E4M3JuCWVK2FsRm1JFmbHZ5G0IX5+i/0m3XCLVEmlXis3KOo4cnMMFXAGBGjThBlrQAQYcHuAJnp0759F5cV5XrRvOeuYMfsB5+wTG2Yzk</latexit>

2
<latexit sha1_base64="qpt2O71Cy/eI+PD1FoctQ4E7qmA=">AAAB5HicdVDJSgNBEO2JWxy36NVLYxA8he4QstwCXjxGMAskQ+jp1CRteha6e4Qw5Au8eFC8+k3e/Bt7kggq+qDg8V4VVfX8RAptCPlwClvbO7t7xX334PDo+KTknvZ0nCoOXR7LWA18pkGKCLpGGAmDRAELfQl9f36d+/0HUFrE0Z1ZJOCFbBqJQHBmrHRbG5fKpEIIoZTinNBGnVjSajWrtIlpblmU0Qadcel9NIl5GkJkuGRaDylJjJcxZQSXsHRHqYaE8TmbwtDSiIWgvWx16BJfWmWCg1jZigxeqd8nMhZqvQh92xkyM9O/vVz8yxumJmh6mYiS1EDE14uCVGIT4/xrPBEKuJELSxhXwt6K+Ywpxo3NxrUhfH2K/ye9aoXWK7Tcrm3CKKJzdIGuEEUN1EY3qIO6iCNAj+gZvTj3zpPzum4sOJuJM/QDztsnXreLvA==</latexit>

4

<latexit sha1_base64="ZEHannMeQ94+q6el5FS3XMVDKf4=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgKeyEkMct4MWLEME8IFnC7OwkGTI7u8zMCmHJR3jxoIhXv8ebf+NsEkFFCxqKqm66u/xYcG1c98PJbWxube/kdwt7+weHR8Xjk66OEkVZh0YiUn2faCa4ZB3DjWD9WDES+oL1/NlV5vfumdI8kndmHjMvJBPJx5wSY6XezSidkmAxKpbcsuu6GGOUEVyvuZY0m40KbiCcWRYlWKM9Kr4Pg4gmIZOGCqL1ALux8VKiDKeCLQrDRLOY0BmZsIGlkoRMe+ny3AW6sEqAxpGyJQ1aqt8nUhJqPQ992xkSM9W/vUz8yxskZtzwUi7jxDBJV4vGiUAmQtnvKOCKUSPmlhCquL0V0SlRhBqbUMGG8PUp+p90K2VcK9duq6VWdR1HHs7gHC4BQx1acA1t6ACFGTzAEzw7sfPovDivq9acs545hR9w3j4BpyOPxA==</latexit>

Mhad
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Once the ren. coupling is fixed at some 
temperature                then

This way we determined the bare couplings to consider in the Monte Carlo 
simulations so to reach very high temperatures.

The non-perturbative running 
of the ren. coupling              has 
been computed from            up 
to very high energy

<latexit sha1_base64="v3FAJkeGgyTnwfEh3jLJQWOceRQ=">AAAB9XicdVDLSgMxFM3UV62vqks3wSLUTZmU0seuIIjLivYB7bRk0rQNTTJDklHK0P9w40IRt/6LO//GTFtBRQ9cOJxzL/fe44ecaeO6H05qbX1jcyu9ndnZ3ds/yB4etXQQKUKbJOCB6vhYU84kbRpmOO2EimLhc9r2pxeJ376jSrNA3ppZSD2Bx5KNGMHGSv3xIL65nPeLMN8T0fkgm3MLrusihGBCUKXsWlKrVYuoClFiWeTACo1B9r03DEgkqDSEY627yA2NF2NlGOF0nulFmoaYTPGYdi2VWFDtxYur5/DMKkM4CpQtaeBC/T4RY6H1TPi2U2Az0b+9RPzL60ZmVPViJsPIUEmWi0YRhyaASQRwyBQlhs8swUQxeyskE6wwMTaojA3h61P4P2kVC6hcKF+XcvXSKo40OAGnIA8QqIA6uAIN0AQEKPAAnsCzc+88Oi/O67I15axmjsEPOG+fcK+Rzw==</latexit>

g2SF (µ)
<latexit sha1_base64="ZEHannMeQ94+q6el5FS3XMVDKf4=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgKeyEkMct4MWLEME8IFnC7OwkGTI7u8zMCmHJR3jxoIhXv8ebf+NsEkFFCxqKqm66u/xYcG1c98PJbWxube/kdwt7+weHR8Xjk66OEkVZh0YiUn2faCa4ZB3DjWD9WDES+oL1/NlV5vfumdI8kndmHjMvJBPJx5wSY6XezSidkmAxKpbcsuu6GGOUEVyvuZY0m40KbiCcWRYlWKM9Kr4Pg4gmIZOGCqL1ALux8VKiDKeCLQrDRLOY0BmZsIGlkoRMe+ny3AW6sEqAxpGyJQ1aqt8nUhJqPQ992xkSM9W/vUz8yxskZtzwUi7jxDBJV4vGiUAmQtnvKOCKUSPmlhCquL0V0SlRhBqbUMGG8PUp+p90K2VcK9duq6VWdR1HHs7gHC4BQx1acA1t6ACFGTzAEzw7sfPovDivq9acs545hR9w3j4BpyOPxA==</latexit>

Mhad

We choose           and renormalize the theory by fixing the value of the ren. coupling 
at finite lattice spacing requiring that 

<latexit sha1_base64="Yr7H7Fw2G5EmiKr207Fqr23mEf4="></latexit>

g2SF (g
2
0 , aµ) = g2SF (µ)

<latexit sha1_base64="4z6wb9o5ooCwIyWWoyQcV8LVqAU="></latexit>

ln

✓
µ

µ0

◆
=

Z gSF (µ)

gSF (µ0)

dg

�(g)
<latexit sha1_base64="6Rr5qdkLfdR6WLaOjUtDuXHqZT4=">AAAB+HicdZDLSgMxFIYz9VbrpVWXboJFcFWSUnrZFdy4rNAbdIYhk2ba0GRmSDJCLX0SNy4UceujuPNtzLQVVPRA4OP/z+Gc/EEiuDYIfTi5re2d3b38fuHg8Oi4WDo57es4VZT1aCxiNQyIZoJHrGe4EWyYKEZkINggmF1n/uCOKc3jqGvmCfMkmUQ85JQYK/mloitTH0FXcwm7FvxSGVUQQhhjmAFu1JGFVqtZxU2IM8tWGWyq45fe3XFMU8kiQwXReoRRYrwFUYZTwZYFN9UsIXRGJmxkMSKSaW+xOnwJL60yhmGs7IsMXKnfJxZEaj2Xge2UxEz1by8T//JGqQmb3oJHSWpYRNeLwlRAE8MsBTjmilEj5hYIVdzeCumUKEKNzapgQ/j6Kfwf+tUKrlfqt7Vyu7aJIw/OwQW4Ahg0QBvcgA7oAQpS8ACewLNz7zw6L87rujXnbGbOwI9y3j4BQKCSKQ==</latexit>

µ0 ⇠ T0

<latexit sha1_base64="8zRakEG9Cxpj+8gEdGktKCoqSZM=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4KkkpfewKblxW6AtmhpJJM21oMjMkGaEM/Qw3LhRx69e482/MtBVU9MCFwzn3cu89QSK4Ngh9OIWt7Z3dveJ+6eDw6PikfHo20HGqKOvTWMRqFBDNBI9Y33Aj2ChRjMhAsGEwv8n94T1TmsdRzywS5ksyjXjIKTFWcj2ZQk9zCXtwXK6gKkIIYwxzgpsNZEm73arhFsS5ZVEBG3TH5XdvEtNUsshQQbR2MUqMnxFlOBVsWfJSzRJC52TKXEsjIpn2s9XJS3hllQkMY2UrMnClfp/IiNR6IQPbKYmZ6d9eLv7luakJW37GoyQ1LKLrRWEqoIlh/j+ccMWoEQtLCFXc3grpjChCjU2pZEP4+hT+Twa1Km5UG3f1Sqe+iaMILsAluAYYNEEH3IIu6AMKYvAAnsCzY5xH58V5XbcWnM3MOfgB5+0Tcw2Qsg==</latexit>

µ ⇠ T

Non-perturbative renormalization strategy



QCD at finite T: the moving frame 
� Thermal theory in a moving reference frame

<latexit sha1_base64="SHMn7xkCD9mK4B4tL0Wu5wcFPT0="></latexit>

Uµ(x0 + L0,x) = Uµ(x0,x� L0⇠)

<latexit sha1_base64="GMSdac+VXK2f46oZYFehnhNeW7w="></latexit>

 (x0 + L0,x) = � (x0,x� L0⇠)

Energy-
Momentum 
Tensor

Shifted Finite-T 
system in the 

thermodynamic 
limit

<latexit sha1_base64="xwkW0UJULt6/qyIN1TFc/2iXOo0="></latexit>

 ̄(x0 + L0,x) = � ̄(x0,x� L0⇠)

<latexit sha1_base64="BUhvLXxljLBrFbezx21CFAEOrGQ=">AAAB7nicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srePHgoYL9gHYp2TTbhmazS5IVy9If4cWDIl79Pd78N2bbCir6YODx3gwz84JEcG0w/nBWVtfWNzYLW8Xtnd29/dLBYVvHqaKsRWMRq25ANBNcspbhRrBuohiJAsE6weQy9zt3TGkey1szTZgfkZHkIafEWKlzPcCof88HpTKuYAvPQzlxa9i1pF6vVat15M4tjMuwRHNQeu8PY5pGTBoqiNY9FyfGz4gynAo2K/ZTzRJCJ2TEepZKEjHtZ/NzZ+jUKkMUxsqWNGiufp/ISKT1NApsZ0TMWP/2cvEvr5easOZnXCapYZIuFoWpQCZG+e9oyBWjRkwtIVRxeyuiY6IINTahog3h61P0P2lXK65X8W7Oy43qMo4CHMMJnIELF9CAK2hCCyhM4AGe4NlJnEfnxXldtK44y5kj+AHn7RPG5Y8w</latexit>

L0⇠
<latexit sha1_base64="GRdezxlUxHWi/2zTdnYAIAsYJ90=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kusra3ghcPHipaW2iXkk2zbWg2uyRZoZT+BC8eFPHqL/LmvzHbVlDRBwOP92aYmRemgmuD8YdTWFldW98obpa2tnd298r7B3c6yRRlLZqIRHVCopngkrUMN4J1UsVIHArWDscXud++Z0rzRN6aScqCmAwljzglxko3V33cL1dwFVv4PsqJW8OuJfV6zfPqyJ1bGFdgiWa//N4bJDSLmTRUEK27Lk5NMCXKcCrYrNTLNEsJHZMh61oqScx0MJ2fOkMnVhmgKFG2pEFz9fvElMRaT+LQdsbEjPRvLxf/8rqZiWrBlMs0M0zSxaIoE8gkKP8bDbhi1IiJJYQqbm9FdEQUocamU7IhfH2K/id3XtX1q/71WaXhLeMowhEcwym4cA4NuIQmtIDCEB7gCZ4d4Tw6L87rorXgLGcO4Qect08dK42r</latexit>

L0

<latexit sha1_base64="qFZJaDXyd3SV/k/aoqPd7DlaOIo=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIsgCGUmrW3dFdy4cFHBPqAdh0yatqGZh0lGWob+ihsXirj1R9z5N2baCip64MLhnHu59x4v4kwqy/owMiura+sb2c3c1vbO7p65n2/JMBaENknIQ9HxsKScBbSpmOK0EwmKfY/Ttje+SP32PRWShcGNmkbU8fEwYANGsNKSa+avXAv25J1QiX3am7BbNHPNglU8r1XQGYJW0bKqqFRJCaqWUQnaWklRAEs0XPO91w9J7NNAEY6l7NpWpJwEC8UIp7NcL5Y0wmSMh7SraYB9Kp1kfvsMHmulDweh0BUoOFe/TyTYl3Lqe7rTx2okf3up+JfXjdWg5iQsiGJFA7JYNIg5VCFMg4B9JihRfKoJJoLpWyEZYYGJ0nHldAhfn8L/SQsV7Uqxcl0u1NEyjiw4BEfgBNigCurgEjRAExAwAQ/gCTwbM+PReDFeF60ZYzlzAH7AePsELhqT4A==</latexit>

L0

p
1 + ⇠2

<latexit sha1_base64="YeQmem9TTLhH/o2MKsihuxJ9mNg="></latexit>

Z(L0, ⇠) = Tr
h
e�L0(H�⇠kT̂0k)

i

That corresponds to introducing a spatial shift        for the fields when closing the 
b.c. along the compact direction of extension

<latexit sha1_base64="yYoKBsnnd9lMoHVQl/zg6TpPgek=">AAAB/XicdVBLSwMxGMzWV62v9XHzEiyCp5Itsra3ghcPHirYB3SXJZvNtqHZB0lWrEvxr3jxoIhX/4c3/43ZtoKKDoQMM99HJuOnnEmF0IdRWlpeWV0rr1c2Nre2d8zdva5MMkFohyQ8EX0fS8pZTDuKKU77qaA48jnt+ePzwu/dUCFZEl+rSUrdCA9jFjKClZY88+DSQ9DxEx7ISaSv3LllU8+sohrSsG1YEKuBLE2azUa93oTWzEKoChZoe+a7EyQki2isCMdSDiyUKjfHQjHC6bTiZJKmmIzxkA40jXFEpZvP0k/hsVYCGCZCn1jBmfp9I8eRLMLpyQirkfztFeJf3iBTYcPNWZxmisZk/lCYcagSWFQBAyYoUXyiCSaC6ayQjLDAROnCKrqEr5/C/0m3XrPsmn11Wm3VF3WUwSE4AifAAmegBS5AG3QAAXfgATyBZ+PeeDRejNf5aMlY7OyDHzDePgHEhJVu</latexit>

L0⇠
<latexit sha1_base64="GRdezxlUxHWi/2zTdnYAIAsYJ90=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kusra3ghcPHipaW2iXkk2zbWg2uyRZoZT+BC8eFPHqL/LmvzHbVlDRBwOP92aYmRemgmuD8YdTWFldW98obpa2tnd298r7B3c6yRRlLZqIRHVCopngkrUMN4J1UsVIHArWDscXud++Z0rzRN6aScqCmAwljzglxko3V33cL1dwFVv4PsqJW8OuJfV6zfPqyJ1bGFdgiWa//N4bJDSLmTRUEK27Lk5NMCXKcCrYrNTLNEsJHZMh61oqScx0MJ2fOkMnVhmgKFG2pEFz9fvElMRaT+LQdsbEjPRvLxf/8rqZiWrBlMs0M0zSxaIoE8gkKP8bDbhi1IiJJYQqbm9FdEQUocamU7IhfH2K/id3XtX1q/71WaXhLeMowhEcwym4cA4NuIQmtIDCEB7gCZ4d4Tw6L87rorXgLGcO4Qect08dK42r</latexit>

L0



QCD at finite T: the moving frame 
� Thermal theory in a moving reference frame

<latexit sha1_base64="SHMn7xkCD9mK4B4tL0Wu5wcFPT0="></latexit>

Uµ(x0 + L0,x) = Uµ(x0,x� L0⇠)

<latexit sha1_base64="GMSdac+VXK2f46oZYFehnhNeW7w="></latexit>

 (x0 + L0,x) = � (x0,x� L0⇠)

Energy-
Momentum 
Tensor

periodic 
copy

Shifted Finite-T 
system

periodic 
copy

periodic 
copy

periodic 
copy

<latexit sha1_base64="xwkW0UJULt6/qyIN1TFc/2iXOo0="></latexit>

 ̄(x0 + L0,x) = � ̄(x0,x� L0⇠)

<latexit sha1_base64="BUhvLXxljLBrFbezx21CFAEOrGQ=">AAAB7nicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srePHgoYL9gHYp2TTbhmazS5IVy9If4cWDIl79Pd78N2bbCir6YODx3gwz84JEcG0w/nBWVtfWNzYLW8Xtnd29/dLBYVvHqaKsRWMRq25ANBNcspbhRrBuohiJAsE6weQy9zt3TGkey1szTZgfkZHkIafEWKlzPcCof88HpTKuYAvPQzlxa9i1pF6vVat15M4tjMuwRHNQeu8PY5pGTBoqiNY9FyfGz4gynAo2K/ZTzRJCJ2TEepZKEjHtZ/NzZ+jUKkMUxsqWNGiufp/ISKT1NApsZ0TMWP/2cvEvr5easOZnXCapYZIuFoWpQCZG+e9oyBWjRkwtIVRxeyuiY6IINTahog3h61P0P2lXK65X8W7Oy43qMo4CHMMJnIELF9CAK2hCCyhM4AGe4NlJnEfnxXldtK44y5kj+AHn7RPG5Y8w</latexit>

L0⇠
<latexit sha1_base64="GRdezxlUxHWi/2zTdnYAIAsYJ90=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kusra3ghcPHipaW2iXkk2zbWg2uyRZoZT+BC8eFPHqL/LmvzHbVlDRBwOP92aYmRemgmuD8YdTWFldW98obpa2tnd298r7B3c6yRRlLZqIRHVCopngkrUMN4J1UsVIHArWDscXud++Z0rzRN6aScqCmAwljzglxko3V33cL1dwFVv4PsqJW8OuJfV6zfPqyJ1bGFdgiWa//N4bJDSLmTRUEK27Lk5NMCXKcCrYrNTLNEsJHZMh61oqScx0MJ2fOkMnVhmgKFG2pEFz9fvElMRaT+LQdsbEjPRvLxf/8rqZiWrBlMs0M0zSxaIoE8gkKP8bDbhi1IiJJYQqbm9FdEQUocamU7IhfH2K/id3XtX1q/71WaXhLeMowhEcwym4cA4NuIQmtIDCEB7gCZ4d4Tw6L87rorXgLGcO4Qect08dK42r</latexit>

L0

<latexit sha1_base64="qFZJaDXyd3SV/k/aoqPd7DlaOIo=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIsgCGUmrW3dFdy4cFHBPqAdh0yatqGZh0lGWob+ihsXirj1R9z5N2baCip64MLhnHu59x4v4kwqy/owMiura+sb2c3c1vbO7p65n2/JMBaENknIQ9HxsKScBbSpmOK0EwmKfY/Ttje+SP32PRWShcGNmkbU8fEwYANGsNKSa+avXAv25J1QiX3am7BbNHPNglU8r1XQGYJW0bKqqFRJCaqWUQnaWklRAEs0XPO91w9J7NNAEY6l7NpWpJwEC8UIp7NcL5Y0wmSMh7SraYB9Kp1kfvsMHmulDweh0BUoOFe/TyTYl3Lqe7rTx2okf3up+JfXjdWg5iQsiGJFA7JYNIg5VCFMg4B9JihRfKoJJoLpWyEZYYGJ0nHldAhfn8L/SQsV7Uqxcl0u1NEyjiw4BEfgBNigCurgEjRAExAwAQ/gCTwbM+PReDFeF60ZYzlzAH7AePsELhqT4A==</latexit>

L0

p
1 + ⇠2

<latexit sha1_base64="YeQmem9TTLhH/o2MKsihuxJ9mNg="></latexit>

Z(L0, ⇠) = Tr
h
e�L0(H�⇠kT̂0k)

i

That corresponds to introducing a spatial shift        for the fields when closing the 
b.c. along the compact direction of extension

<latexit sha1_base64="yYoKBsnnd9lMoHVQl/zg6TpPgek=">AAAB/XicdVBLSwMxGMzWV62v9XHzEiyCp5Itsra3ghcPHirYB3SXJZvNtqHZB0lWrEvxr3jxoIhX/4c3/43ZtoKKDoQMM99HJuOnnEmF0IdRWlpeWV0rr1c2Nre2d8zdva5MMkFohyQ8EX0fS8pZTDuKKU77qaA48jnt+ePzwu/dUCFZEl+rSUrdCA9jFjKClZY88+DSQ9DxEx7ISaSv3LllU8+sohrSsG1YEKuBLE2azUa93oTWzEKoChZoe+a7EyQki2isCMdSDiyUKjfHQjHC6bTiZJKmmIzxkA40jXFEpZvP0k/hsVYCGCZCn1jBmfp9I8eRLMLpyQirkfztFeJf3iBTYcPNWZxmisZk/lCYcagSWFQBAyYoUXyiCSaC6ayQjLDAROnCKrqEr5/C/0m3XrPsmn11Wm3VF3WUwSE4AifAAmegBS5AG3QAAXfgATyBZ+PeeDRejNf5aMlY7OyDHzDePgHEhJVu</latexit>

L0⇠
<latexit sha1_base64="GRdezxlUxHWi/2zTdnYAIAsYJ90=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kusra3ghcPHipaW2iXkk2zbWg2uyRZoZT+BC8eFPHqL/LmvzHbVlDRBwOP92aYmRemgmuD8YdTWFldW98obpa2tnd298r7B3c6yRRlLZqIRHVCopngkrUMN4J1UsVIHArWDscXud++Z0rzRN6aScqCmAwljzglxko3V33cL1dwFVv4PsqJW8OuJfV6zfPqyJ1bGFdgiWa//N4bJDSLmTRUEK27Lk5NMCXKcCrYrNTLNEsJHZMh61oqScx0MJ2fOkMnVhmgKFG2pEFz9fvElMRaT+LQdsbEjPRvLxf/8rqZiWrBlMs0M0zSxaIoE8gkKP8bDbhi1IiJJYQqbm9FdEQUocamU7IhfH2K/id3XtX1q/71WaXhLeMowhEcwym4cA4NuIQmtIDCEB7gCZ4d4Tw6L87rorXgLGcO4Qect08dK42r</latexit>

L0



QCD at finite T: the moving frame 
� Thermal theory in a moving reference frame

<latexit sha1_base64="SHMn7xkCD9mK4B4tL0Wu5wcFPT0="></latexit>

Uµ(x0 + L0,x) = Uµ(x0,x� L0⇠)

<latexit sha1_base64="GMSdac+VXK2f46oZYFehnhNeW7w="></latexit>

 (x0 + L0,x) = � (x0,x� L0⇠)

Energy-
Momentum 
Tensor

periodic 

copy

Shifted Finite-T 

system

periodic 

copy

periodic 

copy

periodic 

copy
<latexit sha1_base64="xwkW0UJULt6/qyIN1TFc/2iXOo0="></latexit>

 ̄(x0 + L0,x) = � ̄(x0,x� L0⇠)

<latexit sha1_base64="BUhvLXxljLBrFbezx21CFAEOrGQ=">AAAB7nicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srePHgoYL9gHYp2TTbhmazS5IVy9If4cWDIl79Pd78N2bbCir6YODx3gwz84JEcG0w/nBWVtfWNzYLW8Xtnd29/dLBYVvHqaKsRWMRq25ANBNcspbhRrBuohiJAsE6weQy9zt3TGkey1szTZgfkZHkIafEWKlzPcCof88HpTKuYAvPQzlxa9i1pF6vVat15M4tjMuwRHNQeu8PY5pGTBoqiNY9FyfGz4gynAo2K/ZTzRJCJ2TEepZKEjHtZ/NzZ+jUKkMUxsqWNGiufp/ISKT1NApsZ0TMWP/2cvEvr5easOZnXCapYZIuFoWpQCZG+e9oyBWjRkwtIVRxeyuiY6IINTahog3h61P0P2lXK65X8W7Oy43qMo4CHMMJnIELF9CAK2hCCyhM4AGe4NlJnEfnxXldtK44y5kj+AHn7RPG5Y8w</latexit>

L0⇠

<latexit sha1_base64="GRdezxlUxHWi/2zTdnYAIAsYJ90=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kusra3ghcPHipaW2iXkk2zbWg2uyRZoZT+BC8eFPHqL/LmvzHbVlDRBwOP92aYmRemgmuD8YdTWFldW98obpa2tnd298r7B3c6yRRlLZqIRHVCopngkrUMN4J1UsVIHArWDscXud++Z0rzRN6aScqCmAwljzglxko3V33cL1dwFVv4PsqJW8OuJfV6zfPqyJ1bGFdgiWa//N4bJDSLmTRUEK27Lk5NMCXKcCrYrNTLNEsJHZMh61oqScx0MJ2fOkMnVhmgKFG2pEFz9fvElMRaT+LQdsbEjPRvLxf/8rqZiWrBlMs0M0zSxaIoE8gkKP8bDbhi1IiJJYQqbm9FdEQUocamU7IhfH2K/id3XtX1q/71WaXhLeMowhEcwym4cA4NuIQmtIDCEB7gCZ4d4Tw6L87rorXgLGcO4Qect08dK42r</latexit>

L0

<latexit sha1_base64="qFZJaDXyd3SV/k/aoqPd7DlaOIo=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIsgCGUmrW3dFdy4cFHBPqAdh0yatqGZh0lGWob+ihsXirj1R9z5N2baCip64MLhnHu59x4v4kwqy/owMiura+sb2c3c1vbO7p65n2/JMBaENknIQ9HxsKScBbSpmOK0EwmKfY/Ttje+SP32PRWShcGNmkbU8fEwYANGsNKSa+avXAv25J1QiX3am7BbNHPNglU8r1XQGYJW0bKqqFRJCaqWUQnaWklRAEs0XPO91w9J7NNAEY6l7NpWpJwEC8UIp7NcL5Y0wmSMh7SraYB9Kp1kfvsMHmulDweh0BUoOFe/TyTYl3Lqe7rTx2okf3up+JfXjdWg5iQsiGJFA7JYNIg5VCFMg4B9JihRfKoJJoLpWyEZYYGJ0nHldAhfn8L/SQsV7Uqxcl0u1NEyjiw4BEfgBNigCurgEjRAExAwAQ/gCTwbM+PReDFeF60ZYzlzAH7AePsELhqT4A==</latexit>

L0

p
1 + ⇠2

<latexit sha1_base64="YeQmem9TTLhH/o2MKsihuxJ9mNg="></latexit>

Z(L0, ⇠) = Tr
h
e�L0(H�⇠kT̂0k)

i

That corresponds to introducing a spatial shift        for the fields when closing the 
b.c. along the compact                     direction of extension

<latexit sha1_base64="yYoKBsnnd9lMoHVQl/zg6TpPgek=">AAAB/XicdVBLSwMxGMzWV62v9XHzEiyCp5Itsra3ghcPHirYB3SXJZvNtqHZB0lWrEvxr3jxoIhX/4c3/43ZtoKKDoQMM99HJuOnnEmF0IdRWlpeWV0rr1c2Nre2d8zdva5MMkFohyQ8EX0fS8pZTDuKKU77qaA48jnt+ePzwu/dUCFZEl+rSUrdCA9jFjKClZY88+DSQ9DxEx7ISaSv3LllU8+sohrSsG1YEKuBLE2azUa93oTWzEKoChZoe+a7EyQki2isCMdSDiyUKjfHQjHC6bTiZJKmmIzxkA40jXFEpZvP0k/hsVYCGCZCn1jBmfp9I8eRLMLpyQirkfztFeJf3iBTYcPNWZxmisZk/lCYcagSWFQBAyYoUXyiCSaC6ayQjLDAROnCKrqEr5/C/0m3XrPsmn11Wm3VF3WUwSE4AifAAmegBS5AG3QAAXfgATyBZ+PeeDRejNf5aMlY7OyDHzDePgHEhJVu</latexit>

L0⇠
<latexit sha1_base64="GRdezxlUxHWi/2zTdnYAIAsYJ90=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kusra3ghcPHipaW2iXkk2zbWg2uyRZoZT+BC8eFPHqL/LmvzHbVlDRBwOP92aYmRemgmuD8YdTWFldW98obpa2tnd298r7B3c6yRRlLZqIRHVCopngkrUMN4J1UsVIHArWDscXud++Z0rzRN6aScqCmAwljzglxko3V33cL1dwFVv4PsqJW8OuJfV6zfPqyJ1bGFdgiWa//N4bJDSLmTRUEK27Lk5NMCXKcCrYrNTLNEsJHZMh61oqScx0MJ2fOkMnVhmgKFG2pEFz9fvElMRaT+LQdsbEjPRvLxf/8rqZiWrBlMs0M0zSxaIoE8gkKP8bDbhi1IiJJYQqbm9FdEQUocamU7IhfH2K/id3XtX1q/71WaXhLeMowhEcwym4cA4NuIQmtIDCEB7gCZ4d4Tw6L87rorXgLGcO4Qect08dK42r</latexit>

L0



QCD at finite T: the moving frame 
� Thermal theory in a moving reference frame

Energy-
Momentum 
Tensor

periodic 
copy

periodic Finite-T 
system

periodic 
copy

periodic 
copy

periodic 
copy

<latexit sha1_base64="qFZJaDXyd3SV/k/aoqPd7DlaOIo=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIsgCGUmrW3dFdy4cFHBPqAdh0yatqGZh0lGWob+ihsXirj1R9z5N2baCip64MLhnHu59x4v4kwqy/owMiura+sb2c3c1vbO7p65n2/JMBaENknIQ9HxsKScBbSpmOK0EwmKfY/Ttje+SP32PRWShcGNmkbU8fEwYANGsNKSa+avXAv25J1QiX3am7BbNHPNglU8r1XQGYJW0bKqqFRJCaqWUQnaWklRAEs0XPO91w9J7NNAEY6l7NpWpJwEC8UIp7NcL5Y0wmSMh7SraYB9Kp1kfvsMHmulDweh0BUoOFe/TyTYl3Lqe7rTx2okf3up+JfXjdWg5iQsiGJFA7JYNIg5VCFMg4B9JihRfKoJJoLpWyEZYYGJ0nHldAhfn8L/SQsV7Uqxcl0u1NEyjiw4BEfgBNigCurgEjRAExAwAQ/gCTwbM+PReDFeF60ZYzlzAH7AePsELhqT4A==</latexit>

L0

p
1 + ⇠2

<latexit sha1_base64="BUhvLXxljLBrFbezx21CFAEOrGQ=">AAAB7nicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srePHgoYL9gHYp2TTbhmazS5IVy9If4cWDIl79Pd78N2bbCir6YODx3gwz84JEcG0w/nBWVtfWNzYLW8Xtnd29/dLBYVvHqaKsRWMRq25ANBNcspbhRrBuohiJAsE6weQy9zt3TGkey1szTZgfkZHkIafEWKlzPcCof88HpTKuYAvPQzlxa9i1pF6vVat15M4tjMuwRHNQeu8PY5pGTBoqiNY9FyfGz4gynAo2K/ZTzRJCJ2TEepZKEjHtZ/NzZ+jUKkMUxsqWNGiufp/ISKT1NApsZ0TMWP/2cvEvr5easOZnXCapYZIuFoWpQCZG+e9oyBWjRkwtIVRxeyuiY6IINTahog3h61P0P2lXK65X8W7Oy43qMo4CHMMJnIELF9CAK2hCCyhM4AGe4NlJnEfnxXldtK44y5kj+AHn7RPG5Y8w</latexit>

L0⇠
<latexit sha1_base64="GRdezxlUxHWi/2zTdnYAIAsYJ90=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kusra3ghcPHipaW2iXkk2zbWg2uyRZoZT+BC8eFPHqL/LmvzHbVlDRBwOP92aYmRemgmuD8YdTWFldW98obpa2tnd298r7B3c6yRRlLZqIRHVCopngkrUMN4J1UsVIHArWDscXud++Z0rzRN6aScqCmAwljzglxko3V33cL1dwFVv4PsqJW8OuJfV6zfPqyJ1bGFdgiWa//N4bJDSLmTRUEK27Lk5NMCXKcCrYrNTLNEsJHZMh61oqScx0MJ2fOkMnVhmgKFG2pEFz9fvElMRaT+LQdsbEjPRvLxf/8rqZiWrBlMs0M0zSxaIoE8gkKP8bDbhi1IiJJYQqbm9FdEQUocamU7IhfH2K/id3XtX1q/71WaXhLeMowhEcwym4cA4NuIQmtIDCEB7gCZ4d4Tw6L87rorXgLGcO4Qect08dK42r</latexit>

L0

<latexit sha1_base64="YeQmem9TTLhH/o2MKsihuxJ9mNg="></latexit>

Z(L0, ⇠) = Tr
h
e�L0(H�⇠kT̂0k)

i

<latexit sha1_base64="SHMn7xkCD9mK4B4tL0Wu5wcFPT0="></latexit>

Uµ(x0 + L0,x) = Uµ(x0,x� L0⇠)

<latexit sha1_base64="GMSdac+VXK2f46oZYFehnhNeW7w="></latexit>

 (x0 + L0,x) = � (x0,x� L0⇠)

<latexit sha1_base64="xwkW0UJULt6/qyIN1TFc/2iXOo0="></latexit>

 ̄(x0 + L0,x) = � ̄(x0,x� L0⇠)

That corresponds to introducing a spatial shift        for the fields when closing the 
b.c. along the compact direction of extension

<latexit sha1_base64="yYoKBsnnd9lMoHVQl/zg6TpPgek=">AAAB/XicdVBLSwMxGMzWV62v9XHzEiyCp5Itsra3ghcPHirYB3SXJZvNtqHZB0lWrEvxr3jxoIhX/4c3/43ZtoKKDoQMM99HJuOnnEmF0IdRWlpeWV0rr1c2Nre2d8zdva5MMkFohyQ8EX0fS8pZTDuKKU77qaA48jnt+ePzwu/dUCFZEl+rSUrdCA9jFjKClZY88+DSQ9DxEx7ISaSv3LllU8+sohrSsG1YEKuBLE2azUa93oTWzEKoChZoe+a7EyQki2isCMdSDiyUKjfHQjHC6bTiZJKmmIzxkA40jXFEpZvP0k/hsVYCGCZCn1jBmfp9I8eRLMLpyQirkfztFeJf3iBTYcPNWZxmisZk/lCYcagSWFQBAyYoUXyiCSaC6ayQjLDAROnCKrqEr5/C/0m3XrPsmn11Wm3VF3WUwSE4AifAAmegBS5AG3QAAXfgATyBZ+PeeDRejNf5aMlY7OyDHzDePgHEhJVu</latexit>

L0⇠
<latexit sha1_base64="GRdezxlUxHWi/2zTdnYAIAsYJ90=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kusra3ghcPHipaW2iXkk2zbWg2uyRZoZT+BC8eFPHqL/LmvzHbVlDRBwOP92aYmRemgmuD8YdTWFldW98obpa2tnd298r7B3c6yRRlLZqIRHVCopngkrUMN4J1UsVIHArWDscXud++Z0rzRN6aScqCmAwljzglxko3V33cL1dwFVv4PsqJW8OuJfV6zfPqyJ1bGFdgiWa//N4bJDSLmTRUEK27Lk5NMCXKcCrYrNTLNEsJHZMh61oqScx0MJ2fOkMnVhmgKFG2pEFz9fvElMRaT+LQdsbEjPRvLxf/8rqZiWrBlMs0M0zSxaIoE8gkKP8bDbhi1IiJJYQqbm9FdEQUocamU7IhfH2K/id3XtX1q/71WaXhLeMowhEcwym4cA4NuIQmtIDCEB7gCZ4d4Tw6L87rorXgLGcO4Qect08dK42r</latexit>

L0



QCD at finite T: the moving frame 
� Thermal theory in a moving reference frame

by Lorentz invariance, the free-energy 
density           of the shifted system is 

equivalent to a periodic system 
at the temperature

No need to work at two different temperatures but only at the temperature of interest

Energy-
Momentum 
Tensor

� Entropy density is now the primary observable

<latexit sha1_base64="72Hvx6bDAtn0Cwyf/on3es/13Pc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElFqsuCGxcuKtgHNCFMppN26OTBzI1YQr7Bjb/ixoUibl2582+ctEW09cAwh3Pu5d57vFhwBZb1ZSwtr6yurRc2iptb2zu75t5+W0WJpKxFIxHJrkcUEzxkLeAgWDeWjASeYB1vdJn7nTsmFY/CWxjHzAnIIOQ+pwS05JoV301tLxJ9NQ70l9r3PMuwLZgPZXztWhjbkg+GUCm6ZsmqWhPgH1KbJyU0Q9M1P+1+RJOAhUAFUapXs2JwUiKBU8Gyop0oFhM6IgPW0zQkAVNOOjkpw8da6WM/kvqFgCfq746UBCpfWVcGBIZq3svF/7xeAv6Fk/IwToCFdDrITwSGCOf54D6XjIIYa0Ko5HpXTIdEEgo6xTyEhZMXSfu0WqtX6zdnpcbJLI4COkRHqIxq6Bw10BVqohai6AE9oRf0ajwaz8ab8T4tXTJmPQfoD4yPbwsjnPc=</latexit>

f⇠ (L0)

Not vanishing with 
shifted b.c.

<latexit sha1_base64="nQwfe4gybozrmYVMnZ5evOSTEHY="></latexit>

f

✓
L0

q
1 + ⇠2

◆
= � lim

V!1

1

L0V
logZ(L0, V, ⇠) = f⇠ (L0)

<latexit sha1_base64="fF5SiyKp4YpZlfmpJTrQaH0bAwk=">AAACFHicbVDLSsNAFJ34rPUVdelmsAhCpSRFqhuh4MaFiwp9QRPDZDJph04ezkzEEvIRbvwVNy4UcevCnX/jpC2irQeGOZxzL/fe48aMCmkYX9rC4tLyymphrbi+sbm1re/stkWUcExaOGIR77pIEEZD0pJUMtKNOUGBy0jHHV7kfueOcEGjsClHMbED1A+pTzGSSnL0cvPc8jnCqZmlV44BLXHLZWqWLTdinhgF6kute5rdVLPM0UtGxRgD/hBzlpTAFA1H/7S8CCcBCSVmSIieacTSThGXFDOSFa1EkBjhIeqTnqIhCoiw0/FRGTxUigf9iKsXSjhWf3ekKBD5gqoyQHIgZr1c/M/rJdI/s1MaxokkIZ4M8hMGZQTzhKBHOcGSjRRBmFO1K8QDpDKSKseiCmHu5HnSrlbMWqV2fVKqH0/jKIB9cACOgAlOQR1cggZoAQwewBN4Aa/ao/asvWnvk9IFbdqzB/5A+/gGAOOexg==</latexit>

T =
1

L0

p
1 + ⇠2

<latexit sha1_base64="5aFYWF3x8xbc0SG/pnekpsAFWJg="></latexit>

s

T 3
=

1 + ⇠2

⇠k

1

T 4

@f⇠
@⇠k

= �L4
0(1 + ⇠2)3

⇠k
hT0ki⇠

<latexit sha1_base64="YeQmem9TTLhH/o2MKsihuxJ9mNg="></latexit>

Z(L0, ⇠) = Tr
h
e�L0(H�⇠kT̂0k)

i

periodic Finite-T 
system in the 

thermodynamic limit

<latexit sha1_base64="qFZJaDXyd3SV/k/aoqPd7DlaOIo=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIsgCGUmrW3dFdy4cFHBPqAdh0yatqGZh0lGWob+ihsXirj1R9z5N2baCip64MLhnHu59x4v4kwqy/owMiura+sb2c3c1vbO7p65n2/JMBaENknIQ9HxsKScBbSpmOK0EwmKfY/Ttje+SP32PRWShcGNmkbU8fEwYANGsNKSa+avXAv25J1QiX3am7BbNHPNglU8r1XQGYJW0bKqqFRJCaqWUQnaWklRAEs0XPO91w9J7NNAEY6l7NpWpJwEC8UIp7NcL5Y0wmSMh7SraYB9Kp1kfvsMHmulDweh0BUoOFe/TyTYl3Lqe7rTx2okf3up+JfXjdWg5iQsiGJFA7JYNIg5VCFMg4B9JihRfKoJJoLpWyEZYYGJ0nHldAhfn8L/SQsV7Uqxcl0u1NEyjiw4BEfgBNigCurgEjRAExAwAQ/gCTwbM+PReDFeF60ZYzlzAH7AePsELhqT4A==</latexit>

L0

p
1 + ⇠2

That corresponds to introducing a spatial shift        for the fields when closing the 
b.c. along the compact direction of extension

<latexit sha1_base64="yYoKBsnnd9lMoHVQl/zg6TpPgek=">AAAB/XicdVBLSwMxGMzWV62v9XHzEiyCp5Itsra3ghcPHirYB3SXJZvNtqHZB0lWrEvxr3jxoIhX/4c3/43ZtoKKDoQMM99HJuOnnEmF0IdRWlpeWV0rr1c2Nre2d8zdva5MMkFohyQ8EX0fS8pZTDuKKU77qaA48jnt+ePzwu/dUCFZEl+rSUrdCA9jFjKClZY88+DSQ9DxEx7ISaSv3LllU8+sohrSsG1YEKuBLE2azUa93oTWzEKoChZoe+a7EyQki2isCMdSDiyUKjfHQjHC6bTiZJKmmIzxkA40jXFEpZvP0k/hsVYCGCZCn1jBmfp9I8eRLMLpyQirkfztFeJf3iBTYcPNWZxmisZk/lCYcagSWFQBAyYoUXyiCSaC6ayQjLDAROnCKrqEr5/C/0m3XrPsmn11Wm3VF3WUwSE4AifAAmegBS5AG3QAAXfgATyBZ+PeeDRejNf5aMlY7OyDHzDePgHEhJVu</latexit>

L0⇠
<latexit sha1_base64="GRdezxlUxHWi/2zTdnYAIAsYJ90=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kusra3ghcPHipaW2iXkk2zbWg2uyRZoZT+BC8eFPHqL/LmvzHbVlDRBwOP92aYmRemgmuD8YdTWFldW98obpa2tnd298r7B3c6yRRlLZqIRHVCopngkrUMN4J1UsVIHArWDscXud++Z0rzRN6aScqCmAwljzglxko3V33cL1dwFVv4PsqJW8OuJfV6zfPqyJ1bGFdgiWa//N4bJDSLmTRUEK27Lk5NMCXKcCrYrNTLNEsJHZMh61oqScx0MJ2fOkMnVhmgKFG2pEFz9fvElMRaT+LQdsbEjPRvLxf/8rqZiWrBlMs0M0zSxaIoE8gkKP8bDbhi1IiJJYQqbm9FdEQUocamU7IhfH2K/id3XtX1q/71WaXhLeMowhEcwym4cA4NuIQmtIDCEB7gCZ4d4Tw6L87rorXgLGcO4Qect08dK42r</latexit>
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Systematics of high T regime

� three energy scales are relevant:  

T: temperature  
gT: effective mass of A0 field   
g2T: energy scale of Ai field: 3d YM confining theory    

Finite size effects are related 
to the lightest energy scale  
involved   
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� the fluctuations among topological sectors are strongly suppressed  
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The numerical study

� QCD on the lattice with               quarks in the chiral limit
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� reduced lattice artifacts:          - improved Wilson fermions
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� large spatial volumes to have finite volume effects 
under control (checked explicitly): 
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� continuum limit extrapolation:
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L0/a = 4, 6, 8, 10;L/a = 144
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� The entropy density is the primary observable of our study

� it is convenient to rewrite
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� poor overlap of relevant phase space: numerically challenging

Monte Carlo 
simulations in 
Yang-Mills theory
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� The entropy density is the primary observable of our study
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� the computation can be performed with high precision with affordable effort 

Monte Carlo 
simulations in 
Yang-Mills theory
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The computational strategy
� Part      : Gaussian quadrature
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Tree-level PT

� combination 3 ranges: 
[0, 5] : 10-point Gaussian quadrature   
[5, 20]: 7-pont Gaussian quadrature 
[20,∞]: 3-point Gaussian quadrature in 𝜅

� Check of systematics with Gauss-
Kronrod method: difference several 
times smaller than the statistical accuracy
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� Part      : Gaussian quadrature
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� combination 3 ranges: 
[0, 5] : 10-point Gaussian quadrature   
[5, 20]: 7-pont Gaussian quadrature 
[20,∞]: 3-point Gaussian quadrature in 𝜅

� Check of systematics with Gauss-
Kronrod method: difference several 
times smaller than the statistical accuracy
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The computational strategy



: the extrapolation to the continuum limit
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� 1-loop improved definition of the entropy density 
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� Performed various fits for consistency 
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The QCD Equation of State

� : 5-loop        gauge coupling at 

it is a function of T; simpler to compare with Perturbation Theory
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⇤MS = 341MeV

M. Baikov et al. PRL 118, (2017) 082002

M. Bruno et al. PRL 119 (2017) 10, 102001

� phenomenological approach: 
linear fit works well and 
compatible with SB limit 

� enforcing exact SB limit 
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s2 = �5.1(9); s3 = 5(5)
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but PT is very poorly/slowly convergent… 



The QCD Equation of State: PT or not PT?

� : computed up to g6 in PT when non-perturbative contributions appear 
K. Kajantie et al. Phys.Rev.D 67 (2003) 105008
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bands represent the effect of changing the scale                by a factor 2 or ½.
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J. Andersen et al. JHEP 08 (2011) 053
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The QCD Equation of State: PT or not PT?

� : fit unknown contributions with the data

� higher order effects, including non-perturbative contributions, are necessary  
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fit ĝ6, ĝ7 + data

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
ĝ2
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The QCD Equation of State: PT or not PT?
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� : fit unknown contributions with the data
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� higher order effects, including non-perturbative contributions, are necessary  



The QCD Equation of State: connecting to low T
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� : fit using known           PT                            terms
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Hadronic screening masses 

� They give information on how two hadrons influence each other when inserted 
into a thermal medium of quarks and gluons

� numerically simple to compute non-perturbatively on the lattice
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� restoration of chiral symmetry    

� comparison with EFT: computed at 1-loop order in high-T perturbation theory 
M. Laine and M. Vepsäläinen, JHEP 02 (2004) 004

T.H. Hansson and I. Zahed, NPB 374 (1992) 277

� They are defined from the exponential fall-off of spatial two-point functions

� Mesons:

� Nucleons:

: projectors on the positive/negative x3 – parity states
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The temperature dependence of mesonic screening masses

� A few % away from 
the                limit
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T ! 1

� Mass-splitting visible up 
to T ∼165 GeV

� Masses not compatible with 
1-loop PT up to 165 GeV 
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ĝ2(T )
⌘ 9

8⇡2
ln

2⇡T

⇤MS

+
4

9⇡2
ln

✓
2 ln

2⇡T

⇤MS

◆
,

<latexit sha1_base64="NKchEPWYUkOB+l/LhhY83tA64tw="></latexit>

⇤MS = 341 MeV

� 12 values of T: range 1-165 GeV
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L0/a = 4, 6, 8, 10

� Degeneracy: chiral sym. restored
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The mass splitting
� No prediction for such a term in 1-loop PT, computed at next order 

Non-perturbative data show an effective          over two order of magnitude in T 
but with a different slope w.r.t. the PT result
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ĝ4(T )

mass-splitting clearly visible up to 
the Electro-Weak scale: high 
orders, including non-perturbative 
effects, are relevant

M. Cè, L. Giusti, D. Laudicina, M. Pepe, P. Rescigno
JHEP 05 (2025) 024
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The temperature dependence of baryonic screening mass

� A 4-8 % away from 
the                limit up to 
very high T
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T ! 1

� Red line is a fit to a 
quartic polynomial

� Bulk of the screening 
mass comes from the 
free theory but…
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� The 1-loop correction to the baryonic screening mass computed recently 
L. Giusti, M. Laine, D. Laudicina, M. Pepe, P. Rescigno
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Conclusions and perspectives

� Current theoretical and computational advances in lattice QCD allow a fully non-perturbative 
study of thermal QCD up to the electroweak scale. 

� QCD EoS (Nf=3): computed with 0.5-1% accuracy in the unexplored range of temperatures 
between 3 and 165 GeV.  

� PT insufficient: high-order terms that include non-perturbative contributions, are necessary to 
describe the data up to the electroweak scale.

� The method is applicable to Nf = 4, 5 massive flavours: relevant for early-Universe cosmology. 

� The thermal properties of the plasma of quark and gluons studied also computing hadronic 
screening masses with a few permille final accuracy.

� Non-equilibrium physics: in progress determination of the renormalization constants of the 
energy-momentum tensor, necessary for computing transport coefficients 


